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Abstract. An approach to the theory of Lorentz invariant distributions is
developed in terms of covariant spectral representations. The behaviour of singular
invariant distributions under a change of scale is analyzed. It is shown that the
conventional extension of homogeneous singular functions into distributions in
R, followed by a breakdown of homogeneity, is incomplete. Homogeneous ex-
tensions depending on an arbitrary scaling parameter are introduced, calculation

techniques are developed and various formulae having applications in quantum
field theory are derived.

1. Introduction

The aim of this paper is to present a new approach to Lorentz in-
variant distributions in terms of spectral representations which exhibit
the covariant form of the functionals, permit to overcome the “origin
of the light cone” difficulties and lead to a considerable simplification
of caleulation techniques. Thus, the approach is possibly simpler than
that of Refs. [1]—[5]. On the basis of this formalism we investigate the
behaviour of certain singular invariant distributions under a change of
scale: The conventional way of associating distributions in R* with
homogeneous singular functions by regularization gives rise to func-
tionals which are no longer homogeneous. Such inhomogeneous distribu-
tions (e.g. the propagators (z* — 40)~", n = 2) are physically unaccept-
able because the space-time or momentum variables on which they
depend carry dimension. The extension of singular homogeneous func-
tions into homogeneous distributions in R* requires the introduction of
an arbitrary scaling parameter bearing dimension. Then, a breakdown
of dilatation symmetry by regularization can be avoided if a similarity
transformation in space-time is accompanied by a corresponding change
of this scaling parameter.

In Sec. 2 we develop the theory of Lorentz invariant distributions
in terms of spectral representations. In Sec. 3 we analyze the problem

* Supported by the Deutsche Forschungsgemeinschaft.
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of extending distributions from a subspace to the entire E*in connection
with scale transformations. Sec. 4 is devoted to a discussion of delta-
functions § (x?) ete. localized on the light cone and to a comparison of
the various definitions appearing in the literature, all of them being
summed up into an expression depending on the arbitrary scaling
parameter. In Sec. 5 asymptotic and Laurent expansions are derived and
the equivalence of certain extensions is proved. After a brief discussion
of some special algebraically singular distributions in Sec. 6 we study in
Sec. 7 Fourier transforms and analytic functionals in terms of spectral
representations.

2. Lorentz Invariant Distributions in Terms of Spectral Representations

We denote by R* the four-dimensional Minkowski space of real points
x = (,) = (T, X), X = (¥y, %y, &), With the metric a? =22 = a% — x2,

3
x2 = )22 When we write () for a distribution f ¢ D' (R%) we merely
1

wish to indicate that f operates on test functions g(r) depending on
x € R f{p) denotes the value of the distribution at the element ¢(x)
= (%, X).

Definition. A distribution f € 2’ (R*) is said to be invariant under the
restricted Lorentz group L, if for any 4 ¢ LfF the relation

Af(w) {p(@)) = f(x) {p(Ax)) = [ (2) {p ()} (2.1)
holds for all ¢ € Z(R*).

Such f will be called “invariant”. In terms of the infinitesimal
generators of L, My, = 20/0x), + 2,002y, M;, = 2,0/0x; — 2,00,
(¢, k=1, 2,3) fis invariant only if M, . f= M; ,f=0.

Definition. Let A* be an element of the antichronous component Li.
Then we define the reflected distribution f by

f=A%f. (2.2)

For every invariant f, e.g. f(x) = f(—x), the definition (2.2) is indepen-
dent of the particular choice of A*. A distribution f is called even if
f=fand odd if f = —f.

Every invariant distribution f can be decomposed into an even part
f. and an odd part f, according to

f="f+1f (2.3)

where
=g G+, fomg(f=D. (2.4)

From Ref. [6] we recall the following theorem.
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Theorem 1. Ewery invariant f€2'(R%) whose support is the origin
2y = X = 0 has the form

N
f=2 e, " d(x) (2.5)
0

where O (x) = 0(x,y) 6(X) and [ = 0%0af — A, with constant coefficients
¢, and a finite N. If f € Z'(09), then N = oo and Tim }/|c,| (2n)! = 0.

Let s == 0 be a real number. Then the invariant hyperboloid 22 = s
is a regular surface in R%. The light cone 22 = 0 has the origin as a singular
point. However, in the space R? — O (R* minus the origin 0) the hyper-
boloids #? — s = 0 are regular surfaces for all s ¢ R*. Hence, in R* — 0O
we can introduce a new local coordinate system w = (u,, %y, %y, u;) With
Uy = a* — s such that the Jacobian D (x, u) remains different from zero.
By starting from the formal integral [ 6 (a? — s) @ (x) da and passing
to the u variables we obtain the following definition for §® (2% — s) in
Rt — 0:

O(% — s) {p(x)y = [ (0, uy, 1y, ug) duy dug duty (2.6)

n |

5 (22 — 5) (g () = (—])"fi—ym—‘”;%iﬁﬁu—s)iu”:odul dugdu, (2.7)

where 7 (u,, . . ., uy) = p(x(uw)) D(x, u). We shall extend these definitions

to the whole R* in Sec. 4. (We call a distribution ‘“defined in RB* — 0 if

it is defined on all testfunctions ¢ () whose support does not contain the
origin 0.)

For s 2 0, §(2? — s) can be decomposed in R*— O according to

(2.8)
=:0(x,) 0 (&? — ) + 0(— ) 6(2? — s)
and this decomposition extends trivially to R%. In R* we define
0 () O (a2 — 8) — O(—ap) 62 —s), s=0
. 2 o)
e(xy) 6(2% — s) { 0 s<o0. (2.9)

With these definitions we can prove the following lemma.
Lemma. a) If ¢ € 2(R* — 0), then the meanvalue of ¢ over the hyper-
boloid 22 — s = 0,

7(8) = (2 — s) {p(x)), (2.10)
ts a test function of 2 (RY).
b) If ¢ € D(R?), then the function
1+ (8) = (@) 0 (@ — 5) (@ () (2.11)
is a test function of D(RL) = D (s = 0).
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Here 2 (s = 0) is the space of all test functions y; (s) vanishing for
8 < 0, having their supports bounded to the right and being infinitely
differentiable for s > 0, with right-sided derivatives at s = 0.

Proof. a) Since 22 — s = 0 is a regular surface in R* — 0 for all s € R!
at least one of the |x,| tends to infinity if |2?| — co. Since ¢ has compact
support, @(z) = 0 for |x,| > K’ > 0, and there exists a K > 0 such that
n(u) =10 for s>K, ie., yx(s)=0 for |sj>K. Furthermore, since
dom (a? — s)/ds = — 0 +D) (a2 — 5) exists for all n, x(s) is infinitely
differentiable. Then y € D (R1).

b) For ¢ € 2(R*— 0) the same argument as in a) shows that
%+ €2 (RY). To demonstrate that . €2 (RY.) also for ¢ € Z(R*) we note
that the integrand in the following formula (obtained from (2.7) and (2.9))

. v — o
£ (g) 6™ (22 — 8) (@ () = (— 1)nf%[¢(l/x + Ls,xz)i/% Vx4 s,x)]dx

n dr o }P(%, X) ":_fp_(_xo’ X) n (n)
-1 f(?xodxo)"[ 2 || ]xo=1/xf1‘;bd = (=1 2¥s)

is a regular and odd function of x, vanishing at x, == 0, i.e. at |x| =s=0
the integral being convergent and the support of the resulting function
is the one given in the Lemma.

