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Abstract. The representation theory of the group generated by the Dirac matrices is
studied. It is shown that the Fierz transformation can be expressed in terms of Racah
coefficients of this group. A number of generalized Fierz transformations have been found.
Simple rules are given for calculating Fierz invariants and anti-invariants.

1. Introduction

When performing explicit calculations on four-fermion interactions
it is often expedient to apply the so-called Fierz transformation [1-3]
and to make use of the Fierz invariants and anti-invariants [4—7]. The
usual derivation of the explicit form of this transformation does not
provide much insight in the underlying principles and is somewhat
clumsy. Case [8] studied the Fierz identities in relation with the theory of
spinor representations of orthogonal groups. He found for every ortho-
gonal group the corresponding Fierz transformation using methods
which do not differ essentially from the conventional procedure.

In a certain sense the Fierz transformation resembles crossing
relations. Now it is well-known that the crossing matrix for isospin can be
expressed as a Racah coefficient of the relevant group SU(2) [9—-12]. In
this paper we study the group generated by the Dirac matrices and apply
the well-known techniques of SU(2), embodying elements such as
Clebsch-Gordan coefficients (or Wigner coefficients), Racah coefficients,
irreducible tensor operators and Wigner-Eckart theorem. This is possible,
because this group is simply reducible. A crucial point will be the inter-
pretation of the I'-matrices as tensor operators. We show that the Fierz
matrix is related to the Racah coefficients of the Dirac matrix group.
Furthermore several other generalized Fierz transformations are given
most of which do not seem to have been known before. The method with
which we obtain these results gives more insight in the nature of the Fierz
transformations and provides us with simple rules to calculate all kinds
of Fierz matrices and the corresponding invariants and anti-invariants.
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The above mentioned techniques can be applied to all finite groups
related to the spin representations of orthogonal and pseudo-orthogonal
groups [13,14]. We shall call them Clifford groups. The quaternion
group is such a group and because it can be manipulated much easier
we shall often use this group as an illustration.

2. Dirac Matrix Group and Quaternion Group
a) Definition and General Properties

The Dirac matrix group is generated by the usual Dirac matrices
7% %', »* and y*, which obey

P PP =2¢g"" (n,v=0,1,2,3),

with g = (1, — 1, —1, —1).

5We 5introduce 95 =19%19293, for which we have (y°)>= —1 and
Py >yt =0.
Hence

PP +909 =29 (a,b=0,1,2,3,5),

with g*“=(1, —1, —1, —1, —1).

The group elements are then +1, +9% +7y%y" (a <b).

It can be easily verified that this group has 32 elements which, when
no confusion arises, will be denoted by +7I; (i=1,2,...,16).

The group has seventeen classes: (1), (—1), (%, —y) and (y*y°, —y*y?).
There exists one faithful, four-dimensional irreducible representation,
whereas the sixteen remaining irreducible representations are all one-
dimensional. The one-dimensional irreducible representations will be
denoted by (1) (p=1,...,16) and the four-dimensional irreducible
representation by (4). (The symbol (1,) stands for the trivial representa-
tion.)

A unitary form of the four-dimensional representation is generated by

10 0 0 T 0 0 0 1
0 1 0 0 0 0 1 0

(#)(10) — @)yl —
DEO=1y o0 -1 of P70 0-1 0 ol
0 0 0 -1 -1 0 0 o
[0 0 0 —i T0 0 1 0
0 0 i 0 0 0 0-1
D®(y2) — @ (y3) — .
V=l 0 i 0 ofPTTZ0 0 0 o
i 0 0 0 Lo 1 0 o
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By applying formula (5-84) of Ref. [15] it can be shown that all one-
dimensional representations are integer representations and the four-
dimensional irreducible representation is half-integer. With the help of
the character table we can reduce the Kronecker product of two arbitrary
irreducible representations. The results are

(1)®1,) = (1)),
(1,)®4) =4,

16
@@= 73 1,).

p=1
These are the Clebsch-Gordan series of the Dirac matrix group. We see
that in a Kronecker product of two irreducible representations a certain
irreducible representation occurs once or not at all. As furthermore all
characters of the group are real we have to do with a so-called simply
reducible group [15, 16].

