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Abstract. Spherically symmetric space-times which admit a one parameter group of
conformal transformations generated by a vector ξμ such that ξμ;v + ξv;μ = 2gμv are studied.
It is shown that the metric coefficients of such space-times depend essentially on the single
variable z = r/t where r is a radial coordinate and t is the time. The Einstein field equations
then reduce to ordinary differential equations. The solutions of these equations are analo-
gous to the similarity solutions of the classical theory of hydrodynamics. In case the source
of the field is a perfect fluid whose specific internal energy is a function of temperature
alone, the solution of the field equations is uniquely determined by specifying data on the
time-like hypersurface z = constant and is a similarity solution. The problem of fitting
a similarity solution to another solution of the field equations across a shock described
by the hypersurface z = constant is treated. A particular similarity solution for which
w = 3p obtains is shown to describe a Robertson-Walker space-time. This solution is fitted
to a special static solution of the Einstein field equations which has a singularity at r = 0.
The resulting solution of the Einstein field equations is shown to be regular everywhere
except at r = 0 ^ t and the shock. The special Robertson-Walker metric is also fitted to
a particular class of collapsing dust solutions (which are also similarity solutions) across
a shock. The resulting solution is regular everywhere except at r = t = 0 and on the shock.

1. Introduction

In non-relativistic continuum mechanics there is a classical procedure
for reducing the partial differential equations which characterize a given
problem involving high symmetry to ordinary ones. This consists in
assuming a specific form for the solution in which the dependent vari-
ables are taken to be essentially functions of a single independent variable.
This variable is a dimensionless combination of the independent vari-
ables, namely the space coordinates and the time. Thus in a spherically
symmetric problem where the independent variables are a distance from
the center of symmetry, r, and the time ί, the dependent variables are
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assumed to be essentially functions of the variable

z = r/ro(t/to)-\

Such solutions are called similarity solutions or progressive waves (cf. [1]).
von Neumann [2] and Taylor [3] have applied this technique to the
determination of the flow behind a strong shock wave created by a point
source from which a finite amount of energy was released, that is, an
explosion. Kopal and his coworkers [4] have given solutions for similar
problems in the non-relativistic theory of self-gravitating fluids.

It is the purpose of this paper to characterize and discuss similarity
solutions to the Einstein field equations for a spherically symmetric
distribution of a self-gravitating perfect fluid. We shall assume that the
fluid is described by a caloric equation of state which may be expressed
by the equation

= c2ρ G(x),

where w is the rest energy density, p is the pressure, ρ is the rest mass
density, c is the special relativistic velocity of light and

px = ρc2.

It can be shown [5] that x is proportional to the inverse of the tem-
perature. Different fluids are described by different functions G. It will
also be assumed that rest mass is conserved.

We shall also discuss similarity solutions behind shock waves. That
is, we shall assume that we are dealing with two regions of space-time
separated by a hypersurface with a space-like normal vector. Across this
hypersurface which represents the shock front the generalised Rankine-
Hugoniot equations are required to hold. In addition the first and second
fundamental forms of the hypersurface are required to be continuous.
In one region of space-time bounded by this hypersurface, a similarity
solution of the field equations will be assumed to obtain. We shall
examine the nature of the solutions of the field equations that can be
fitted to a similarity solution across a shock front.

We shall use comoving coordinates in both regions of space-time.
In these the metric may be written as

ds2 = e2φdt2-^4- dr2 - A" dΩ2 (1.1)
<r c

where φ, ψ and R are functions of r and ί, and
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θ and χ labelling points on the unit sphere. In this coordinate system the
field equations

X-pδί], (1.2)
become

QΨ-<P(R2 + 2RRtψt) - c2 eφ-v[_2RRrr + R2 - 2RRrψr~]

tt + R2 - 2RRtφt) - c2 Q(p~xp(R2 + 2RRrφr)
( 1 4 )

1 R R R

ev~*(-JΓ +ψtt + ψf+ -~ψt-~~ψt-ψtφ, I
(1.5)

and

K Γ ί -a f <p r -Λ r V > t = 0 (1.6)

with K; = 8πG/c2. Eq. (1.6) is the statement that the coordinate system is
a comoving one, that is

uμ = e-φδZ. (1.7)

The Bianchi identities imply that

* ( L 8 )

and

V t = - ^ - - * * . (1.9)

When we supplement the field equations by the equation of conservation
of mass, that is the equation

(QU% = 0 (1.10)

then we also have
Qt 2Rt

Eqs. (1.9) and (1.11) imply that

St = 0 (1.12)

where S is the specific rest entropy and is defined as

(1.13)
Q Q
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with θ the temperature. The latter quantity is defined in terms of p and ρ
as the integrating factor of Eq. (1.13). This equation may be expressed in
terms of the function G(x) introduced above and becomes

where

Hence

where C is a constant and

xθ

c2 '

1 dL

- -u
= - (
xθ =

dL J
~ UΛ

dG

c2C

+
 Q)

(1.14)

(1.15)

(1.16)

with So a constant of integration.
Eq. (1.15) relates the temperature θ to x and Eq. (1.16) expresses the

specific entropy as a function of two independent thermodynamic vari-
ables. Eq. (1.12) may now be written as

where K(r) may be an arbitrary function of its argument. For isentropic
flows it is a constant.

The function ψ may be expressed in terms of L(x) for it follows from
Eq. (1.11) that

where/(r) is an arbitrary function of its argument r. In view of Eq. (1.17)
we have

Eq. (1.8) may be written as

If, instead of postulating a caloric equation of state and assuming
that mass is conserved, we assume that an equation of state of the form

p = p(w) (1.20)
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holds, then we may define a function σ by the equation

dσ dw

σ w + p

Eqs. (1.8) and (1.9) may be integrated to give

(1.21)

(1.22)

/ and g being arbitrary functions of their arguments. Such an equation
of state will exist for isentropic flows (K(r), a constant) and in that case

σ = ρc2.

The velocity of sound a in a fluid is given by the equation

α

2 = c 2 — (1.24)
dw v ;

where the right hand side is evaluated for constant entropy. It follows
from the above results that when a caloric equation of state holds we have

(1.25)

When the assumption of the existence of a caloric equation of state is
replaced by the assumption that Eq. (1.20) holds, then the velocity of
sound may be evaluated from Eqs. (1.24) and (1.20). This is so because
in general we may write the pressure as a function of the energy density
and the entropy. Eq. (1.20) states that we are assuming that for the fluid
obeying this equation, the entropy does not enter into the evaluation
of the pressure.