The mapping of four dimensional testfunctions onto one dimensional
test functions furnished by the Lemma enables us to set up spectral
representations for invariant distributions which explicitly exhibit their
invariance properties. To this end first let f(s) be a locally summable
function identifyable with a regular distribution. Then we can define the
parametric integral

(1606002~ ) d) <oty
=_f:(f(8) 2? — 8)) {p(@)y ds = f(s) {x(s))

since the rhs exists for all ¢ € & (R?), taking into account that f(s) is
summable over all finite intervals. This leads to the following definition.

Definition. If §(x® — s) {p(x)) = yx(s) is element of Z(R!) and f(s) €
€ Z'(R') is an arbitrary distribution, then the parametric “integral” is
defined by

(2.12)

([ r0sw-aas)e-f0 G . e

In case of an integrable f(s) the rhs of (2.13) reduces to that of (2.12).
It is appropriate to consider spectral representations for even and
odd invariant distributions separately.
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Theorem 2. Every even invariant distribution f, € 2’ (Rt — 0) has the
spectral representation

1) <Py = [ 1265) 0(a2 — 9) ds (o) 214)

where the spectral function (a distribution) f,{(s) € D' (RY) is uniquely
determined by f,(x).

In what follows we shall often omit the test functions ¢ () in relations
such as (2.14). The symbol f,(- + ) in (2.14) obviously has two different
meanings according to the argument.

Proof. Every f,(x) € 2'(R* — 0) of the form (2.14) is even invariant.
On the other hand, for every invariant f, € 2’ (R* — 0) we define the one
dimensional distribution

fo(8) {x(8)): = fo (@) (R () g (22))

for every x(s) € Z(RY). h(x) is an infinitely differentiable auxiliary
function whose support does not contain the origin and such that
O(@? — s) (h(x)) =1 for all s € R*. One could choose the support of
h(x) in the way, that the support of A (x) y(«?) is bounded. The following
arguments show that this is not necessary in virtue of f, (z) being Lorentz
invariant. For the distribution f,(x) defined by

@ = [1,00) b(at — ) ds

we have
fo(@) {p @) =_f fo(s) 0(2® — ) {p(w)) ds
= fe(s) <X(8)> = fe(x) <k(x) %(x2)> .
Hence,

(o @) = fo (@) {p (@)} = fo() ()

where w (z) = h(x) ¥ (2% — @(z) and (22 -- s) {w(x)) = 0 for all s.

Let us decompose the space 1% into overlapping bounded domains G,
with the following properties: G, contains the origin but does not inter-
sect with the support of w(x). (This is possible since the support of
 (x) does not contain the origin and is closed by definition). The domains
G, k=1,2,..., are supposed not to contain the origin. Thus we can
choose an [ = (k) with 2; % 0 in G,. Let {e;} be the partition of the unity
belonging to {G} and wy(x): = w (%) ;(x). Only a finite number of the
() are not identically zero. Then we have

O(x?—s) w (@) = %‘ f (@) dx; (2.15)

2|z
GrN\ (2*—8)=0

where 7 (k) & [(k). The x; have to be expressed in terms of the new
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variables u; = 22 — s and u; = z;. In G, we write
wk(x /zlxl] ""Zao'kz /axz

with infinitely differentiable o ;. Transforming the 3-dimensional volume
integrals of (2.15) into 2-dimensional surface integrals one deduces from
d(a? — s) {w(x)) = 0 for all s that the o}, have bounded supports. On
the other hand, in the old variables we have

v

where the M, are the generators of L, . Thus
(@) (o (@)) = %CZ)Mz(k)i(k) fo(@) {ops(@)) =0

ik
in virtue of the invariance of f, ().
Thus f,(s) is uniquely determined by f,(x) and independent of the
auxiliary function 4 (). This completes the proof.
If @(x) € 2(R*) then y(s) = d(a? — s) {p(x)) has the form

%(8) = hy(s) + hy(s) logs (2.17)

where hy, by, € 2 (R*) and h,(0) = O (cf. also Sec. 5). As shown in Ref. [4]
the space J# (R*) consisting of all functions of type (2.17) can be equipped
with a topology. Denoting its dual by 5#'(R!) one has the following
theorem.

Theorem 3. Every even invariant distribution f,(x) € D' (R*) admits the
spectral representation

oo N
x) = [fon(s) 0(@®~s)ds+ 3 ¢,[0" () (2.18)
— o0 0

where f,;(s) is element of S (RY). f,; ts not uniquely determined by f,(z):
The “‘spectral function’ f,,(s) can be altered if simultaneously the coeffi-
cients ¢, are changed. Only the restriction f,(s) of f,5(s) to @' (RY) is uniquely
determined according to Theorem 2.

By means of the second part of the previous Lemma one proves in
analogy with Theorem 2 the following theorem.

Theorem 4. Every odd invariant distribution f,(x) € D' (R%) has the
spectral representation

folw) = ffo ) &(wo) (a* — 5) ds (2.19)
where the spectral function fq(s) € D' (s = 0) s uniquely determined by

fol@). @' (s = 0) is the dual to 2 (s = 0) and is isomorphic to the subspace
D', of all those distributions of 2’ (R') whose support is contained in s = 0.
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Let us summarize the preceding results into
Theorem 5. Hvery tnvariant distribution f(x) € 2’ (R%) has the spectral
representation
N

x) = foofeh(é‘) O (% — 8)fl8+fmf0(8) e(x) 8(a—s)ds+ Y ¢, S (x) (2.20)
— oo 0 0

where f,, €' (RY). [, has a uniquely determined restriction to 2’ (R?Y)
and f, s an uniquely determined distribution of 2’ (s = 0). N depends on
the order of f(x).

In virtue of the above spectral representations the following symbolic
notation is justified. For every even invariant distribution f, (x) we shall
write

fo(@):= f(a?) (2.21)

and for every odd invariant distribution we set?
fol@) = e(ay) f(a?) - (2.22)
Let now f(s) be a given distribution in s#'(s = 0). Considering f(s) as a

spectral function we can construct the followmg distributions:

0(x?) f ff —8)ds:= foof(s) 0(x2 —s)ds  (2.23)
0
() f(2) :=0f°° F(5) e (w0) (a2 — ) ds (2.24)
B(dg) f(0?) =5 [0(%) [(22) & e (0)]
°° (2.25)
= [ 1(s) 0(2:20) 8(a2 — 5) ds
0
B(=a?) f(a2) i [ f(—9) (a2 + 8) ds . (2.26)
0

In (2.22) to (2.26) the products of the distributions with step functions
are merely symbolic notations for the well defined quantities on the right
hand side. If f(s) is a given singular function and one wants to construct
an invariant distribution with prescribed support properties having
f(s) as spectral function the above formulas suggest the following pro-
cedure: Extend first f(s) to 2’ (RY), perform a second extension to 7’ (R?)
and apply then the spectral representation. In the following section more
direct extension procedures are discussed.