As already announced in our introduction we shall often use the
quaternion group as an illustration. Therefore we give here also the
similar properties of this group. The elements of the quaternion group
are +1, +i, +j and +k, with the multiplication rules i* = j? = k? = — 1
and ij=k, jk=1i and ki=j. (So ij = —ji etc.) Alternatively the eight
elements will be denoted by +2, =+1, +2,=+i, +2;=4j and
+2,=+k. This group has five classes (1), (—1), (i, —i), (j, —j) and
(k, —k). There exists one faithful, two-dimensional irreducible represen-
tation

1 0 0 i 0 -1 i 0
Zi:(o 1)’ 22‘(1' 0)’ 232(1 0)’ 2 —i)'

The four remaining irreducible representations are one-dimensional. The
character table of the quaternion group is as follows

— irreducible representation

1, 1, 15 1, 2

class 1 1 1 1 1 2
! -1 1 1 1 1 -2
(i, —i) 1 1 -1 —~1 0

G, —J) 1 -1 1 ~1 0

(k, —k) 1 -1 -1 1 0

Here, just as in the case of the Dirac matrix group all one-dimensional
representations are integer representations, whereas the two-dimensional
irreducible representation is half-integer.
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The Clebsch-Gordan series are
(1)®1)=(1,),
(1,)®2)=(2),

Q®Q) = Z (1,)-

Once again the quaternion group is simply reducible.

b) Wigner Coefficients and 6 j-Symbols

To reduce explicitly the Kronecker product of two irreducible
representations we need Wigner coefficients (Clebsch-Gordan coeffi-
cients). Because we have to do with simply reducible groups we can
apply formula (5-149) of Ref. [15] with k, =, k, = 4, and x5 = 15 to
calculate the absolute value of a Wigner coefficient. For fixed j,, j, and j;
the phase can be chosen for one arbitrary Wigner coefficient. Then the
phases of the other coefficients with the same ji, j, and j; can be found by
means of formula (5-149). In the case of the quaternion group the non-

2
trivial Wigner coefficients ( ") are given in the following table

m m, 1
- 1, 1 L 1 1
Lmgm,
12 +1))/2 +1)/2 0 0
2 1 —1)/2 +1/1/ 0
ot 0 +1/1/ +1/)/2
2 2 0 —1/)/2 +1/)/2

The matrix which transforms the given two-dimensional irreducible
representation into its complex conjugate form is

ol D LR

A K

(See Ref. [15], formula (5-153)).
1
Now the 1jm-symbols ( { P 1) are also fixed and can easily be cal-

culated with formula (11a) of Ref. [16]:

G Y s h) )
Vi, vy Vs A Ay A)\A4 vi) \Ap vy) \dy vy

23  Commun. math. Phys., Vol. 17
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Put j;, =j, =2 and j; =1, and take v, v, and v; such that

22 Yo

p
Vi V2 V3
The results are

I I L "
(1 1) th (1 1) . (1 1) . (1 1) :

The 6j-symbols which turn out to be of interest in the following

sections have the form {; i i”}. These can be calculated with
q

formula (27a) of Ref. [16]. One finds

-1, 1, 1, 1, 1,

1,
1 _1 1 1 1
1 2 2 2 2
1 1 _1 1 1
2 2 2 2 2
1 1 1 _1 1
3 2 2 2 2
1 L 1 1 _1
4 2 2 2 2

The Wigner coefficients, the 6 j-symbols and the 1jm-symbols for the
Dirac matrix group can be calculated in the same way.