2. Integrals of Eqs. (1.6), (1.4), and (1.13)

If one substitutes from Eqs. (1.8) and (1.9) into Eq. (1.6) one obtains

(w + p) R2Rrt + R2Rtpr + R2Rrwt + 2(w + p) RRrRt = 0.

We may write the above equations as
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Hence there exists a function m(r, t) such that

Next turn to Eqs. (1.3) and (1.4), which may be written as

Λ(l+e-2*^--e-
KW

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

The function m(r, t) satisfies Eqs. (2.1) and (2.2) and hence is determined
up to an additive constant, a constant of integration.

These two equations may be immediately integrated to give

3. The Similarity Requirement

We may choose our units so that

c = l . (3.1)

This is equivalent to introducing a constant length Lo, a constant energy
density w0 and a constant mass m0 which satisfy

and

m0c
2=4πw0L

3

0.

(3.2)

(3.3)

In the subsequent discussion we shall measure lengths in units of Lo

and suppress this constant. Eqs. (2.1) and (2.2) become

mr = wR2Rr,

mt=-pR2Rt

respectively, and Eq. (2.5) may be written as

2m = R(l + Q~2φR2 - e~2ψR2).

(3.4)

(3.5)

(3.6)
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Note that Eqs. (1.8), (1.9), and (1.11) remain unaltered. Eqs. (1.4) and (1.3),
which imply Eqs. (3.6), become

actively, where

Γ = ^ R r .

The line element may now be written as

ds2 = e2φdt2-e2xi)dr2-E

m

~R}'

m

R2

'2dΩ2.

(3.7)

(3.8)

(3.9)

(3.10)

We define a spherically symmetric similarity solution of the field equa-
tions as one for which under the transformation

t = at, r = ar, 0 = 0, χ = χ (3.11)

where a is a constant

9μΛrJ) = gστ~φ ^ 7 = -^9μArJ) (3.12)

That is, such a solution gives a space-time which admits the transforma-
tion (3.11) as a conformal transformation. We shall also require that the
barred coordinate system be a co-moving one.

These two requirements may be given a general and invariant for-
mulation. We shall define a similarity solution of the field equations as
one for which the resulting space-time admits the conformal Killing
vector field ξμ satisfying

ξμ;, + ξv;μ = 2gμv. (3.13)

In case the source of the gravitational field is a perfect fluid, it is a conse-
quence of this condition and the transformation properties of the Ein-
stein tensor that the four-velocity vector uμ is conformally invariant.
That is

uμ

vξ
v-ξμ

vu
v=-uμ. (3.14)

In the spherically symmetric case we may write

ξμ = <xδμ + βδμ

4 (3.15)
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where we have set r = x1 and t = x4. Eqs. (3.13) become

Eqs. (3.14) reduce to two equations, one of these is the third one in the
above set and the other is

α, = 0. (3.17)

It then follows from the fourth of Eqs. (3.16) that

jBr = O. (3.18)

If we define new independent variables r and t by the equations

r - t
F ' = ^ ' ί t = 7

and new dependent variables

i/; = φ + l o g α - l o g r ,

φ = φ + \ogβ-\ogt

the first three of Eqs. (3.16) become

ripr + tyif = Q (3.19)

That is, we may write

φ = φ{z)

ψ = ψ(z) (3.20)

R = r&(z)

where

z = r/t. (3.21)

The line element may now be written as

and r and Fare comoving coordinates. Hence Eqs. (3.4) to (3.10) hold in
these coordinates. We shall restrict ourselves to this comoving coordinate
system in the sequel and not use the bar to denote it.
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It follows from the above equations and Eqs. (3.6), (3.5) and (3.4) that

m= rJ/(z)

P=-^n*) (3.22)

Eqs. (3.9) and (3.10) then imply that

(3.23)
Γ = γ(z).

It follows from the above expressions for p and w that x defined by

w + p = pxG(x)

is a function of z alone,
x = x(z),

and hence so is the temperature. Then we have

as follows from the definition of ρ in terms of p and x. We observe that
an equation of state of the form p = p(w) is inconsistent with the last
two of Eqs. (3.22) unless

w = ocp (3.24)
where α is a constant.

In this case p + w = { θ ί + 1 ) p

and we can define the function G(x) by the relation

α + l . (3.25)
Thus for a similarity solution only equations of state of the form given
by Eq. (3.24) are possible and these may be characterized by the caloric
equation of state with the function G(x) given by Eq. (3.25).

We note that for a similarity solution the quantities

m

all functions of z alone, and
Nx = P. (3.27)
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4. The Ordinary Differential Equations

In this section we shall show that the Einstein field equations reduce
to ordinary differential equations when the space-time is one determined
by a spherically symmetric similarity solution, that is, admits a vector
ξμ satisfying Eqs. (3.13). We shall first rewrite the full equations in terms
of the variables M, P9 W defined by equations (3.26) and 0t = Rjr but
shall consider these variables as functions of r and z = r/t rather than
functions of r and t.

We note that for any function f(r, t) we may write

f = 11+ 1 1 1
Jr dr + dz ί '

where the partial derivatives on the right hand side of these equations
are taken keeping one of the variables r or z fixed. Hence we have

where

μΛ)

</,=-/

"' (4.2)

'«&

In particular since

R = rSt{r9 z)

$ ά (4.3)

Hence Eq. (3.6) may be written as

2M = 1 + e~2φz2^2 - e~2ψ(@ + ά + @)2 (4.4)

Eqs. (3.4) and (3.5) are equivalent to the equations

^ 0 (4.5)

and

^=(W-M)^--M. (4.6)
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The integrability condition of these last two equations for determining
M(r, z) is equivalent to Eq. (1.6). It may be written as

& + &-(0t + 0t + ά)ψ-&φ = gtφ-gί. (4.7)

We shall also make use of the equation obtained by subtracting equation
(1.4) from (1.3). It may be shown to be

e ^ ( 4 8 )

+ 3 t - ά ά ά 2 2 2 $ ύ

Eqs. (1.8) and (1.9) may be written as

and
W IP 9t ,Λ Λ ,

-\ 1 ^ o . (4.10)
P+W P+W St V ;