1 In (2.22), (2.25) the Lh.s. should be “multiplied” by 6(x2). Since, however, these
distributions are Lorentz invariant such factor can be omitted. We shall adhere to
this convenience in all what follows.
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Remark. We have introduced a mapping of invariant four dimensional
distributions onto one dimensional distributions by means of spectral
representations. The same mapping can be generated through a trans-
formation of variables. Let the support of ¢ (x) be contained in the region
2y > 0 of R% Introducing the transformation 7'z = u: uy = 22, u; = x,,
we define

(T1) (u) {p(u)) = (@) {p(T) [0 T /o]
= f(x) {@(a?, &y, 2y, T3) 224) .
As in the proof of Theorem 2 we find that

@(THious) {pw)) =2M,;f(x) {p(a? x)) =0
for ¢ =1, 2, 3. Thus, T'f is constant in the variables w,, u,, 4, and we
can write it as a direct product:

(T]) (u) = f(ug) X 1y .
Hence in the domain where 7' is a regular transformation (cf. [6]) it
provides a mapping of f(x) onto a one dimensional distribution f(u,). If
T is singular (what happens if the origin is included) an extension
procedure of the type discussed in the next section is to be superimposed.

3. Extension of Invariant Distributions to R* and Scale Transformation

Two attitudes may be taken towards the construction of singular
invariant distributions in R% On the one hand, a classical function
singular on the cone may be associated with a distribution defined on a
certain subspace of & (R?%) and then be extended to the whole & (R4). Or
else, singular distributions may be generated entirely within the distri-
bution frame by differentiating regular distributions or by analytic
continuation in a parameter.

3.1. Extenstons Depending on a Scaling Parameter

Let f () be an invariant distribution defined on a subspace Z C Z (E*).
For example # may be identical with the set of test functions having
the property ¢®(0) =0 for » = N, or may consist of all those test
functions such that y(s) = d(2* — s) {@(z)) vanishes sufficiently strongly
at s = 0. Let Ef be a given extension of f to 2 (R%). We consider the
dilatation operator U,, with a = (a,, a,, a,, a,), acting on a distribution
g (z) according to

(Uag) (@) {p(@)) i= 9(@) {p ()

where 2/a = (xy/a,, . . ., zy/a,). We confine ourselves to dilatations which
affect all coordinates x in the same way, ie. we put a = (a,a, a, a),
14 Commun. math. Phys., Vol.7

3
11 a,
0
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where a > 0 is a constant. (There would be no problem in admitting
scaling transformations depending on . In that case one had to require
that a(x) > 0 is infinitely differentiable such that a(2) and loga(z) are
multipliers.) U, is well defined in %’ and 2’. In general, however, the
extension procedure does not commute with the dilatation, i.e.

U,E/ += EU,f.

In particular, if f(x) is homogeneous in the subspace & the extension Ef
in general is no longer homogeneous. Let us then introduce a class of
extensions E,f depending on a parameter a defined by

E,f:= U;'EU,f. (3.1)

By definition E,;/ = Ef and E,f is independent of ¢ if and only if the
extension commutes with the dilatation. The group property of U,
implies that
U(?lEaUa'f = Eyof (3.2)
or
UyEpf=E,Uyf. (3.2)

Thus by introducing an a-dependent extension we have reestablished
“commutativity’” of extension and dilatation if a dilatation of x is ac-
companied by a corresponding dilatation of a. In particular if f(x) is
homogeneous of degree 1 in & we have (cf., e.g. (4.13), (6.6))

Ua’Eaa’f = allEaf s (33)

i.e. homogeneity is preserved also after the extension if a is subject to
the same dilatation as . We call distributions which are homogeneous on
a subspace % and whose extension is a-dependent ‘‘pseudo-homogeneous”.
Pseudo-homogeneous distributions are in fact associated generalized
functions (associated to the operator U,, cf. [5]). Now, if both ¢ and =z
are numerical ratios to the same physical unit, a change in scale of # is
accompanied by the corresponding change in scale of . Furthermore we
shall see later that pseudo-homogeneous distributions of rational degree
of homogeneity (whose argument may bear a dimension on the subspace
%) are dimensionally correct on 2 (R*) only if we ascribe a the same
dimension as .

If Ef is another extension of f and if ﬁf = E, f for a special a, we
have in virtue of (3.2)

Ef=E,f. (3.4)

The meaning of EU,f in the general definition of E,f in (3.1) can most
easily be understood in the one dimensional case. Let f(s) be defined on
the subspace & of those test functions ¢(s) which vanish at the origin
s ==0 with its first N derivatives. Then the most general extension
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Ef of f to 2'(RY is given by

N
(Zf) () Cw(s)) = () {p(s)) + % p™ (0)ec, (3.5)
with

N
) =p(s) = T y0 0 guls); @OV = bni my=0,1,.., N

and ¢, = (Ef) <<pn>

Conversely, with an arbitrarily given set of ¢, and ¢,(s) satisfying
(3.5) one can construct an extension of f from #’ to @’ according to (3.5).
By definition of U,

(UE) Cp(s)) = (B)) () Cy(sfa) |al 1)

y y (3.6)
8) (plsfa) at = 3 a=n=1p® (0) g, (s)) + 3 a1y (O)c, .
0 0

It seems natural to define EU,f such that the dilatation operates only
in the subspace %, i.e.

N
(BEULL) (8) (pls)y:= f(s) {p(sfa)a=t) + 3 p™ (0)c,
¥ 0 . (3.7)
s) {y(sla) a1 — a*%j P™ (0) @, (sfa)) + % p® (0)c,

Eqgs. (3.6) and (3.7) coincide if and only if we can choose ¢, (s) = s?/n! and
set (Ef) (s) {s"[n!) = ¢, = 0. These special ¢, (s) have no longer compact
support. In case that f(s) (y(s)) exhibits logarithmic divergencies, and
only then, we cannot choose @y (s) equal to s¥/N!. Thus no extension
Ef exists which is independent of the scaling parameter a. The require-
ment that an extension Ef of f commutes with dilatation, determines
uniquely this extension and is apparently equivalent with Gelfand’s
canonical regularization [5].

The same considerations are valid in s#’(R') and, therefore, hold for
invariant distributions too. We shall see that a-dependent invariant
extensions depend on a? only. If  is the momentum space variable a? has
dimension of mass squared. Examples demonstrate that a stands exactly
at the place a cut-off would stand in a singular quantum field theory.
However, a actually is not a cutoff, the theory remaining strictly local.
a might be viewed as an arbitrary finite factor which can be split off
from any cut-off K: K = aK'; K, K’ — oo in the local limit.

3.2. Constructive Forms of Invariant Extensions

Let f(s) be a function with an algebraic singularity at s = 0 and
locally summable for s > 0. The invariant distribution

0 (o) f (2% 3=ff(8) 0(x,) 6(x*—s)ds

14*
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is defined only on those test functions ¢(z) whose meanvalue x(s)
= §(«? — 5) {p(x)) vanishes sufficiently strongly at s = 0. We consider
three possibilities of extending this functional to the whole 2'(R?%).

The first of these is given by the construction (cf. [6])

E {0 (o) f (@)} : = 0(x0) fa(2?)