¢) Irreducible Tensor Operators and Wigner-Eckart Theorem

When studying the rotation group, SU(2) or SU(3) the irreducible
tensor operators play an important role. A set of operators Ty, are said
to be the components of an irreducible tensor operator of rank j if they
satisfy

RTIR™'=Y DQ (R)T;. . (1)

Here, DY (R) is the matrix of the element R in the irreducible represen-
tation (j). Intuitively one finds that in the case of the quaternion group
the group elements X; can also be interpreted as irreducible tensor
operators belonging to the one-dimensional representations of the group.
For instance, X, belongs to the irreducible representation which we

labelled by (1,):
2 2,EZ) T =42,

}:222(22)_1 = +227
2322(23)_1-_— —22,
2422(24)—12 -2,
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The correspondence between the Z; considered as tensor operators and
the one-dimensional representations is as follows

Zie(1y),  Zye(ly),  Zie(ly), Zie(ly).

Loosely speaking the one-dimensional representations can be charac-
terized by a group element, which provides a kind of “natural” labelling.
An analogous correspondence for the Dirac matrix group can be given.

A more rigorous treatment of irreducible tensor operators of finite
groups will be postponed to a forthcoming publication.

For matrix elements of irreducible tensors belonging to a simply
reducible group the Wigner-Eckart theorem holds (see formula (67) of
Ref. [16]). In our notation we have

gmTimy =y 7 TN Vaimy. e
T\ Mo om'\p om

Here, (j|| T7||j'> is the so-called reduced matrix element. Wigner wrote

this as

.
Gmizalimy =" 1T )G, eb)

with the convention

(lm J J :Z(j J J)( J )*

i M m) T\u M owm')\u m)

By means of these relations the reduced matrix elements <2 Z;||2) can
easily be calculated and we find

QIZ 2y = +)/2,
Q) Z,12) = —i)/2,
Q1512 =—-)/2,

QIZ,012) = +i)/2.

The question arises what the irreducible tensor operator corre-
sponding to the two-dimensional irreducible representation of the
quaternion group looks like. When we have found this tensor operator,
all possibilities for irreducible tensor operators are exhausted, because
the quaternion group does not have any other irreducible representation.
The Wigner-Eckart theorem allows us to construct an explicit matrix
representation of this tensor operator by applying formula (2b) and
using the Wigner coefficients given in the table in Section 2b.

23*
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Calculations show that the general form of the tensor operator of
rank 2 is

0 0 0 0 0 &

0 0 0 0 —& 0

ol 0 0 0o o0 & o
T1= 5
0 0 0 0 0 —¢

& 0 0 (s 0 0

L0 —¢ & 0 0 0J
[0 0 0 0 =g 0]

o 0 0 0 0 ¢
,lo 0o o o o ¢
T? = .
0 0 0 0 —& 0

0 =& & 0 0 0

|—¢& 0 0 =& O 0 J

Here the ¢, are, up to factors, the reduced matrix elements (|| T%||j>.
The above matrix representation is in the reducible vector space of the
direct sum (1,)®(1,)®(15)®(1,)D(2) (the rows and columns are
numbered with (j, m)=(1;, 1), (1,, 1), (15, 1), (14, 1), 2,1) and (2,2)).

In this case an explicit matrix representation for R in formula (1) is
given by

R(Z)=D"(Z)®D"?(Z)@D"(Z)®D I (Z)@D?(Z).

Analogous calculations can be done for the Dirac matrix group.

3. Fierz Transformations
a) Field Theoretic Definition

In field theory one defines in the following way a transformation of
coupling constants. The interaction hamiltonians

5
H= ) g/@.I7.) @LFw,) (3a)
I=1
and
5
H = Z g/I(EaFI,awd) (Ec[‘?wb) (3 b)
I=1

(with summation convention for o)

are equivalent, if there is a relationship g7 = Y| L gx among the coupling
constants g; and g;. K
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The I It are Lorentz invariant combinations of I'-matrices as
defined e.g. in Refs. [1] and [2]. (When it does not give rise to confusion,
here and in the following sections we shall simply use I; to denote the
four-dimensional irreducible representation D™(I7}).) A trivial property
of the matrix L is I* = 1. It can be understood easily, that an equivalent
definition is given by

5
(warl,awb) (l-ﬁcr;wd) = Z FKI(iZ}aFK,awd) (wcrlaéwb) . (4)
K=1

The F-matrix is the transposed L-matrix and has the form

1 1 1 1

|42 0 24
Fix=—7|6 0-2 0 6 (5)

4 2 0 -2 -4

{ -1 1 -1 1

We now want to study this transformation with the methods developed in
group theory and the techniques referred to in Section 2.