It is evident that if φ, ψ, P, W, M and ^ are functions of z alone,
as they must be for a similarity solution, Eqs. (4.4) to (4.10) reduce to the
following algebraic or ordinary differential equations :

2M = 1 + e~2φz2$2 - e~2x*(β + gk)2 , (4.11)

^ 0, (4.12)

^ (4.13)

+ 3t - {β + St) ψ - άφ = 0, (4.14)

(4.15)

and Eq. (4.10).
In case the material is characterized by a function G(x), that is, if,

= PxG(x) (4.17)

then Eq. (1.17) holds. That is,

K{r)r2M2

xL(x) '
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Since 0ί, P, and x must be functions of z alone, we must have

for a similarity solution and hence

xL(x)

W-\-P— K <%2 (A 191
W + r-K0 L{χ) Λ . (4.19)

Eq. (1.18) with f(r) = f0, a constant is then the integral of Eq. (4.10).
That is

ΏU&2

(4.20)L(x)

B a constant, and Eq. (4.16) becomes

1 dG 2

Eqs. (4.14) and (4.15) may now be written as differential equations
for 01 and x. Thus the former equation may be written as

= 0 ' ( 4 2 2 )

where a1 is the velocity of sound given by Eq. (1.25), and is a function
of x. Eq. (4.15) becomes

xG(x) 3t L dxL J υ £(x)
(4.23)

The system of Eqs. (4.20) through (4.23) together with appropriate
initial conditions, that is appropriate constants of integration, determine
a similarity solution.

Although the system of Eqs. (4.20) through (4.23) has six constants
of integration, including the constants B and Ko, they are not all inde-
pendent in a similarity solution since Eqs. (4.11) and (4.13) imply that
we must have

-§]=0 (4.24)

satisfied for all values of z. In particular this equation must hold for the
initial value of z used in the integration of the system consisting of
Eqs. (4.20) through (4.23). This implies that the similarity solution
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depends on five parameters, namely the constant Ko which determines
the entropy function in the similarity region and the four independent
constants of integration mentioned above. We shall show below that
two of the latter constants are inessential ones in the sense that they
may be given arbitrary values by still another linear coordinate transfor-
mation involving the variable r and t (or z).

Before discussing this point we observe that if Eq. (4.24) is satisfied
for one value of z then Eqs. (4.10) through (4.16) imply that it is satis-
fied for all values of z. For it may be verified from the latter equations
that

F(z) = 0.

We close this section with a discussion of the number of essential
parameters in a similarity solution. As we have seen for such a solution
the line element is of the form

ds2 = e2φdt2 - ,

where φ, ψ, and & are functions of z = r/t. Under the transformation

t=βt, r = ar (4.25)

which we shall call af scale transformation, we may write

ds2 = e2φ dt2 - e2^ dr2 - r2ά2 dΩ2

where φ, ψ and M are functions of the variable

z=^-z (4.26)
α

defined by the equations

(4.27)

~-

Quantities such as φ, ψ and & whose transformation law under a
scale transformation involves the coefficients of this transformation,
explicitly will be said to be scale co variants. The constants of integration
which enter into the expression of two scale covariants may be trans-
formed to any desired values by a scale transformation. We shall therefore
call such constants inessential parameters in the similarity solution. We
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next show that the differential equations describing a similarity solution
may be decomposed into two sets, one involving scale covariants and
one involving scale invariants. The latter quantities are such that their
functional form and value are unaltered by a scale transformation.

Examples of scale invariants are

V=eψ~φz (4.28)
and

H=Ve~ψ^ (4.29)

It may readily be verified that as a consequence of equations (4.26) and
(4.27)

V = eΦ~Φz = eψ~φz=V

and that

H =Ve~iφ^=Ve-χp^ = H.

If G(z) is any scalar function, then

. dG ^dG
G = z-—=z-~

dz dz

and is a scale invariant. Although 0t{z) is not a scale invariant, the
quantities 01J01, φ and ψ are.

The hypersurface z = constant has the equation

r - z ί = 0,

and the normal vector oriented into the future with components

It may be verified that
uμnn

V =

and represents the normal velocity relative to the fluid of the moving
sphere of radius zt. Similarly, the scale invariant

Rr ® + m ]/(nμu
μ)2-nμn

μ

represents the normal velocity of the fluid relative to the sphere r = r(t)
obtained by solving the equations

R(r, t) = constant.

In this case
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It is a consequence of the remarks made above and Eqs. (4.11), (4.12)
and (4.13) that M, P, W, x, and N are scale invariants. Moreover it may
be verified from these equations that

and that

H2 =

V(W-M)

M + P

(1-2M)(W + P)2V2

M)2-(W-MfV2

(4.30)

(4.31)

Eqs. (4.10) through (4.16) involve only scale invariant quantities as may
readily be verified. However the constants Ko and B entering into
Eqs. (4.18), (4.19), and (4.20) are scale dependent. The first of these
equations may be written as

N =
L(x) B

But from Eq. (4.20) we have

H2

e ψ = L(x) L(x) V2

Hence we may write

1/ K.

a scale invariant constant.

H2 B2

It may be shown that as a consequence of Eqs. (4.12) to (4.18)

(4.32)

where

-IP

W + P

1

dG

x = σ2{P,x,M)

W-M P+M
+x dG V2

dx

{W-M)

σ3

dx

{W-M){M

H

(4.33)

2τ/2a2V

V2-a2

(4.34)
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In these equations W and N may be regarded as functions of P and x,
and V and H are given as functions of P9 x and M by means of Eqs.
(4.31) and (4.32).

Eqs. (4.33) may be written as

dP σ,

dM σλ

(4.35)
dx σ2

dM σ3

and their solutions and Eqs. (4.32) may be written as

P = P(Ki;M)

x = x(Kί;M) i = l , 2 , 3 , (4.36)
V=V(Ki;M)

where Kt is the constant appearing in Eq. (4.32) and K2 and K3 are two
scale invariant constants of integration.

The functions ψ9 φ and z are then given by

N

M")
z= e^F.

The constants Ao and Bo are scale dependent and may be assigned any
convenient value by a scale transformation. They are then said to be
non-essential parameters but the constants Kl9 K2, and K3 are called
essential ones since they are scale independent. Any two conditions which
fix Ao and Bo are said to determine a coordinate normalization for r and t.