S T

Here one has first to perform the s-integration for Re(z) sufficiently
large negative, then to continue the resulting function of z analytically
to z = 0 and finally to apply the residue (which projects out the pole-free
part).

Another extension of §f consists in taking the finite part in the sense
of HADAMARD, viz.,

(3.8)

oo

B {0 (o) /@) == PE{O (wo) fula?)} = ngo [ 16) 8(a) 50 — s)ds
= lim [ T 1) 0(a) 8 (2% — 8) ds — Ia,g(x)] 39)

where I, . (x) — the “infinite part” of the integral — is by definition of
the form
M, N

I, ()= 2 %, (x)e*log’e

v
with ¢%,(x) € 2'(B?*), Reuy < 0, ¥ a nonnegativ integer, and u, » not
simultaneously equal zero. I, () is — if it exists — uniquely determined
by the requirement that the limit in (3.9) is finite. Therefore P£ {0 (z,) f,(?)}
is also uniquely determined. The integral in (3.9) is a distribution-
valued function of ¢. The analogous definition of Pf holds for a number-
valued function f(g).

We shall see in Sec. 5 that (3.8) and (3.9) yield the same distributions.
Their a-dependence is an immediate consequence of Definition 3.1.

3.3. Differentiation of Invariant Distributions

Finally one can construct invariant extensions by operating with
invariant differential operators on regular invariant distributions. For
two times differentiable functions g(x?) we have (via the chain rule)

Og (@) = (Dyg (u))y = o (3.10)
where D, and its adjoint D;f are given by

dz2

a2 d +

(3.11)
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The chain rule holds also for §® (22 — s) in R* — O whre a2 — ¢ = 0 is
a regular surface (cf. [5]). Therefore we have in R* — 0

00(a® — 8) = [D, 0 (16 — 8)]y = g2 - (3.12)
By means of
2200 (12 — 8) = s0™ (¥ — §) — nd® 1 (a? — ) (3.13)
it follows that
O6(a% — s) = DF § (a2 — s) (3.12a)

0™ (22 — s) = 450®+2) (22 — ) — 4o+ (22 — 5) . (3.14)

Equs. (3.12)—(3.14) hold in R* for s <= 0, in B* — 0 for all s.
Let g(s) be locally summable and two times differentiable for s > 0.
Define

0(x) g (2?) = fg 0(xy) 0(2® — s5) ds .
By means of (3.12) we obtain

O{0(zo) g (@)} = lim f ) D 0(x,) 6 (a2 — ) ds
= 431_135 [89(6) 0 (x0) 0" (2% — &) + 7;; (eg(e)) O(xo) 0(2? — &) -+ (3.15)

+f£{(89(8))0(x0) O(x*—s)ds]|.

Although 4d?(sg(s))/ds® = f(s) in general is not summable, the limit
in (3.15) exists since every distribution is infinitely differentiable.
Therefore (3.15) furnishes an extension of 0 (x,) f(s). By repeated diffe-
rentiation one can construct more singular distributions.

All what had been said about distributions of type 0(x,) f(x?) is
immediately extended to distributions 0(—z,) f(x?), 0(&=22) f(x?) and
to linear combinations of these.

Remark. Defining 0 (xy — &) g(2?) := [ g(s) 0(x,) 5 (2? — s) ds, we can
write

{0 (g — &) g (@)} {p())

=4 [eg(a) 0(xy) 0 (2% — &) -g; (g (&) O () O(a* — &) -

oo

dsz(sgs))@xo O —s)ds| {p(x))
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in the form

[ 0p@ de= [ ¢ 096 dz+

vi Vi
og (x? x
+ [ o L g 222 gy,
r=c¢
which is just Green’s formula for the region V° ={a? = ¢, 2y > 0}
(cf. [67).
In R* — 0 we have a general formula for the invariant derivative. By
means of (3.12a) and the spectral representation we have the relation

O (@) = [ (Duf.(s)) 8(a® — ) ds +Of°(psf0(s)) e(xg) (a2 — §)ds. (3.16)

Here the derivatives are to be taken in the sense of distributions and
therefore derivatives of §(s) may appear in the integrand. (3.16) remains
valid for the odd part of f(z) in the whole R4

If f(s) has an algebraic singularity at s =0 we determine
{0 (x,) f(?)} for the two extensions defined in Sec. 3.2:

With the residue procedure we obtain in R*

=0

O{0 o) fa(2?)} = Res [%Of f(s) (GT)Z Dy 0(ao) WLSMS] (3.17)

4§=e§[—i— Of . [(sf(s)) (%2)] 0 (g) O (% — s)ds} :

The last equation holds for sufficiently large negative values of Re(z)
such that the boundary terms coming from the partial integration
vanish and, therefore, holds also for z =0 by analytic continuation.
Similarly,

I

D{@p.ﬁ)g(ﬁ)}:%gﬂ% foo%[sf(—-s) (%)2}6(902—1—8)%]. (3.18)
0

By means of the Pf concept we derive

0

CHPELD (o) fa(2%)]} = lim [ foof(S) Dif 0(wy) 0(* ~ 5) ds — DIa,e(x)]

whence, integrating by parts,
CH{PED ) (02)T} = 4 P [a2ef(ate) O(zy) o' (a2 — a2e)] +

+ 4P [»j;(s f(a%e)) 0(xy) 8 (a2 — a%)] + (319

[ee] d2 \
+ 4P f S5 (51(9) 0() 822 — 5) ds |
ate
The results of Sec. 5 show that (3.17) and (3.19) are equivalent.
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4. Theory of Delta-funetions

By means of the spectral representations of Sec. 2 all operations on
Lorentz invariant distributions are shifted to the delta-functions. Thus,
the theory of the latter, especially, the asymptotic expansion of § (2% — s)
at s = 0 and the extension of the 6 (2?)-functions from R* — O to the
whole of R* deserves particular attention.

According to (2.8) we have for s > 0

0 3022~ 9 (o = (-1 [ f [ LI gy
. (@.1)
_a(-1y f e

where 4%@(‘/%24:19 %) = f i ]/\2—|—s X) dQ2 is the meanvalue of

@ (x) over the sphere of radms r. The integral (4.1) diverges as s tends to
zero. It has been shown by MrrHEE [2] that

Pit {0 (x,) 0’ (x -—8)}———6( Y logs
n —2 (4'2)

Pif {0 (xg) 6™ (22 — s)} = 2 2 e (x)ysrtrtlopg o (x) logs,

where Pif is that part of (4.1) which diverges as s — 0 (“partic infinie”).
Since 0(xzy) 6™ (x?) exhibits no divergencies in R*— 0O the ¢,(x) are
invariant distributions localized at the origin.