In order to cast the problem in a more appropriate form we define
an “elementary” Fierz transformation

16
@uLiwy) @ L) = kZl Fi@alw ) B Lipy) - (6)
Here the Lorentz structure has been dropped and the summation runs
over the sixteen elements 1, y* and y*y® (a < b). We may confine ourselves
to these group elements, because +1I; gives the same contribution as
—TI; in the above formula.
With the aid of the properties Tr[; =0 for all I;+1 and I, ! = +T;
it can be shown that

Fop=3Tr([ I T Y = & T (LT . (7

It is obvious that F is a hermitian and also a unitary operator
F=F'=F", (8)
As the quaternion group has similar properties as the Dirac matrix

group (Tr2,;=0 for all X,#1 and X;!= +Z,) an analogous trans-
formation can be defined in this case

4
Wa2iwy) @2, = kz,l Fi(@,2x00) B Ziwy) )
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with
Fy= %Tr(zizkzizk) . (10
Explicit calculation gives
1 -1 —1 -1
11—1 1 -1 -1
F=351_1 -1 1 24 (1)
-1 -1 -1 1

b) Invariants of the Elementary Fierz Transformation

A Fierz invariant (c.q. anti-invariant) is a form

2 XiPalips) BT w0 (12)

which does not change (c.q. changes sign) under a Fierz transformation.
In general we have

Z (Pl wp) @ Ty = Z XiFi (Pl wy) @ Lwy) -
7 ik

If we want this to be an invariant (c.q. anti-invariant) we shall have to
require

Z X;(@ L) @ Lpg) = 4 Z X(PLwy) @elicws) s (13)

with A = 41 for an invariant and . = — 1 for an anti-invariant. Therefore
the coefficients x; have to satisfy ) F,;x; = ix,, 1. e. the x; are the com-

ponents of the eigenvectors of the matrix F whereas the A’s are the
corresponding eigenvalues. Because F is a hermitian matrix, whose
square equals 1, all eigenvalues are + 1 or —1 and all eigenvectors exist.

Theorem. The Fierz invariants and anti-invariants are given by
Z 2P, ipy) (P Tip,), where ¥*#) are the characters of the one-dimen-

szonal representations of the Dirac matrix group. Odd representations (1,)
give rise to an invariant, even representations to an anti-invariant.

Proof. We shall interpret (,[p,) in the following way. Up to now
Va4 Py, -.. have been arbitrary spinors. However, it is sufficient to prove
the theorem for the case where y,, 1, ... are basis spinors. Then we have

@.Lipy) = ey = DY)

The characters of the one-dimensional representations are the represen-
tations
AP = y42(r) = DT .
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The expression

}: 22 @iy (Pl p,)

becomes in the new notation

Z DU»\(I') D) () DEG (I -

i=

The summation may be extended over the whole group, because it is clear
that I'; and —TI; give equal contributions to the sum. We then get

Y. D*»(R) D'} (R) D (R) .

ReG

We now apply formula (5-149) of Ref. [15] and a number of symmetry
relations

1.4 4*/1, 4 4
D(lp) D(4) R D(4) R) = p p
5 woww=al," s (1, )

=g<4 4 1,,)*(4 4 1p)
a ¢ 1 b d 1
=/lg(4 4 1)*(4 4 1p)
a ¢ 1/ \d b 1
=7y, D"(R)D{(R) DY (R),
ReG

with A = —(—1)%» = 41, depending on the odd or even character of the
one-dimensional representation (1 ).
Hence in usual notation