Once the three constants Kί9 K2 and K3 are given the similarity solu-
tion is determined. When a coordinate normalisation which determines
Ao and Bo is given then z is a known function of M by means of Eqs.
(4.37). Eqs. (4.36) may also be solved for the

X/ = K i (M,i>x,7), (4.38)

and from the preceding remarks it is seen that if the quantities M, P, x
and V are given on a hypersurface z = constant then this hypersurface
and the similarity solution to which it belongs are determined.
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One observer with the world line

X = Xo

with z0, θ0, χ0 constants a z-observers is always in the hypersurface z = z0.
When z o > 0 , the observer moves outward through the fluid toward
higher values of r and when z 0 < 0 be moves inward. When z 0 = 0 his
world line coincides with that of the fluid element at r = 0.

The observer with the world-line

R{r,t) = Rθ9

X = Xo

with Ro, θ0, χ0 constants a ^-observers has his velocity relative to the
fluid determined by tanh ω. It is evident from Eq. (4.30) that when V > 0
and W>M then tanh ω>0. That is, even though the material is falling
behind the z-observer, when ί > 0 , it can be moving outward relative
to the .R-observer.

5. Initial Data for the Field Equations

If a similarity solution is to describe the region of space-time represent-
ing the events behind a moving shock wave, the motion of that wave
must be given by the hypersurface

with zγ a constant and the region in which the similarity solution holds
must be given by

with z 0 another constant. The values of the metric tensor and other field
variables on this hypersurface, together with the jump conditions, which
will be discussed below, will provide information concerning the quan-
tities that enter into the full Einstein field equations, Eqs. (4.4) through
(4.10). It is therefore of interest to examine the nature of the data needed
to ensure the existence and uniqueness of the solution of these equations.
The usual discussion of these questions does not apply since the hyper-
surface involved is a time-like one.

2 Comraun. math. Phys, Vol. 21
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We first treat the case in which the fluid is characterized by the
function G(x). In that case Eqs. (4.9) and (4.10) become

dG x (* dG x\ I K

dx G y dx G) xG K

and

• ί d L - 2®
w = Ύ-dχ-χ-~W ( 5 ' 2 )

respectively. Eq. (4.7) may be written as

1 dL+ m - —- —— x \m + ά + (i + α2) ά~\
Li dx (5.3)

κ \
G dx xG(x)K

and Eq. (4.8) as,

L dx L(x)

when V is defined by Eq. (4.28).
If we define

Y5=φ,

Y6 = ψ

then we have

7 1 = Y2 , (5.5)

Ϋ3=Ϋ2, (5.6)

and Eqs. (5.1) through (5.6) may be written as

ΫΛ = FΛ{YB;YB;r;z). (5.7)

The Cauchy-Kowaleski theorem may then be applied to this system
of equations. From it we may deduce that if the initial hypersurface
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z = zx is such that

(^ + i ) ( F 2 - α 2 ) + 0 (5.8)

then the equations have a unique and analytic solution in the neighbour-
hood of this hypersurface, determined by the values of YΛ and YA on
the hypersurface. These quantities constitute the initial data of the
problem. If they are restricted so that Eq. (4.6) is satisfied we will have
a solution of the Einstein field equations. The latter equation may be
written as

G(YΛ;YA;r;z) = 0 (5.9)

since M, W and P may be expressed in terms of the variables YA and YA

Eq. (4.5) follows as a consequence of Eqs. (4.6), (4.7), and (4.8) and the
definition of M.

The hypersurfaces for which

V2-a2 = 0

are the hydrodynamical characteristic surfaces. They describe the moving
wavefronts of sound waves.

The hypersurfaces for which

are such that

It is evident that if the condition (5.8) holds on and in the neighbour-
hood of an initial hypersurface z — zγ, and if on this hypersurface the
YA vanish and Kr2 = k0 a constant, then a solution of the field equations
is provided by a similarity solution. Because the solution is unique we
may conclude that the only solution of the Einstein field equations which
takes on constant values and for which Kr2 = Ko, a constant on a hyper-
surface z = zί is a similarity solution. For such a solution Eqs. (5.7) are
of the form

ΫA = FA(YB;z). (5.10)

Where an equation of state of the form

p = p(w)

exists, we may write Eqs. (1.22) and (1.23) as

(5.11)
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and

e V =/iW_ j ( 5 > 1 2 )

Then by means of Eq. (1.21)

φ = - — - <f —
a σ

— - α 2 —
g σ

(5.13)
σ 201

v = - - -

where

It may be verified that if Eqs. (5.13) are substituted into Eqs. (4.7) and
(4.8), these equations and Eqs. (5.5) and (5.6) may be written in the form

ΫΛ = FΛ(YB'9Y
B',r9z) 4 , B = 1,...,4 (5.15)

where now

We may again apply the Cauchy-Kowaleski theorem and obtain an
existence and uniqueness theorem when the condition (5.8) obtains.
A solution of the Einstein field equations is given when the initial data
satisfies Eq. (4.6) which is again an equation of the form of Eq. (5.9).

The initial data may be provided by data for which the YA vanish
on a hypersurface z = zx and the functions φ and ψ are constant. The
latter requirement serves to determine the functions fx (r) and g(t) in terms
of the initial values of M and σ(r, z). If p is not proportional to w, the
solution determined by such data is not a similarity solution for we have
seen that such equations of state do not allow a similarity solution to hold.
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6. The Conditions across a Spherical Shock

In this section we shall discuss the conditions which relate the metric
tensor and the hydrodynamic variables on the two sides of a singular
hypersurface which represents the motion of a shock wave in the space-
time with the line element given by Eq. (1.1). This hypersurface will be
assumed to separate space-time into two regions. Later we shall take
one of these regions to be that described by the similarity solution dis-
cussed above and the other to be described by a known solution of the
Einstein field equations.

In general comoving coordinates, the equation specifying the spheri-
cal shock is given by

r = Λ(t). (6.1)

If the shock is a hypersurface z = z1 in the special comoving coordinates
we introduced in the discussion of the similarity solution, we shall have

Λ(t) = zlt (6.2)

where zx is a constant.
The interpretation of various quantities that occur in the discussion

given below is attained from the use of another coordinate system in the
spherical space-time, namely Schwarzschild coordinates in which the
line-element given by Eq. (1.1) has the form

ds2 = evdT2-Qλ dR2 - R2 dΩ2 . (6.3)

The R, T coordinates are related to the comoving ones r, t by the equations

dR =Q~λ/2 (Qφ sinhω dt + e v coshω dr)

dT = e" v / 2 (e* coshω dt + QΨ sinhω dr)

where

e^ A (6.5)
Rr

= 1 ( 6 6 )

R

and v is such that the right hand side of the second of Eqs. (6.4) is a
perfect differential.