From (4.2) it follows that 0(x,) 0(x® — s) posses an asymptotic ex-
pansion of arbitrary precision in the function system s#log’s of the
following general form

0 (o) (2% — 8) ~ O(xg) ag(2) + 3 [0(,) ay () s™ +
n=1 (4.3)
+ by—1 () 5™ logs] .
Here 0(2,) @, (x) is a symbolic notation of a well determined distribution.
By differentiating (4.3) » times with respect to s one obtains
(= 1)" 0(xp) 0" (@* — 5) ~

n—2

1 1 R
z Q1)@ 2= [+ e e
+nlb,;logs +n!(Pin+1) = VP(A)b—q +
S riE+1) N i+ 2)
+,§L{*ﬁr<z+1—n) O(xo) ars' ="+ prg— py [P0+ 2) —
— P+ 2—mn)+ logs] st+i-n (4.4)

where Y (z) = I (2)/1"(2).
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The infinite part of (4.4) as s — 0 has the correct structure (4.2) and
the b, are proportional to the ¢, and so are localized at the origin. The
expansion of 0(—x,) é(x® — s) is obtained from (4.3) by an antichronous
Lorentz transformation since 0(—y) 6 = 0(+x,)d:

(=, 6(a? — 8) ~ O(—w) ap(®) +

o (4.5)
+ X [0(=x) 3, (@) s + by (w) 5 logs]
n=1
where 0 (—x,) a, (x) = 0(x,) a,(x) and b, (x) = b, (x).
By means of (4.3) and (4.5) we get
() O(x 2 x) s . (4.6)
For s << 0 we start from the integral
Om (22 — ) {p(@)) = 27 (— 1) {s—: [P (g, 23 — 8))/ad — s]dx, (4.7)
and arrive at -
O — 8) ~ ag(x) + L x) s 4 2b,,_; () s" log |s] (4.8)
n=1

where a, (¥) = 0(x,) a,(x) + 0(—2,) a, ().

To determine the distributions a, (z) and b, (z) we proceed as follows:
Applying to (4.3) on the one hand the operator (], on the other hand the
operator Dj and comparing the results we get

CHO (o) @, (2)} = 4(n + 1) napsy + 420+ 1)b,
) = 40+ 1) (1 -+ 2

From (4.4) and (4.2) it follows that by(z) = nd(x)/2 and with (4.9) we
obtain

(4.9)

by() = w[O" b (x) [227+in!(n + 1)1]-L. (4.10)

Since 0(z,) d(«? — s) is infinitely differentiable in B* — 0 at s =0 we
have in R* — 0 the asymptotic Taylor expansion

8

O(xg) 6@ —s) ~ X' (—=1)7 0(x,) 6™ (a?) s7/n! .

0
Comparing this result with (4.3) we find fa, (z) = (— 1)* 65 (2?)/n! in
Rt — 0. Since (as the coefficient of an asymptotic expansion whose

existence has been proved) 0(x,) @,(z) is a well defined distribution in
R* we define in R*

n[v

n

E{0 (o) 0™ (a2)} := (—1)* n!0(xg) @, () . (4.11)
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In order to construct an a-dependent extension according to (3.1) we
perform a dilatation in (4.3). Noting that 06 (a?2? — s) = a=200 (2% — s/a?)
for s > 0 and comparing the coefficients of the respective asymptotic
expansions one finds

U {0(%) 0, (@)} = (@7 1[0 () @, (2) — loga?b, _, (2)] . (4.12)
Since in R* — 0

U {B(eg) 8 (@3} = (@)~ O(zg) 3 (a?)
we obtain in virtue of (3.1)
Eo{0(2g) 6™ (22)} =: 0(xo) O (22)
—1)* z loga?

:0(*10) 6811(%2)'}' 22?1‘(7“”) o= 16( )

With this explicit a-dependence at hand the behaviour under a change of
scale follows according to (3.3):

Uy {0(zo) O (2%)} = (a®)="~1 0 (o) OF (2)

. e ) (=1)*zmloga’® On-
= (a?)~~1 [0 (o) 00(%*) = “gaipy— pyr 0" 0@ )]
We see that 0(x,) 67 (x?) is pseudo-homogeneous.

Finally we write (4.3) in terms of 0 (x,) 6% (x2) and [?d (), viz.

0 (x,) 6 (2% — s) ~ O(x,) O(2?) +
+ 3 [5

n=1

(4.13)

(4.14)

%) 61(111) (a?) s + T o1 (n — 1!

7 log (s/a?) (O™~ 6(x) ] (4.3')
The corresponding formulas for 6 (— ) 6% (x2) and 6 (#2?) are obtained
in a similar way. &(2g) 0™ (22) = 0(x,) 6™ + 0(—a,) 6™ is of course
independent of @ and homogencous.

We are now able to establish the connection of our general delta
function with the corresponding distributions of MeTHEE and GELFAND
et al. [2], [5].

MrTHEE has chosen the finite part of (4.4) as an extension of
0 (x,) 6™ (22) to R% That is to say, as s tends to zero we have

PE{0 (xy) 6™ (22)} = "alla, + (Pn+ 1) — ¥(1)b,—4]
= [0 (fCo) o (xz)]a2=exp(¥'(n+ H—wQ)y) -

GELFAND et al. introduced two distributions 6"} (#?) which in terms of
our residue formula may be written as follows

80 (@) {p()) = Res [_21 [ [ @b @ o)., dr}
0

(4.15)

(4.16)

O (22) (@ (x)) = Res {2: f9~n~z [ ddwnn (0=12P (w0, g))] ® =1dg]
0
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where & (z, o) = —;— (D (712, p) + D (— 72, 0)) (see (4.1)), =2 and g = x2.
With these definitions it follows (cf. [5]) that

Res {0 nLz (TZ)} ( 1) (3(11)( ) 7[P(1/2) — P(2)] - 15( )

A——n—1 22 (n— 1)

and

O (@) ~ 0 (09) = grrms sy 1 8(a)

‘We shall show in Sec. 6 that
Res {g (22) ()7} = [ —1) 8 (s 2)]

A=—n— =1"
Since Res0(x?) (x?)* is well defined we obtain
6(17,1‘.)" (%2) = [51(1”) (xz)]az =exp(+1—2log?2) * (417)

Formula (3.4) permits us to calculate the a-dependence of Pf{6® (x2)}
and 5‘172) (@?) and to discuss their behaviour under a dilatation.
Some formulas are yet of interest. From (4.9) we find at once
{00 6P (@3} = —4n o D (@) + g PO (@) . (418)
Applying the chain rule to (4.3) we obtain

0 41» —1 v
o O (@) = 2,000 0 (@) — ST o) (419)

where gg = —¢;; = 1. One notices that, once the origin of the light cone
is included, the chain rule is no longer valid. Taking account of
(@) § (2% — 8) = s'd(x® — s) for s == 0 it follows from (4.3) that

4rn! (n 4 1)!

@) (@) = =T = m T "0 @) (4.20)
n,m=0,1,2 ...and
(22)m 6 (32) = En— 1)m)' Son=m) (3:2) | (4.21)

Since in the corresponding formulas for ¢(x,) 0@ (2?) the terms located
at the origin cancel each other, the same rules hold for this distribution
as if 22 = 0 were a regular surface.