16
Y @y @By = 2 Z 1P @) @ L) . (14)
i=1

¢) Elementary Fierz Matrix and 6 j-Symbols
The Fierz matrix F;, was defined by

16
Pal i) BLipa) = Z Fi@alipd @ L) -
k=
Once again we choose basis spinors for y,, etc. Because these spinors
belong to the four-dimensional irreducible representation we shall
denote them by |4, a) = y,. In this section the I'; will be considered as
irreducible tensor operators of rank (1) as explained in Section 2¢. Then
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the above definition takes the form

16

(4,all;|4, by (4 c| T4, dy = ), Fud4a|l|4,d) (4, c[T|4, by . (15)
k=1

We shall need two lemma’s to derive the relationship between the Fierz

4 4 1,
matrix F,; and the 6j-symbol .
4 4 1,

Lemma I. Let I'?=n,-1 (1 is the 4 x 4-unit matrix), where n; = +1
and let T'" transform as an irreducible tensor operator of rank (1,). Then we
have

= (=11, (16)

Proof. In Section 3b we proved the following relation
16
Y Fppd? = — (= 1)1y, (17)
k=1

where F,,={Tr([, [ T) .
Because [ is an irreducible tensor operator of rank (1,) we have

OO = DYDY = (T = x0T
or
IO T =y 1.
On the other hand
LT = DT
hence
Fuo=animexi?. (18)

If we substitute this expression in formula (17) we obtain

16
MY, Ml = — (=)W (19)
k=1

Now take i =:

hence n; = (—1)".

Lemma II. Let I; transform as an irreducible tensor operator of rank
(1,) and let the reduced matrix element of I; in the four-dimensional
irreducible representation be (4| T;||4). Then the following relation holds

1. \*
14 r.~n4>2=(1 '1). (20)
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Proof. Consider Y. (I}),, (I)pe = N;84¢> OT
b
Y. <4 alT;|4,b) <4,b[T;|4, > =10, .
b

We now apply the Wigner-Eckart theorem:

1, 4\/b 1, 4 .
Z(Z 1l b)(4 11 C)<4|{Fl”4>2=’1i5ac‘

b

By using properties of Wigner coefficients we get

Z(1i44>(1i44*(4*4*1i 4 \/ 4
ebbe b o df\L b ) \a a) \b' b) \1 1]\b b"J\c ¢

X (= 2O 457 = 1,0,

l( 1i)<4HF-II4>2(4)““"“‘"2 IR
VRV AN w\aa) \a o) T

Therefore

Hence

1, ,
H, 1 @rms ot
1, \*
By using Lemma I and multiplying by (1 ! 1) we find

<4 Fi”4>2:(11i 1>* (note that(11i1><11i1>*=1>.

We now return to the elementary Fierz transformation. Applying the
Wigner-Eckart theorem to formula (15) gives

a 1, 4fc 1, 4
0l 1 e
16 1, Ml 1, 4
=Y Ry ol ) eimae,

Substituting the result of Lemma II provides us with

a 1; 4\fc 1, 4 li*_i_Q‘Falk4clk4 1, \*
4 1 b)\¢ 1 g\t 1y =74 1 d)\4 1 b))\t

and applying orthogonality relations gives

Fu= Y a1i4)61441d41kb
ki—a,b,c,d“‘ 1 b)\4 1,' d)\a 1k4 c 1 4)°
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It follows with formula (18) of Ref. [16] that

4 4 1,
Fk,:—{4 X 1}. 21

1

Along the same lines it can be shown that in the case of the quaternion
group an analogous relationship exists

22 1,

1

d) Derivation of Ordinary Fierz Transformation

In the previous section we derived for the elementary Fierz trans-
formation the formula

a 1, Hfc 1, 4 li*_lz(’:Falk4clk4 1, \*
4 1 b/\d 1t 4\t 1) =4 1 a)\4 1 b))\t 1)
In the case of the ordinary Fierz transformation (cf. Section 3a) we had

to do with sums of this kind of terms, e.g.