In the Schwarzschild coordinates we have the four-velocity vector
given by

dx*μ δx*μ

dxσ dt
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that is, U2 = U3 = 0 and

That is, ω is related to the proper velocity associated with an element
of the fluid as measured in the Schwarzschild coordinate system. In this
coordinate system the hypersurface described by Eq. (6.2) would be given
by

and its unit normal will have the components Nμ where N2 = N3=0 and

AΓ4 = ev/2 sinh C Nx = - eλ/2 cosh C
where

tanhC = eλ/2-*/23rτ. (6.7)

That is, C determines the proper velocity of the shock front in this
coordinate system.

Then
Uμ Nμ = sinh(C -ω) = uμ nμ (6.8)

where nμ is the unit normal to the shock front in the comoving coordinate
system. That is n2 = n3 = 0 and

rc4 = Qφ sinh(C - ω) n1=-dψ cosh(C - ω)

with
ω) = Qψ-φΛt. (6.9)

The quantity C — ω measures the velocity of the shock front relative to
the flow.

We shall use the notation

/

/ + = l i m
£-•0

and

where/is any function of R and T. Similarly, in the comoving coordinate
system we shall define corresponding quantities, for example

s->0
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Thus /_ and /+ are the values of the function / on the two sides of the
shock and [/] denotes the jump in / across the shock. The quantities /+
and /_ depend on the point of the shock at which they are evaluated
and will in general vary as this point is changed. They may be considered
as functions of R (or r) and T (or t).

It may be shown that it is no restriction to assume that

C+=C_. (6.10)

It then follows from Eq. (6.7) and the requirement that the induced metric
on the hypersurface R = ^(T) be continuous that v(R, T) and λ(R, T)
be continuous across the shock. Thus m(R, T) defined by Eq. (6.6) is
continuous across the shock. In the comoving coordinate system the
condition that the induced metric be continuous implies that

(e2v _ e

2*Af)+ =(e2φ- e 2 t M 2 )_ .

Eqs. (6.9) and (6.10) then imply that

e-φ + cosh(C-ω+) = e-φ-cosh(C-ω_) (6.12)

and

e~xp+ sinh(C - ω+) = e"φ~ sinh(C - ω_). (6.13)

That is, in the comoving coordinate system the metric is discontinuous
since φ and xp are discontinuous, but the discontinuities in these qualities
are governed by Eqs. (6.12) and (6.13) and as we shall see they may also
be expressed in terms of the discontinuity of the hydrodynamic variables.

We have seen, in the discussion of the conditions that obtain across
the shock in the Schwarzschild coordinate system, that the function
m is continuous. It is of interest that this fact may be derived from the
continuity of R{r, t) and Eqs. (6.5), (6.9), (6.12), and (6.13). We have by
differentiating Eqs. (6.11) that

On using Eqs. (6.5) and (6.9) we may write this as

[jR r^-v(tanh(C - ω) + tanhω)] = 0.

It then follows from Eqs. (6.12) that

In view of the definition of m and the continuity of R it follows that m
is continuous.



24 M. E. Cahill and A. H. Taub:

The jump in the hydrodynamic variables is described by the Rankine-
Hugoniot equations which may be written as

in the Schwarzschild coordinate system where Uμ and Nμ are given as
above. If we define

U = UμNμ = uμnμ = sinh(C - ω)

we may write these equat ions as

C/+(w+ + p + ) 2 — U2_(w_ + p _ ) 2 = ( p + — p_)(U2

+ (vv+ + p + ) + ί 7 2 _ ( w _ +/?_)).

Eqs. (6.14) may be written as

U2_ = =—-— = -

ui=

It then follows that

_ U2

~ l + £7
satisfies

(6.16)

tP--p+Hw++P-)

Hence

t a n h ( c o _ - ω + ) = 1 ^ - = ι / r : ^ : - ~ " : + : =>* ( ^

and

tanhω_= " ' Γ Γ • (6.19)
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Eqs. (6.12) and (6.13) may be written as

/ (u) 4- n \ (\Λ) . 4- n .\

(6.20)

and
1 ^ ' t+P+1 (6_21)

respectively.
The continuity of the function m{r, t) across the shock implies that

for all values of ί, 0, χ labelling a point on the shock hypersurface. That
is we must have

\mrΛt+mϊ\ = 0

or in view of the field equations and the continuity of R(r, t)

- P « J = 0 . (6.22)

It may be verified that this equation is satisfied as a consequence of the
equations given above.

It follows from the continuity of m and R across the shock that
Eqs. (6.16), (6.17), and (6.21) may be written as

~

F_+P_)(^_ + P+) " j

respectively, and we also have

M_=M+. (6.26)

If the shock is a hypersurface z = z1,a constant, which separates
two similarity solutions each described by a function G(x) where G+(x)
may differ from G_(x), the above equations relate the scale invariants
P, M, x and V on both sides of the shock. Since the values of these
quantities on a hypersurface z = constant determine the hypersurface
and a similarity solution we see that a similarity solution on one side
of a shock, and the position of the shock (the value of zx) determine
the similarity solution on the other side of the shock consistent with
this value of zv The constants K( appearing in Eqs. (4.36) for the similarity
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solution behind the shock may then be determined in terms of those
appearing in the similarity solution ahead of the shock by using Eqs.
(6.23) to (6.26).

Eqs. (6.20) and (6.21), as they stand, relate φ_ to φ+ and ψ_ to ψ+

across the shock when the same coordinates r and t are used on both
sides. Suppose now that the coordinates on one side are scaled according
to (4.25) but those on the other are left unchanged. We would then have

In view of (4.27) it follows that

Therefore when r_ Φ r+ and t_ φ ί+ because different scales are used on
both sides of the shock, Eqs. (6.20) and (6.21) may be written as

ί
/~i / _ . \ 1/ / T I 7 i TΊ \ / TT7 i n \ V * /

+

and

1 ^ — = ^ . (6.28)

Thus if A0_,B0_,A0+ and Bo+ are chosen conveniently on each side
of the shock, Eqs. (4.37) determine z, ψ and φ on both sides and
(6.27) and (6.28) relate r_ to r+ and ί_ to ί+.