5. Asymptotic and Laurent Expansions, Equivalent Extensions

Let f(s) be locally summable for s > 0 with an algebraic singularity
at s=0. We assume for simplicity that f(s) admits an asymptotic
expansion in s*logs” of infinite order at s = 0. (For the following it
would be sufficient to require that f(s) has an infinite part, i.e., admits
an asymptotic expansion up to order 0(1).) Hence, as s - 0

n

1(s) 0(wo) O(a? — s) ~ 7 2 0(xg) ty () 97 logm s (5.1)

l—l m=1
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with Res; < Resx;.,. The 0(x,)a;,, are finite linear combinations of the
0 (xg) e, and b, of (4.3) and therefore localized on the forward cone

{w:a? =0, x, = 0}. Integrating (5.1) we get

f 57 [(5) 0 () 0 (@® — 8) ds ~
t

X7 (5.2)
XA
~ _—l 2 [0(xg) apy (@) F (y — 2, m, )] 4 0(x,) K (, 2)
sm=1
where
¢
F(ey,—2z,m,t) = fs"‘_l“z logm-1sds (5.3)
— ]ym—-1 — 1 _]_ m—1—p

: le —(f)m—) e ZZ m—)1~,u G R) Kl oS
h 2, —2+0

(log™t)/m D ox—2=0

and 0(xy) K (x; 2) is a distribution independent of f. Observe that the
F (%, — z,m, t) either vanish or tend to infinity as ¢t — 0. Let us choose,
for a fixed but arbitrary z =z, an integer L = L(z,) such that all
F(%; — 2, m, t) with [ > L vanish as { - 0. Then we have

0 (xo) K (2; 20) = Pt f §T5 f(s) O(xy) 8(2? — ) (5.4)

= hm [fdss_z"f (s) 0 (o) 8 (22— 2) +Z 26 () Ay ( )F(xl-z,m,t)] .
=1 m=

The same L works for all z with Rez < Rez,. For ¢ > 0 the expression

in [...], (5.4), is analytic for all z with Rez < Rez, and z = ;. Since in

(5.4) z, is arbitrary and we have uniform convergence in all bounded

domains of the z-plane, 0 (x,) K (z; 2) is analytic for all z #= »;. Especially

for z = 0 we obtain, if no »; is equal to zero,

0(xy) K (2; Pf f]‘ 0(xy) 6 (2% — s)ds
N (5.5)
Of =2 f(s) O () O(22 — s) ds.

A.C. means analytic continuation from the region Re(z) large negative
such that the series in (5.4) — the infinite part — vanishes at ¢ = 0. Let
now #x;, be equal to zero for a fixed k. Then we get from (5.3)

F(—z,m,t)=(=1) (m — 1)1 z=™ + (log™¢t)im + 0(z)

(5.6)
=—(m—1)z"+FQO,m,t)+ 0().
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Substituting (5.6) into (5.4), shifting all pole terms of F'(x; — z, m, t) with
%, = 0 to the left hand side and passing to the limit z = 0, yields

hm [A C. f&"zf () O (2% - s) ds + 5} 0 (g) Apm (@) (m — 1)! z*m]

m=1
L ng
= lim [f 1) 0(g) 8(a2 — ) ds + 37 3 0(x) Ay (@) F (3, m, t)]. (5.7)
—U L l=1m=1

The existence of the right hand side implies that of the left hand side.
We summarize (5.5) and (5.7) into the statement

ieg[ ffs)szﬂ(”co)é( - ds]—tgfoff 22 - 8)ds .

Since this equality holds for @ = 1 we infer from (3.4) its validity for all
a > 0. Hence

2
Res [% f f(s) (%—)zﬂ(wo)é(xz—s)ds] - Pt f F(5) 0 () 8 (22— s) ds. (5.8)
0 a*t
Henceforth we denote the extensions (5.8) by 0(z,) f.(2?) or by
[0 (z,) f(2?)],. This explicit calculation shows that 0f, is not constant in
a if and only if in (5.1) one of the x; is equal to zero, i.e., if Pif{f(s)}
contains one or more terms of the form s7"log™s, n =-1,2,...,
m=0,1,2,..
From (5.7) we see that

o 23
AC. [s72f(s) O(w,) (2 — 8) ds + 2 0(xg) app () (m — 1)1 2=
0 m=1
is analytic in a neighbourhood of z = 0 and thus has a Taylor expansion.
The n-th derivative is

(— 1) [A.C. }Os—z logns f(s) 0(x,) 0 (x® — s)ds +
0

e

+ .}: e(xo) a’km(m +n — 1)! z—m—’n:l
m=0

whose value at z = 0 is just [0 (z,) (log”2?) f (2?)], = ;- We therefore obtain

the following Laurent expansion at z = 0,

[0 (o) (@)% f(2%)],

== §1(m = D10 (@) e (@) 277 4 [0(20) f(@*)]o=1 +  (5.9)

+ Z L7 192y (log? @®) [ (@)]o =1 -

n=1
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The rhs of this expansion does of course not depend on a since in a
neighbourhood of z == 0 (z == 0) [0(«x,) (@?)~* f(2%)], is analytic in z and
does not depend on a. Multiplying (5.9) with the Taylor series of (¢*)* and
collecting the z-free terms yields

[00) /@)1 = [0(g) F)lamy — > (0g7a) 0(ep) ay (@) . (5.10)

me1
The precedino considerations also demonstrate the ecxistence of

A.C. f s77f(s) O(xy) O(x®— s) ds with the exception of isolated poles

under the assumption that f(s) possesses a well defined infinite part. In

fact, tPfo [ f(s) s7%0(x,) 6(2® — s) ds generates a construction of this
0

analytic continuation.
The above results are easily extended to O(—2y f,(«?) and

0(—2?) fa(a?).

6. Distributions of Power and Logarithmic Type

6.1. The Distributions [(log™|x?]) (x*)*],
According to Sec. 4 we have the asymptotic expansions

A m 2 __ ~ K A+n— g -
s*log™s 0 (xy) 0 (@® — s) o n): 1[0 (@) Gy s*+7=1logms 6.1)
+ bn_zsl +n—1 logm“s]
S (lognjs) 0(a® — 8~ X (= 1) [y 471 log|s| +
no=1 (62)

+ 2b,_ s+t 1 ]ogm+1|s|] .

where b_; (z): = 0.

They have, by means of the results of Sec. 5, the following statements
and formulas as consequences:

The distributions [6 log™ [¢?| (#%)*], (0 being either 0 (42,) or 0(—2?))
are analytic in the whole A-plane except for the points A= —1, —2, ..
where poles arise. For later purposes we need the following Laurent
expansions explicitly

[0(9) (@121, — — by g2 — O(zg) dp_y=1 +

6.3

[0 (@) lams + 3 [0(g) (ogme?) @)y (—2i7fm) )
m=1

[e () (0" 1 = — £ (x0) ty_y21 + [e(@0) (#2)-"Tacs + 0()  (6.4)
[0(= %) o221, = (= 1" 2b,_y-? +

(6.5)
+ (=1 a, 27t + [0(=22) |22 ""]o =y + 0(2) .
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From (6.3) we obtain

[0/e0) (#2)*1a = [0620) (22)*Jay — loga? {2 80P (a2) — s
6)

7 log2a? - ;
Ry e G

and from (6.5) we get

[0(=a) [e2="], = [0(~a®) 22" To— s + (1" (loga?) @, _, (2)

(6.7)
+ (= 1) (log2a?) b, _, (x) .