Za 1, 4\ /c 1i4<1,. *
PV YA VIR ASRRE §
a 1, #\fc 1, 4/ 1, \*
pheEle vl
;’Kkezx41d41bll ¢
Here I and K were sets of indices. Up to now I and K stood for the usual
S, V, T, A and P, denoting scalar, vector, tensor, axial vector and pseudo
scalar respectively. The symbol #; was already defined in Section 3¢ with

(I')>=n,- 1. Once again using the orthogonality relation for Wigner
coefficients we derive

_ a1i4c1441d41kb)
FIK—ieZIa.l;c,d<4 1 b)<4 li d)(a lk 4)(C 1 4 niﬂk

or
4 4 1,
F .= — RY"S keK. 23a
1K EI {4 4 lk}”l,"lks € (23a)
As a consequence of lemma I this can also be written as
4 4 1,
- _ il 1y + 2
Fa==T{y y p -0, (23b)

It is to be remarked that it does not matter which ke K is chosen.
Starting with a table for 6j-symbols of the Dirac matrix group the
5 x 5-Fierz matrix of field theory (see Section 3a) is recovered.
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We can cast the derived formula for F; g in a much simpler form. To
this end we shall introduce an elementary Fierz transformation for upper
and lower indices

(ﬂjal—‘iwb) (chrilpd)z kai(wa[‘klpd) (@cfkwb)' (24)
k
Hence
Jik=Fueniny . (25)
fu=TeTr(LL LT =16 Tr (NI T Y)

= %TT(X?")Fka_I) -
Thus we have
fao= a1 (26)

In the above derivation we made use of the tensorial character of I
Firkri_l =DU(I)I, = X%lk)rk'

The ordinary Fierz transformation can also be written as

Fix=) fu=3 )21, keK. 27)

iel iel

e) Some General Properties

Apart from the Fierz transformation discussed in Sections 3a and 3d
we shall show that there are more Fierz-like transformations, which are
intermediate with respect to the Lorentz group (see Section 4a). By this
we shall mean that it is possible to find sets of indices different from those
mentioned in the previous section, such that

Fix= ZfikZ%ZXglk)

iel iel

is independent of the choice of k€ K and furthermore that the matrix
F;x possesses all the characteristic properties of the usual Fierz matrix.

Before giving examples of generalized matrices F,x we shall prove
some general properties, which hold for the ordinary Fierz matrix as
well as for the other ones.

Theorem A. If the sets I and K are chosen such that Fix=Y fy,
ke K is independent of the choice of k, then iel

ZFIKFKJ = 51J~ (28)
K



336 E. de Vries and A. J. van Zanten:

Proof. Let
Frx= Z Jix» kekK

iel

Fy, = ka'js Jjed.
k'eK

and

It follows that

ZFIKFKJ—Z 2 2 Jues

K iel k'eK

Here k has to be taken from the set K, but the choice may be different for

the various terms in the last summation. Therefore we take in each term
k =k'. Hence

ZF”‘FKJ—ZZ Z Jie fiej= Z Zfik'fk'j=215ij:5u,

K iel k'eK iel allk’

for )" 6;;=01if and only if I + J.

iel

Therefore we have Y Fyx Fg, =6, or F>=1.

K

In this proof the property that F;x = Y f;, is independent of the
choice of ke K is essential. tel

Of course in order to give a physical meaning to the transformation
matrix F;g it is necessary to have F? =1.

Theorem B. The Fierz matrix F;x can be symmetrized by rescaling.

This theorem 1mp11es that by introducing I'; = ny * I instead of I

and Fy = (n,ng) " # Y. fixinstead of Fyx we get
iel,keK

Bl 1wy (BT Tp) = ;F,K@afxwd) (R RSTAN (29)

where 3 5
Frg=Fg;. (30)

Here n; denotes the number of elements of the set L

Corollary. Because of the symmetric (hermitian) character of Fyy, this
matrix has a complete set of eigenvectors, which can be chosen orthogonal.
From Theorem A and B it follows that the Fierz matrix F; g has a complete
set of eigenvectors with eigenvalues + 1 (i.e. invariants and anti-invariants).