7. Solutions Compatible with Similarity Solutions

The jump conditions across a shock, namely the generalised Rankine-
Hugoniot equations given by Eqs. (6.15) through (6.19) and the conditions
on the metric tensor given by Eqs. (6.20) and (6.21) together with the
continuity of the functions m(r, t) and R(r, t) may be regarded as either
determining the variables behind the shock in terms of those ahead of
it or vice versa. If a solution ahead of the shock is such that the variables
so determined are the values that these variables take on in a similarity
solution, then the solution ahead of the shock is said to be compatible
with a similarity solution.

If the medium ahead of the shock is characterized by a function
G+(x) and if it is compatible with a similarity solution, then it must be a
similarity solution. We begin the proof of this statement by observing
that due to the fact that R is continuous across the shock we may replace
the variables p, w and ρ in Eqs. (6.15) through (6.21) by the variables
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P, W and N respectively. Since the variables P_, VF_,ΛL, (/>_, t/>_,^_
are to describe a similarity solution, they are constant, that is independent
of r on the shock as is F_.

If we define

p

w+
p+

w+

P+

then Eq. (6.21) implies that β = β(x+,x_) and given x + and x_ both
α and /? are known.

Eq. (6.17) with F_ constant then determines the constant x+ and
hence W+, P+ and Λ/+. Eqs. (6.18), (6.20), and (6.21) enable us to determine
M+, φ + and ψ + as constants. ̂  + vanishes since Λ + = R _ (r, zx) = r^_(z^.
Hence if the region behind the shock is described by a similarity solution,
then the ΫA of Eq. (5.7) vanish. Further it follows from the constancy
of P+ and x+ that K(r)r2 = k0 a constant. Hence the unique solution
of equations (5.7) subject to the initial conditions derived from the
jump relations is given by a similarity solution. It is of course assumed
that the shock is such that

(St + 31*) {V2 - a2) Φ 0 .

If the solution ahead of the shock is not characterized by a function
G+(x), but one of the quantities α, β, φ+ or ψ+ is constant along the
shock with a similarity solution behind it, then each of them is independent
of r. This statement is an immediate consequence of Eqs. (6.15) through
(6.21).

8. Strong Shocks

In this section we shall assume that the medium behind the shock is
characterized by the function

G ( x ) = — (8.1)
x

and discuss the jump conditions and the similarity differential equations
that obtain in this case. Eq. (8.1) is equivalent to the statement that

w = 3p (8.2)
behind the shock and that

W. = 3P_ (8.3)
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on the shock. Eq. (8.2) is the equation of state of a photon gas and that of
a relativisitic gas at high temperature (cf. [5]). It is therefore reasonable
to expect it to hold in the region immediately behind a very strong
shock. We shall however in this section assume that it holds throughout
the region of space-time described by a similarity solution.

It follows from Eq. (8.1) and Eqs. (1.14) and (1.25) that

L(x) = x3 (8.4)
and that

. 1
(8.5)

For such a medium Eqs. (6.16) through (6.21) become

QL Nl 4β$β + α)

ρ2

+ " Nl " ( 1 ' m / i ' - Λ ' ( 8 ' 6 )

F+-(30-l)(l+0-e Z l ( 8 ? )

V2-= Z : P \=e^- 2 -z?, (8.8)

Λ>-%=mΛ. M

(8.10)
1 +A tanhω+

(8.11)

e
 Λ nt~> n , \ — {OΛZ)

respectively, where we have made use of the fact that there is a similarity
solution in the - region. Thus the quantities with the subscript - are
evaluated from the similarity solution at z = zv

It then follows from Eqs. (8.5) and (8.8) that

τ,2 .2_ T ,2 1 _ -W-βύW-βl)
" " " 3 (3/f-l)(9/? + α)

where
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1 — α
When α = 1/3 or α = 3, we have βί — β2 = —-z—. From the definition of

α (cf. Eqs. (7.1)) it is reasonable to restrict α so that

for this is equivalent to the condition that

w + - 3 p + ^ 0 .

Hence β1 and β2 are real.
We have from Eqs. (8.5) and (8.7) that

( 3 j S l ) ( l + 0 ) =

The last inequality arises from the requirement that the velocity of the
shock relative to the material ahead of it be less than the velocity of light
in this material. Hence we must restrict β so that

3)8-1 = " •

We observe that

3/?-l = ^ - - l > 0

when w_ Ξ> w + as will be the case for most materials.
If we now require that

β>βi (8.13)
we will have

and

F +

2 - l < 0 .

We shall assume the inequality (8.13) in the subsequent discussion.
The equations which describe the similarity solution in the region

behind the shock when Eq. (8.1) holds are readily obtained from the
discussion of Section 4. We have

p 0

= AK°f (8.14)

eφ= A
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where A and B are constants each of which may be taken to be one by
using a scale transformation. When this is done Eqs. (4.22) and (4.23)
become

and

— )(3Λ + 4<») = 0 (8.15)

(3zx4 - ®4) = 4x2K0 (8.16)
i m x

respectively.
The last two equations have a first integral given by

This equation is obtained by evaluating and equating the two expressions
given for M in Eqs. (4.11) and (4.13).

We shall discuss in detail in a subsequent paper the solutions of Eqs.
(8.15), (8.16), and (8.17) which satisfy certain regularity conditions. In the
remainder of this paper we shall discuss a particular solution of these
equations and two compatible solutions of the field equations to which
it may be fitted. The particular solution we shall treat is given by the
functions

x = x0z-^2

m - m z-l/2 ( 8 1 8 )

where the constants x 0 and Mo must be determined by the relations

x 0 = 8K 0

l = δ6K3

0 (8.19)

For this solution we have

— v

°3 (8.20)

Hence the line element is given by

dr2

Λ , J
+4rdΩ2\ .
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We may write this as

ds2 =dt2 -S2(t)[dr2 +r2 dΩ2] (8.21)

where

(8.22)

S(t)=t= ?l/2

Eq. (8.21) describes a Robertson-Walker space time with zero cur-
vature for the space t = constant and the scale function given by Eq.
(8.22). For this space time we have

M = P=jW=^^z=-^z (8.23)

and

p=λ-w=J^, (8.24)

For t > 0 this Robertson-Walker space time is non-singular for all r and t
and in particular in the region

0 ^ z ^ zx

if the point r = 0, t = 0 is excluded.
It follows from Eqs. (8.18) to (8.20) that

V2 = 2M (8.25)

and

x2M=^-=Kt. (8.26)

These two equations and the first of Eqs. (8.23) are of the form of Eqs.
(4.36). It is thus evident that there is only one essential parameter in
this solution.