Let us define the distribution [(x?)*], by

1 - 2\ 2 ) e 2\2
[(@?)/]a= Res [»z-fsl (“7) a<x2—s)ds+ew1fsl (_“S_) 6(x2+s)dsJ (6.8)
0 0
and observe that the poles at A= —1, —2,... of the terms in (6.8)
cancel each other, such that [(x%)*], is analytic in the whole A-plane and
independent of a. For later reference we need the Laurent expansion

[0/(,) (loga?) (a?)="~*],

(6.9)
= [0 (0ga?) (#3)~"]y =g — 26,525 — B(xg) ay_yz + 0(2) .

Let us consider (6.6) in more detail: apply (3.3) to it and calculate
Uy [0(z) (2%)7"10 = (@"2) 7" [0 (o) (2°)"Jasa -

This distribution is seen to be pseudo-homogeneous (and, indeed is an
associated generalized function of second order). On the subspace of
test functions whose meanvalue over the light-cone vanishes sufficiently
strongly, this distribution is equivalent to an ordinary homogeneous
function. Hence « may be taken to have dimension of length. Then also
a must be considered as a length and although all three terms of the rAs
of (6.6) appear to have illegitimate dimensional arguments their sum is
dimensionally correct. (Things are similar as in log?(2?/a®) = log?a?® —
— 2loga?loga? + log2a? ,

which is also an associated function of second order.) This is explicitly
seen by calculating the Fourier transform of [0(z,) (#?)~"], (cf. Sec. 7).

6.2. The Distributions (x? & 10)* and (22 4 t2,0)*

In the one dimensional case the relation
(s 4+ 10)* := lin}) |s|* exp [7 arg (s 4= 1) 4]
= 0(s) s* + e=i74 G (—s) |s]A
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holds. Thus we define

. 1 -~ . 2 z
[(z? -+ i0)*], = ZBfS’ [—z—/ (s £ 20)* <-~L—) (2% —s) ds}

s
LT (6.10)
—5_6%[ [ () o - ) + 02769 52 4 )} d } :
0
Note the difference with (6.8). By means of (6.3) and (6.5) we find
[(a® & §0)~"~], = F2aib,_pzt + [(@® = i0)~"],, +
ot 6.11
+ 2 [(@® 4 90)" log™ (2 4 0)], -4 "‘/m'( )
m=1
where
[(@? £ §0) " lyms = @7 F iy, D (e?) —
_ 738 Dn—z 5(13) (6‘12)
205=2(n — 1)1 (n — 2)!
and
log (2? 4 10) = log|2?| 4 ¢ O (—2?) . (6.13)

The a-dependence turns out to be

. . 2 ] 2 n=2 §(x
[(02 £ §0)")y = [(28 & §0)ams T garmar oy - (614

From (6.12) and (6.14) we obtain

(@2 — i0)-7], — [(® + §0)"], — 2707 E~n—l)-1)~, 50D (22) . (6.15)
Formula (6.15) also justifies our choice of the extension 6 (a2).
To define the Wightman-type distributions (22 4 72:,,0)* we note

that for Reld > 0

(@? — G2, 0) := lim e~72 (x2 — (wy — 1¢)%)*
o0 (6.16)
= ¢ "[RO () (2?)F + e A0 (— ) (22) -+ O(—2?) 2]

In (6.16) we have separated the factor exp (— ¢z A) to make the definition
Lorentz invariant. On the other hand we define

(2% + 1250)* := (@ — 52,0%) . (6.16")

In virtue of the formulas of Sec. 6.1 we see that in (6.16) the poles cancel
and that (2% & 72,0)* is analytic in the whole A-plane. For 1 = —n we

obtain
1)1
(@% £ 02y 0)~" = (aB)~" F zng——)—l)—! (o) 071 () +
78 (72 6 (2) (6.17)
o — 11 (n = 21
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oy €@ 90D a2). (6.18)

(5(32 — 7;.1’)00)“" — (il,’z + 7;;7.‘00)“'" = 27'Elr
6.3. Differentiation Formulas

By means of the formulas of Sec. 3.3 one easily derives the following
relations

[0 (o) (22)*], = 4A(A + 1) [0 () (2?)*], (6.19)
for 140, —1, -2, ..

D10 (xg) (@) "], = 4n(n — 1) [0 (o) (2%)~"~1], —
(—1)" 0(z,) 0P (@*)  dn [t o() (6:20)

n! 22n=1pl(n — 1)!

—42n-1)
and
O[0(==?) [2*["]e = —4n(n — 1) [0(=2a?) [2?|7" 1], +
(— 1 8x [J»~18(x) (6:21)

Totn-igy(n — 1)1

+42n — 1) 6% (a2)/n! +

forn=2,3,4....
Combining (6.20) with (6.21) we obtain

O@*) " =4n(n — 1) (x¥)~"-1. (6.22)

Let us moreover compile the following formulas
00(x,) = 40 () 0(2?) (6.23)
0(—2?) = —46(2?) (6.24)
O[O (z,) (231, = 40, (2?) — 27 () (6.25)
O[0(—2?) (@)1, = —40,(2*) + 47 (x) (6.26)
1[0 (wo) loga?] = 40(x,) (@)~ + 40 () 6 (2?) (6.27)

O£ ¢0) "], = 4n(n — 1) [(2® £ 20)=""2], F
8@2n — 1) imt (Jn—18(z) (6-28)

2tn=1pl(n — I)!

:F

Finally we discuss, guided by an example, the a-dependence of
singular distributions generated by differentiating regular ones. For all
x with 22 == 0 we have

(x?)~* = — O [log?(a?) — 2loga? + 2]/(2 - 47 (n — 1)! (n — 2)1) . (6.29)
Thus we define
E{0 () (%)~}
= — [0"{0 (w,) [log?(a?) — 2loga? + 2]}/(2 - 4"(n — 1)! (n — 2)!),
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and the a-dependent distribution is according to (3.1) given by

B, {0 (o) (37}
, (6.30)
= 5 i = 1)1 o — o)1 {0 (o) [(log (a%a®)? — 2 (log (a%/a®)) + 21}.

For n = 2 we find
E {0 () (2)72} = [0(x,) (22)~2], + 0(20) 0q(2?) . (6.31)

Since in (6.31) the rhs is dimensionally correct we have constructed

another dimensionally correct extension of the function 0(x,) (x?)~2

Formula (6.30) shows that the a-dependence is due to the sharp boundary

in a-space (0(x,) and singularity). The distribution defined by (6.29) in

terms of generalized derivatives is independent of a because of the

absence of the O-function although [ (2?)~" ¢ (z) da exhibits logarithmic
R

divergencies.

7. Fourier Transforms in Terms of Speetral Representations

7.1. Definitions
For ¢(x) € 2(R*) we define
= [ px)et*vda =F o) (7.1)
It

where y = y' 4 1y’' is a complex four vector, xy = x,y, — Xy. The set
of all functions vy (y) forms the space Z (C4), i.e.,

by )] = Crexp () (7.2)
forallk=0,1,2,...andv =0, 1, 2, 3. (; and b are constants depending
on . The subspace of Z'(C*) defined by those w which are the Fourier
transforms of ¢’s from D (R4 — 0) is denoted by Z(C*). If y(y) € Z((R?)
there holds

R[ @) py)dy =0 (7.3)

foralll=-0,1,2,....
Let f(x) ¢ ' (R*). We define

(Ff) ) <y ) =T )
= f(@) Fy @)= Cna)*f@) {p(-2)).