Theorem C. Let
XM = i (31
and
X¢ = Z XM, (32)

k'eK
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Then
Y S X = (= )X (33)
k

and
Y X = = (=10 (34)
K

The proofs of Theorems B and C are easy and will be omitted here.
Theorem C is very useful for writing down Fierz invariants and anti-
invariants.

4. Applications
a) Dirac Matrix Group

In Section 3d we saw already that by choosing S, V, T, A and P for
the sets I and K we recovered the ordinary Fierz matrix of formula (5).
The Fierz invariants and anti-invariants can be calculated by using
Theorem C and the table of characters of the Dirac matrix group. The
invariants are found to be

(1,0,2,0,1) and (1,2,0,2, —1), (35a)
whereas the anti-invariants are
(1,4, -6, —4,1),(1, =2,0, =2, —1) and (1, —4, —6,4,1). (35b)

The way in which we found these eigenvectors is much less laborious
than the usual procedure of solving the characteristic equation of the
5 x 5-Fierz matrix. Of course, because of the degeneracy of the eigenvalues
the eigenvectors are not uniquely determined and therefore linear
combinations of the above eigenvectors belonging to the same eigenvalue
are eigenvectors as well.

As was already mentioned in Section 3e there are more possible sets
of indices I, ..., I, which give rise to a Fierz-like transformation. Because
the I'-matrices not only play a role in the wave equation invariant under
the group O(3, 1), but also in the wave equation invariant under O(4, 1)
(Ref. [13, 17]) it goes without saying that we should also try the sets

L={1}, L={ L={"" (36)
(a,b=0,1,2,3,5 and a <b). We call I, the scalar S, I, the vector ¥ and

I5 the tensor T. Indeed it appears that with this choice of the I; ), f;;
is independent of the element k € K. tel
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The corresponding Fierz matrix takes the form

| 1 1 1
F1K=74‘ 5 =3 1. (37)
10 2 -2
(cf. Ref. [8], formula (150)).
There is one invariant
(1,1,2) (38a)

and two anti-invariants
(1,5, —10) and (1, =3, —2). (38b)

The question arises immediately if we can find still other Fierz trans-
formations. The following sets of y-matrices turned out to generate an
8 x 8-Fierz matrix

S={1}, V,={°) V.={N 040 Ti= 00992 9%9%), (39)
T,={y"% 9% v 4= (0%}, A= 929% 9y’ P={°).
The corresponding Fierz matrix is

1 1 1t 1 1 1 1]
1 -1 -1 1 -1 1-1

-3 -1 1-1 3 1-=-3
-3 1 -1-1-3 1 3

1

3

3

3 3-1-1-1 3 -1 3| (40)
1

3

1

Fig=—

-1 1 -1 1 1—-1-1
3 1 1 —-1-3—-1-=3
-1-1 1 1-1-1 1

L

The invariants of this generalized Fierz transformation are given by

(1’ - 15 17 19 1’ 17 - 17 1)7 (1> 1’ 1’ - 1> 15 ]-3 1: - 1)’

(@41a)
a1, -1,1,1,-1,1,1) and (1,-1,33 -3, -1,3,—-1)
and the anti-invariants by
(1> 1> _39 37 _3> 17 —35 _1)’ (15 1> 39 —33 _3> '—15 —33 l)a
(41b)

(1, =1, -1, =1,1, =1, =1, —1) and (1, —1, =3, =3, =3, 1,3, 1).

We cannot give a quite rigorous justification for the existence of the
above mentioned 8§ x 8-Fierz matrix and a number of other generalized
Fierz matrices, to be mentioned below. However, we might interpret the
transformation of Eq. (40) by the following reasoning, Let us take an
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arbitrary time-like four-vector k*. Without loss of generality we can
suppose it to have the form (k, 0, 0, 0). Every Lorentz vector, tensor and
axial vector can now be split into a longitudinal and a transverse part
with respect to k*. E.g. for the vector-vector interaction

V= (7" wp) (e, W)

we obtain for the longitudinal part

1 _ _
V= 2 @k wpy) (PR, .