9. Compatible Static Solutions

A solution of the Einstein field Eqs. (1.3) to (1.6), such that in the
normalized comoving coordinate system introduced in Section 3, it obeys
the additional restrictions

Rt==Wt = Pt = 0 (9.1)
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is a static solution. We will now show that all static solutions com-
patible with a similarity solution are similarity solutions.

Eq. (9.1) implies that R is a function of r alone. For a compatible
solution, it follows from the continuity of R across the shock hyper-
surface, the hypersurface

z = Zl (9.2)

we may then conclude that for a compatible static solution

R = r « 1 = r « ( z 1 ) . (9.3)

Since M is continuous and constant on the shock we must have for the
static solution

m = M1R = rMί^ί (9.4)

along the shock. Since m is a function of r (cf. Eqs. (3.5) and (9.1)) this
equation determines m throughout the static region.

Eqs. (3.6) and (9.1) enable us to conclude that

Thus ψ is a constant throughout the static region and in particular on
the shock. Thus it follows from the concluding remark of section 7
that α, β, and φ+ are constants on the shock. Therefore

w+ = ̂  = Ί^=w(r)' (9<5)

The last of Eqs. (9.5) follow from Eqs. (9.3) and (3.4). We also have

p = aw+ = ̂ V = p(r), (9.6)

and thus

p(r) = αw(r)

with a a constant. This equation may be interpreted as either the equation
of state for the source of the static field or as determining the constant
value of x, the inverse temperature, for a medium characterized by the
function G(x) by the equation

Eq. (1.8) may be written as

~Pr 2 α

( l + α ) r
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Hence

«/1+« (9.7)

and Eqs. (3.7) reads

2( l -2M 1 )α = M1(

That is, in the static medium

P(r) = aMί = 1 - 3M1 ± |/(4M1 -1) (2M1 -1) = α W(r)

Since e~2ψ and M1 must be positive we must have

0 S 2Mj g 1.

The constant α will take on real values only if

0 < 4M1 ^ 1. (9.8)

The value of α determines the velocity of sound in the static medium if it
satisfies the equation of state given above. In that case we must have

and

P = αM1 = l - 3 M 1 - j / ( 4 M 1 - l ) ( 2 M 1 - l ) . (9.9)

If we impose the condition that

then we find that we must have

0^14M^3. (9.10)

It follows from Eq. (9.7) and the requirement that φ+ is a constant
that

eφ = Cz\ (9.11)

where C is a constant and

n = ^ . (9.12)
1 + α

Thus for every M1 in the range given by the inequalities (9.8) or (9.10)
we may determine a physically acceptable value of α by means of Eq. (9.9).
Then the compatible static solution of the Einstein field equations is
given by the line element

ds2 = C2z2n at2 - Λ ^ * dr2 - r2m\d&2 (9.13)
1 —2M1

3 Commun math. Phys, Vol 21
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and is a similarity solution. Further, every compatible solution is a
similarity solution with three parameters J?1? C and Mv The first two
of these may be removed by the scale transformation

t = Ct9

and thus there is only one essential parameter.
It will be shown in a subsequent paper that there is a two essential

parameter family of similarity solutions satisfying the equation of state
w = 3p which are regular in the region

0 S- z S zt.

These parameters may be chosen so that the solution they determine
may be fitted to the static similarity solution given above across a
shock wave. That is, the φ+,ψ+, M + , P+, W+ determined above may be
used to determine the corresponding quantities behind the shock.
These in turn may be used as initial conditions for determining a solution
of Eqs. (8.14) to (8.17). The solution so determined can be shown to be
regular in the region given above.

The similarity solution discussed in Section 8, which describes a
Robertson-Walker metric, may be fitted to a compatible static solution
for a particular value of the essential parameter M1. That is, we may
construct a solution of the field equations such that for the region
behind the shock, the region

we have the Robertson-Walker metric and for the region ahead of the
shock, the region

z > zx

we have the static solution given above. The solution so constructed
will be nonsingular everywhere except at r = 0 ^ t and the hypersurface
z = zx, the shock. As before we shall use subscript — ( + ) to denote the
value of a quantity from the region behind (ahead of) the shock at z = zv

It remains to be shown that Eqs. (8.6) to (8.8) and Eqs. (8.11) and (8.12)
may be satisfied.

We recall that for the Robertson-Walker solution we have

2 xt

The continuity of M implies that

M+=M_=Mί.
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For the static solution we have Eq. (9.9) which must hold for P+ and

W+=Mί.

When the above equations are used, Eqs. (8.8) become an equation for
M l 5 namely the equation

where P+iMJ is given by the right hand side of Eq. (9.9). That is, we
must have

M 1(2M 1 - 1) (8MX

2 + 6M1 - 1) = 0 . (9.15)

The value of Mί satisfying this equation and consistent with the
inequalities (9.10) is

^ . (9Λ6,

Hence

4

and we may use Eq. (8.7) to calculate

(M1 - P+ (MJ) (3M1 + P+ (M1

since it follows from Eqs. (9.16) that

p+ =0.0173.

If the scale is chosen so that Eqs. (8.20) and (9.13) hold, we may
calculate zx from the relation

The continuity of R requires that

and Eqs. (8.11) enables one to relate x0 and C

Cz\ ]/ 8Mί

where n is given by Eq. 9.12. Eq. (8.12) is satisfied as a consequence
of Eq. (9.15) and the above equations.
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Not all similarity solutions may be fitted to the static solution across
a shock. If the medium in the static region is characterized by a function
G+(x) where x is the reciprocal temperature, we may determine this
quantity in the static region in terms of the parameter M1 for in that
region

Eqs. (6.25) may be written as

γ 2 P2(V\

In this equation P+ and W+ are known as functions of the parameter
Mί. However from the continuity of M across the shock we may regard
them as a function of M_. Hence we may regard this equation as de-
termining x+ as a function of P_,x_ and M_. This function of these
variables must satisfy the equation

x+G+(x+)= ™- + 1 , (9.18)

where P+(M_) is given by the right hand side of Eq. (9.9) with M_
replacing Mv

Eq. (6.23) may be written as

(P_P+(M.))(M_+P_)
' (WM)(W+P(M) ' v * ;

Since V_ is determined as a function of P_, x_ and M_ from the equations
characterizing a similarity solution, Eq. (9.19) imposes another condition
on the similarity solutions that may be fitted to a static one.

