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Abstract. [t is shown that, also in the mixed initial and boundary value pro-
blem, Einstein’s equations may be replaced by the two subsystems 7',%//,, = 0

1
and R,g= — x (Ta By Tyq, ﬂ) , provided that the initial data verify the con-
sistency conditions G = — »T';* and that the analogous relations
(Gim +2Typ) Nm=0

are imposed on the boundaries of the given domain.

Introduction
Einstein’s gravitational equations?

Glm = — %qylm (1)
imply the four relations

T [ =0 (2)
Conversely, LicENEROWICZ [1] (see also [2, 3]) has proved that, in the
initial value problem, Eq. (1) may be replaced by (2) and by the system

1
Rap = = #ag (Tup =5 ) )
provided that the initial data verify the consistency conditions
Gr=—nTA. (4)

The importance of this result lies in the fact that it singles out Eq. (2)
as a subsystem of Eq. (1). Now, since Eq. (2) have a definite physical
meaning by themselves, the above result allows us to study their role
in the determination of the solution of the gravitational problem.

For the same reason, an analogous possibility is also desirable in more
general cases, e.g. in the mixed initial and boundary value problem. In
fact, as we shall prove in a later paper, the analysis of Eq. (2) in a spa-
tially finite domain of space-time (e.g. in a four-dimensional “world-

1 Latin indices run from 1 to 4. Greek indices run from 1 to 3. The metric tensor
is assumed to have the signature + 2. A comma indicates partial derivative;
a double stroke [like in Eq. (2)] indicates covariant derivative.
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tube’’) plays an important role in the study of the inertial phenomena.
Therefore, the purpose of the present work is to extend LicHENEROWICZ'S
result to the mixed initial and boundary value problem.

In § 1 we shall briefly indicate the hypothesis required, as well as the
exact formulation of the problem.

In § 2 we shall prove the desired result: Eq. (1) may be replaced by
the system (2), (3) also in the mixed initial and boundary value problem,
provided that the initial data verify the consistency conditions (4), and
that the analogous relations

(Grm + 2 Ty) N™ =0 ()

are imposed on the boundaries of the given domain. [In (5), as usual,
N™ denotes the normal to the boundary itself.]

§1
We recall the following definitions [1—4]: the spacetime continuum
V, is a twice continuously differentiable manifold on which there is
defined a metric
ds? = g;,, dxt da™

of normal hyperbolic type everywhere with signature (+ + + —). A co-
ordinate system is physically acceptable if one of its variables is time
like, and the other three space-like. On then has ¢,, < 0 and the recipro-
cal quadratic forms

g“ﬁ and Gopp — _gji?f :q},ﬁ_
Ja4
are positive definite.

A metric is said regular if it is continuously differentiable (C,, C,
piecewise).

Since the manifold V7, admits of an everywhere hyperbolic metrie, it
possesses a vector field oriented in time, and therefore a global system
of time lines. In V, let the domain Q2 verify the properties:

i) £ is the topological product of a manifold V, and the real straight
line B (the mappings of R in V, oriented in time, mappings of V;
everywhere oriented in space);

ii) the spatial sections, mappings of V,, are bounded manifolds,
homeomorphic to spatially finite regions of the Euclidean space Rj.

In Q we assume a sufficiently smooth distribution of matter, described

by a non-zero stress tensor 7';,. Then we have the Einstein field
equations

1
Glm = le Y Rglm = %Tlm ) (1)
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where R, is the Ricci tensor of the normal hyperbolic four-dimensional
space-time metric.

Let B denote a spatial section of 2 (the local equation of B we take
as & = 0). Moreover, let S denote the boundary of 2 (the local equation
of S we take as f(zla?ax*) = 0). We define

f’ m o

— W Nm — gmk Nk )

Then, as a consequence of the definitions, NN, > 0 on S. The initial
and boundary value problem for Eq. (1) consists in the determination
of all those solutions of the Tinstein equations consistent with the
topological requirements stated above, and assuming definite values on
B and on 8 respectively. These values, however, cannot be arbitrary:
in fact, Eq. (1) and the regularity of the metric imply

m

GA+xT2=0 on B, 4)
(G +2T,) N =0 on S, (5)

since the left-hand-sides of Eqs. (4) and (5) depend only on the first
normal derivatives of the metric tensor on B and on S respectively.

Equation (4) represent four consistency conditions for the Cauchy
data on B. They are known as ’the problem of initial conditions” [1—4].
Similarly, Eq. (5) are consistency conditions for the data on §. In this
case, however, since the latter do not imply the knowledge of both g¢;,,
and ¢;,,,z, Eq. () cannot be considered as relations among a-priori
known quantities. Therefore, they may simply be included among the
given boundary conditions: this, of course, restricts the number of inde-
pendent quantities which may be freely prescribed on S.

We shall now prove that, once the consistency conditions (4) and (5)
have been imposed on the boundaries of the domain Q, Eq. (1) may be
replaced by the equivalent system

Tlm //m =0, (2)
1
Rup=— % (T =5 Tu) (3)
provided that g** == 0 in Q.

This result provides the stated extension of LicuNEROWICZ'S method
to mixed initial and boundary value problems.