The transverse part V, is given by V, =V —V,.
Similarly we have

1 _ _ _
T,= = @ k7" pp) @Ky, wa) — (Pap) o)

and

1 _ _
A=5 @Ky vy) B kysy,) .

With the special choice made above we get
I/I = (@a ,YO lpb) (wc Yo lpd) 5

V= (7" wo) @Ber1wa) + @y wy) @ey210)
+ (@7’ wp) @ey3wa) 5

T, = @.7° 7 wo) Bevors wa) + @y’ 1> wo) (Bevor2va)
+ @V wy) @evov3wa)s et

Hence it is understandable that for our special choice of k% V] is repre-
sented by {7°}, V, by {7, 9, 7} etc. as in formula (39). A similar reasoning
can be set up when the vector k* is space-like, e.g. (0,0,0, k). In this
context it is to be noted that in the explicit form of f;, the symbols 7°,
%, 9% and y?® play exactly the same role.

In the applications in the beginning of this section we remarked that
the groups O(3, 1) and O(4, 1) were of significance. In this last application
it seems that we have to do with the little group belonging to the vector
k*. This little group is isomorphic with the groups O(2, 1) or O(3).

As already mentioned still other Fierz transformations can be found
by studying the tensors belonging to different subgroups of 0(4, 1). In
this way we find generalized Fierz transformations, which will be listed
below together with the transformations already discussed.
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Group Order Index sets
04, 1) 3x3 {1, {0 ') (36)
0(3,1) Sx5 AL O I ) ) (42)

02, 1)or 03) 8x8 {1} % (L y% 2L (%22 %%),  (39)
%' v’ 0%
0y 2% v (%)

01, H®0(3) 6x6 {1}, (%9 (L5, (43)
or 022)®0(2, 1) 009 v%% %% v v vy,

A S A G e N A
O(LH®O0QR)  9x9 {1}, H%'L %% %' (44)
or 0(2)®0(2) 009209 v 5 ) %)

0% ) 2% (%)
O, 1)or0Q2) 12x12 {1}, {y°% ('} (%77 %', (45)

CAS A i N AR ol T Vb A R Vi A
O 0% 0% %)
Apart from these transformations still another exists of order 2 x2

apparently not connected with a subgroup of O(4, 1) in which the index
sets are

{13, 059" (46)
This Fierz matrix is
171 1
F_ZLS —1}’ @1
with the invariant
1, 3) (482a)
and anti-invariant
1, =5). (48b)

It is not known to us whether it is possible to interpret this trans-
formation in the same way as the previous ones.

b) Quaternion Group

Along the same lines a number of Fierz transformations connected
with the quaternion group can be obtained. Starting with the elementary
Fierz transformation of Section 3a we find a Fierz transformation of
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order 2 x 2 generated by the index sets {Z,}, {Z,, 23, Z,}:

11 1
F=—
2 {3 —1]’
with invariant
(L1
and anti-invariant
1, =3).

Furthermore the index sets {X}, {Z,}, {Z;, 24} give

11 1 1
F:71 1 -1},
2 -2 0

with invariants
(1,-1,2) and (1,1,0)
and anti-invariant
1, -1, -2).
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(49)

(50a)

(50b)

(51)

(52a)

(52b)

The first of these transformations has to do with O(3). In essence the
same transformation is given by formulae (154a) and (154b) of Ref. [8]

and formulae (28, 16) and (28, 17) of Ref. [18].

The second transformation is connected with the little group O(2).

The authors are indebted to Professor Dr. H. J. Groenewold for many discussions and
to Professor Dr. A. F. Yano for reading the manuscript. One of us (E. de V.) has carried
out this work as a scientific staff member of the Stichting F.O.M. (Foundation for Fun-
damental Research of Matter) which is financially supported by the Netherlands Organi-

zation for Pure Scientific Research (Z.W.0.).
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