A similarity solution may be fitted to the static solution discussed
in this section and characterized by a function G(x) if and only if the
similarity solution behind the shock contains a hypersurface z = zx on
which Eqs. (9.18) and (9.19) are satisfied.

10. Similarity Solutions for Dust

If the source of the gravitational field is a fluid in which p = 0, this
medium is said to be incoherent matter or dust. For such matter, solutions
of the Einstein field equations are well known and depend on the speci-
fication of the mass function m(r, t) which in this case is a function of r
alone. The matter may be considered as obeying a caloric equation of
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state with any function G(x) which is such that it equals unity when
the temperature vanishes, that is, when x the reciprocal temperature
becomes infinite. In that case we have

w = ρc2

or

W = N. (10.1)

If a dust solution is to be compatible with a similarity solution, it
too must be a similarity solution as follows from the discussion of
Section 7. It is the purpose of this section to determine the subclass
of dust solutions of the Einstein field equations which are similarity
solutions and to fit one of them which represents collapsing dust to the
explicit similarity solution, given in Section 8, across a shock hyper-
surface with the equation

z = zί.

The determination of dust similarity solutions is carried out in the
same manner as is the determination of a general dust solution. However,
we need only deal with ordinary differential equations, Eqs. (4.10)
through (4.16). Since P = 0, we have from Eq. (4.16) that

eφ = D (10.2)
and from (4.10) that

* " £ — £ • (103)

where C and D are constants, which can be given any convenient values
by a scale transformed.

Eq. (4.12) may also be integrated immediately and we obtain

(10.4)

where A is a constant and C is the constant introduced above. This
equation is equivalent to the statement that

m(r,ή = ACr.

Thus the similarity dust solutions are that special class of the general
dust solutions for which the mass function is linear and homogeneous.

Eqs. (4.13) and (4.11) become

7 lί + — ) = W lί - — j (10.5)

and
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respectively. If we recall that

C C
z = z

DW
z

DN DW

and that

Rr

we may write the above equation as

M ω
(10.7)

The second form of this equation relates the velocity of the hypersurface
R = constant with respect to the fluid to the constant A and the function M.

The solution to the ordinary differential Eq. (10.6) is given by

(10.8)

where

X(M) =

1

γM(ί-A2) ]/ I-A2 M (ί-Aψ

Jy-M-*, A = ί

sm

1 1

γM(A2 - 1) |/ A2 - 1 M {A2-\f

The solutions for which

sinh

2M

A<\

(10.9)

A>ί.

(10.10)

are non-singular for t large and negative but for

D
z =

that is where
CB

BVN=1

(10.11)

(10.12)

there is a singularity at which M becomes infinite and hence R = r& = 0
as follows from Eq. (10.4).
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Let us now consider the problem of fitting a similarity dust solution
across a shock which is a similarity hypersurface to another region of
material characterized by a function G. The fitting conditions in the
form (6.23) to (6.26) allow us to express M+,P+,x+ and V+ in terms of
M_, P_, x_ and F_ where + refers to the dust region. Because
x+(M_,P_,x_, VJ) vanishes there is a relation which the quantities on
the minus side of the shock have to satisfy in order for this solution to
be fittable to a dust solution. Because P+ vanishes and N+ = W+ (6.23)
and (6.25) may be solved for W+ and when the resulting expressions
are equated we find

- ^ = ( x _ G ( x _ ) - l ) 2 - x 2 . (10.13)

There are two arbitrary essential constants in the dust solution and
therefore Eq. (10.13) is the necessary and sufficient condition for a
solution of the fitting equations to exist when the material on the + side
is dust. Eq. (10.13) is the dust fitting compatability condition.

We now turn to the problem of fitting the explicit similarity solution
discussed in section 8 to the collapsing dust one given above. We make
use of the fitting conditions in the form (6.23) to (6.26). Let the shock
occur at some value of M, Ms say, which by continuity of M satisfies

The fitting compatability condition (10.13), with the aid of (8.25) and
(8.26), becomes

(10.14)

Eq. (6.23) becomes

n R M " ^ (10.15)

and with the aid of this Eq. (6.24) is expressible as

The condition that F+ be less than unity may thus be written

^ \ - (10 17)

Eq. (10.7) may now be solved for A and yields



40 M. E. Cahill and A. H. Taub: Spherically Symmetric Similarity

while (10.10) gives B as

where (10.18) must be used for Λ. The inequality (10.17) guarantees that
the two solutions determined through (10.14), (10.18), and (10.19), with
a separating shock occuring at some Ms on the indicated interval, are
physically acceptable. Thus Ms generates a one-parameter family of
space-times such that in each case the collapsing dust solution described
above is terminated by a strong shock at M = Ms. Behind this shock is a
region described by the Robertson-Walker solution obtained in section 8.
Thus by introducing the shock hypersurface we obtain a solution of the
Einstein field equations which is non-singular except at r = 0, t = 0 and
on the shock hypersurface. The collapse of the dust is stopped by the
shock which "converts" the dust into a medium for which w = 3p.
Such a medium could be considered to be a photon gas. At r = 0, t > 0,
that is, z = 0, the space time is regular but the temperature, pressure
and energy density vanish. Hence it may be physically unrealistic to
say that the medium behind the shock obeys the equation of state
p = 3 w for all M in the range

0 S M S Ms

if it is to be regarded as composed of material particles. In a subsequent
paper we shall examine the situation that arises when a similarity dust
solution given above is struck by a shock wave behind which the medium
is characterized by the function G(x) given by Synge [5] for a relativistic
gas of material particles. The dust case is of course covered by this
function G when the temperature vanishes and therefore the same kind
of material is on both sides of the shock. We propose to determine
whether there is a similarity solution behind the shock which is regular
except at r = 0, t = 0.
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