§2
In order to prove the equivalence between Kq. (1) and the system

(2), (3) we shall extend a procedure indicated by SyNcE (see Ref. [5],
p. 212).
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Let W;; be any symmetric tensor field in space-time with metric
tensor ¢;;. We define the conjugate tensor field by

Whiy =Wy =5 Way W= gim W, (6)
definition (6) implies
(W) = Wy (6")
We have the following
Lemma 1. Provided g** < 0, the mixed components Wt may always be
eapressed in terms of W*,, and W, in the linear form

W= A aff W*ocﬂ + Bjit W4 (7)

the coeffictents being linear and quadratic functions of ¢*™, divided by g*4.
In particular

Btk =5 19" 0 — g** 0, 4 g™ 9] . (8)

The proof of (7) is given in Ref. [5], and will be omitted here. The
explicit form (8) for the coefficients B;* is shown in the Appendix.

Lemma 2. Provided g** = 0 in Q, the following statements are mathe-
malically equivalent

() Wy, =0 in Q

W, =0 . . WA=0 on B
(ﬂ){Wl""//,,,:O in @, with {WlmNm:O on S.

Proof. Obviously (&) = (f). We want to prove that (8) = («x). We
assume (). Then, by Lemma 1 and the first condition in (f)

W= Bt W, (9)
Morcover, by the second condition in (f)
Wil i=Wi +Tif Wi =i Wi=0. (10)
By (9), this may be written in the form
Bik Wt + EF Wit =0 (11)

where the coefficients £;* depend only on the metric tensor and its first
derivatives.

We have in (11) a system of four linear homogeneous differential
equations of the first order for the four components W2 The coefficients
Bk and E/* are by hypothesis continuous in the region considered, as
well as across the hypersurfaces B and S. The last two conditions in (f)
provide the initial data

Wt=0 on B (12)
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and the boundary conditions [see (9)]
Bjik I/Vk4 NZ = O on S . (13)
It remains only to prove that the initial and boundary value problem
(11), (12), (13) admits the unique solution W;* = 0 in Q. In fact, by (9),
this implies W;, = 0, so that the equivalence between (f) and («) is
proved.
To this purpose, we first reduce the system (11) to a symmetric hy-

perbolic system (sec Ref. [8], p. 593; see also [9—11]): we introduce the
symmetric matrix

. . j4 qla
Uit = git — 2-ggfj . (14)

The matrix (14) is clearly non singular, since the quadratic form
. . gt gt a4 ofi4 it )\ 2
DU Ady = (gu _ gﬂ,g_) dyhy = (gep — 220 )amzﬂ (2
jl 4 g V— gt )
4 484
is positive definite (notice that the 3 X 3 matrix {g"ﬁ — g“gng } is the

inverse of the matrix {g, s}, which is positive definite (see e.g. Ref. [6],

P. 235)). Therefore, the system (11) is mathematically equivalent to the
system
UIL(BfE Wit + EF Wt =0. (15)
By (8), (14) we have
Ulelz'k:Th_(gMgi/c_g4kgii_gikgj4) , (16)
so that, for fixed ¢, the cocfficients of the derivatives in (15) are sym-
metric in § and .
Moreover, when ¢ = 4, the matrix U’! G{2* is positive definite, since,
by (16), we have

Ulel‘lk:’gi—:;(g‘hl gjk__ 29476 g4i) = ik, (17)

Therefore, the system (15) is symmetric and hyperbolic. For such sys-
tems we have a general uniqueness theorem? which, in the actual case,
reads

“the initial and boundary value problem for Eq. (15) possesses the
unique solution W =0 provided that W, =0 on B, and that the
characteristic quadratic form

Uit Bjik N, WAW,A (18)

be non negative on S”.

2 See Ref. [8], p. 656 —0658. The proof of the uniqueness theorem is given there
only in the particular case 9f/0x* = 0 (where f(z'z?a®z*) = 0 is the equation of
the hypersurface §). The same proof, however, may be trivially extended to the
general case.
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Both the conditions are fulfilled in view of (12) and (13) [with the
quadratic form (18) identically zero on S]. This completes the proof of
Lemma 2.

It is now quite simple to prove the equivalence between Eq. (1) and
the system (2), (3) together with the consistency conditions (4) and (5).
To this purpose we set

Wim = Glm +#Tim (19)
and apply Lemma 2 to the symmetric tensor field (19). This completes

the proof of LicENEROWICZ’S result also in the case of mixed initial and
boundary value problems.

The author wishes to thank Prof. M. Carrassi, Prof. G. Luzzarro and
Dr. R. BorcHESANI for many helpful discussions.

Appendix
Proof of (8) §2
We recall the following relations (see Ref. [5], Lemma 1, p. 213)

1 "

W*ﬂ4 = gt [Wﬁ4 - ga4 I/Va‘zﬁ] s (A: 1)
1

W# = ey [g*f W*,5+ 2W 4] . (A, 2)

We have [see (6)]
) . 1 . . .
sz — W*?} — ? W* 6jz — (gzo: W*:xli + gz4 W*“}) é‘jﬂ
+ (g8 Wy + g*t W) 04
— OGP Wy o 207 Wy b 8 WE,) = Cjfisf We,,
(GO g O — gt o) WR,
. 1 A

-+ (914 6j4 — _.2_944 69’1’) W*44 ,

where the C;%# are defined by the above relation. By (A, 1), (A, 2), this
may be written in the form

W= A W,

1
g

— Ajz’otﬁ W*“ﬁ +

-+ {(gz4 65“ + gizx 654 —_ goc4 531) W“4 + (29z4 57'4 . g44 631,) W44}

1
g44
which coincides with (8), § 2.

[gi4 6jlc 4+ gzk 6]'4 — gk4 6]2] ch4 ,
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