The mapping 2’ (R*) onto Z'(C*) via the Fourier transform F has a
unique inverse. Since a Lorentz transformation commutes with the
Fourier transform we have the

Statement. f(y) € &' (C4) is invariant under a real Lorentz trans-
formation if and only if f(x) is invariant under this transformation.

Since in what follows we are only concerned with invariant distribu-
tions, all formulas remain valid for the Euclidean Fourier transformation.
15 Commun,. math. Phys., Vol.7
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We note that
Ff -7} (7.5)
and
FU,f=a Uy} .

Let f be pseudo-homogeneous of degree 4. Setting Ff,_,=f,—; we find
Ffy= a0, fo=y . (7.6)

7.2. Fourier Transforms of Delta Functions
As is well known (cf., Ref. [117]), there hold the following relations.

Fo(a2—s)= 2r)* AW (y, s) = 27%s Im{HD ()/s12))/sy2}, s +0, (7.7)

Fo@?) = —4m@y>)1, (7.8)

Fe(ry) 0@ —s) = —i(2a)® Ay, s) (7.9)
= dm?ie(y,) 0(y?) — 2mise(ye) A1 (/sy} sy% s >0,

Fe(wg) 8(2%) = 4mic(ye) 0(y?) » (7.10)

FO(xy) 0(2* — 8) =1 (2m) A+ (—y, s)
= —im2s [H{P( ]/ /]/SCZ]Czﬁsz%O ,
FO(g) 8(a2) = (27 D+ (—y) = — 2 (42 + iy,0)-* . (7.12)

By means of the series expansion of the Hankel function we obtain
from (7.7)
47

Fo@?—s)=— 7

S (=D alp)y-te [ l“

(7.11)

- ’7’147**4’7‘
e 4 n!(n

On the other hand we know from (4.3') that
Fo(x?—s)~ Fo(a?) +

(7.7)
Y(n+ 1) + log ]

S0 7(— 1) (y2)n=1 57 log (s/a?) (7.13)
T (o pope - TR

Comparison of (7.7') and (7.13) yields

Pop ) = a0 flog B - Wy - W ] 114

(Note that “="" is a special case of “~”.) Similarly we deduce from (7.9)
w ooy RE(yo) (7" -
Fe(g) 60 (@?) = g S P2 1. (7.15)

Combining (7.14) and (7.15) we obtain
FO () 00 (%)

—_— n— 2
_ = 2a(y)m? [log{y

(7.16)
T 4r(n — 1) ’

i —~¥n)—-¥n+1)— imz(yo)] , n=1
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7.3. Spectral Representations of Fourier Transforms
Let 0(x,) (2% be given by the spectral representation

O(x ff 0 () (2 — s)ds

with f(s) € #'(RY) and f(s) =0 for s <0. We find for the Fourier
transform

{F0 (o) 1 (@)} () = 7)1 O(wg) [ (%) {p(—))

= @) [1(5) 0() O(a® — 8) (p(—2)) ds

0
>~ff $) F[0(xg) 0(2* — 8)]ds (p(y))

The Fourier operator obviously commutes with the (formal)s-integration
and the assumption f(s)€#" is seen to be unessential since both
0 () 6(@® — s) {p(—a)) and F[0(x,) d(2? — s)] {p(y)) are elements of
. Thus we have with (2.20) the general representation of the Fourier
transform of an invariant distribution f(z) € 2’ (R*)

Ff(x) = (2 [ffen A‘l’JS)ds—”fo) y,S)dS]Jr

+).

n=

(7.17)

On the other hand, every invariant f(y) € £’ (C%) admits the representa-
tion (7.17) where f,(s) is a uniquely determined element of 2’ (s = 0) and
fon(s) is a distribution from # (RY). If we restrict the domain of f(y) to
the subspace Z,(CY), f.(s) is a uniquely determined distribution of
2’ (RY). (7.17) has the structure of the KALLEN-LEHEMANN representation
if y is interpreted as a vector of the space-time continuum. Since f(y) is
considered as an element of 2 (C*) strongly increasing spectral functions
f(s) are admissible.

If f,(s) and f,(s) are functions with an algebraic singularity at s = 0
the most convenient form of (7.17) is given by

P _{ | Jho (2 av 00 -
~wfn@()4m> ”

(The vanishing of the additional polynomial is due to the definition of
fal).)

15*

(7.17)
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Let us finally observe that the spectral representation in « and y-space
of an odd invariant distribution is a special case of the JosT-LEHMANN-
Dysox representation of a local commutator with prescribed support
properties in momentum space. Thus (7.17) may perhaps be extended
into a subtraction-free generalization of the JLD representation.

7.4. Fourier Transforms of Power Type Distributions

To illustrate the power of invariant spectral representations let us
consider a few representative examples of Fourier transforms.

According to the preceding section we obtain for F [0 (z) (2*)*], the
expression

T ghHl
F[0(x) (@3], = Res - —in* f ;s—T (%) HY (/582 ds . (7.18)
0 =y +iyo
We have first to evaluate the s-integral in a z-region where the rhs of
(7.18) is analytic in z (and therefore a-independent). Performing the well
known Hankel transformation we immediately arrive at

F(0(xy) (2], = 87 4267 D (3 + 1) T(2 + 2) (5 + iyp0)-+~2 (7.19)
for <= —1, -2, —3, ... . Similarly we obtain (1 —1, -2, .. .)
FlO(=a%) [}y = —a &2 (A+ 1) I'(A+2) [0(%) 742+
+ 0(—y?) |y2-* 2 cos Aar] . (7.20)
In order to get the Fourier transform at A = —» we have to compute the
A-free terms in the Laurent expansions of (7.19) and (7.20) around the

point A = —n. This gives us the Fourier transform for a = 1. The

a-dependent Fourier transform is then easily obtained by formula (7.6).
With

—1)m 1
F=m+2z="7 [z—l W m 1)+ (Tz(m L) — .
—W 1)) et ]
we find
P0G (@) 1a = —4a (1) (42 + iye0)~ + 2205 og 5= 7 o)

—2m%ie(yo) (P)iihe — A0 (17)
P10 (~a%) et )y =4 )ida [log | 5] ~ 20 )] + 220 00) . (.29
Forn=2,3,4,... we have

Fl0(w) @)1,

(1 g —y — ig0)a
e [K + K, Iog( )+ (7.24)

4
L rogs (2= et
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where
2
Ky= W= 1) W) + 5 [P20) - 9/ 0) + |+
2
+g[rEe - - -1+ 5],
Ky=—=%(n)—¥n—1); log(—y* —iy,0) = logly*| — ime(y,) -
Similarly
F0(—2?) [?~"],
1 L
TG = 1) (= 2)1 [Kl + K, log
. 87—53(__ l)n 0(_2/2)7 'yz‘n—Z
Cdvn = D (n—2)r
Combining (7.24) and (7.25) we arrive at
8 (—1)" e(y®) (y*)"~*
4nn — Dl (n — 2)1
We see that the Fourier operator transforms an associated function
into an associated function of the same order and that these generalized
functions are dimensionally correct only if @ has the same dimension as
x or 1/y.
Further formulas will be listed in [10].

y2a? 1
T! +5 log?

»%ﬂ]—(m%)

F(a?) =

(7.26)
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