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Abstract

We investigate the relation between Besov spaces generated by the Dirichlet Lapla-
cian and the Neumann Laplacian in one space dimension from the view point of the
boundary value of functions. Derivatives on spaces with such boundary conditions
are defined, and it is proved that the derivative operator is isomorphic from one to the
other.
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1 Introduction

There are several methods to define function spaces on general domains such as Sobolev
spaces, Besov spaces, etc. If the boundary of the domain is bounded and smooth, the ba-
sic notion is available; the restriction method of the function on R? to the domain, the
zero extension to the outside of the domain, and certain intrinsic characterization (see
[6-8, 10-15]). In the book by Triebel [10], it is indicated that function spaces becomes
different depending on the boundary value of functions by comparing the space defined by
the restriction of functions on R? with the completion of the set of smooth functions with
compact support. Recently, the study of function spaces generated by the operators are also
known, and we refer the papers by Bui-Duong-Yan [1], Kerkyacharian-Petrushev [5] (see
also [4]) and references therein, there, one can understand that function spaces would be
different from each space depending on operators. In this paper, we focus on the Besov

*E-mail address: t-iwabuchi@m.tohoku.ac.jp



2 Tsukasa Iwabuchi

spaces generated by the Dirichlet Laplacian and the Neumann Laplacian in one space di-
mension to make the relation of the spaces clear by showing that the derivative operators
define isomorphic mappings from one to the other. This is an aspect of functions approx-
imated under the Dirichlet and the Neumann boundary conditions. The motivation comes
from the application to the nonlinear partial differential equations with the Dirichlet and
Neumann boundary conditions.

Let Ap, Ay be the Dirichlet Laplacian —8§|D, the Neumann Laplacian —8§|N, respec-
tively. We note that Ap, Ay are operators on L?(R) initially, while they are regarded as ones
on Besov spaces, some spaces of distributions based on the uniform boundedness of scaled
multipliers ¢(AAp), (6Ay) in L' (Q). (see e.g. [4]).

Let us recall the deinition of Besov spaces along the paper [4] (see also [9]). Let ¢o(:) €
Cy’(R) be a non-negative function on R such that

suppgo C {AeR|27 <1<2), quo(z—u) =1 ford>0,
JEZ

and {¢} ez is defined by
¢i(D) = o277 for 1eR.

The following is the definition of the test function spaces and their duals generated by the
opeartors A = Ap,Ay.

Definition (Test function spaces and distributions).

(i) (Linear topological spaces X(Q,A) and X’(Q,A)). A linear topological space Xy (,A)
is defined by

X(Q,A):={f e L"QNDA)|AY f € L'(Q) N D(A) for all M € N}
equipped with the family of semi-norms {p4 »(-)}},_, given by

Pam() =1l + sugsz||¢ VA fllp .
JjeE

X’'(Q,A) denotes the topological dual of X(Q,A).

(ii) (Linear topological spaces Z(Q2,A) and Z’(Q,A)). A linear topological space Z(Q,A)
is defined by

@ < oo for allMeN}

Z@A) ={fe X(Q,A)| s'ug2M|jl||¢j( Vayr,
j<

equipped with the family of semi-norms {ga m()}};_, given by
qam(f) = 1l +sup 2" g (VA flls -
JEZ

Z'(Q,A) denotes the topological dual of Z(Q,A).
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Now, we define the homogeneous Besov spaces as follows.
Definition. For s€ R and 1 < p,q < oo, B‘;,,q(A) is defined by
B}, (A) :={f € Z(QMIIf Iy a) < o},
where

”f”B;,,](A) = ||{2Yj”¢j( \/Z)f”LP(Q)}jeZ”[q(Z)'

Here we note that the fundamental properties of spaces X(Q,A), Z(Q,A), their duals
and Besov spaces are established in the paper [4], such as completeness, duality, embed-
ding, lifting properties as well as the case when Q = R?.

We will prove that the derivative operator d, maps from test function spaces Z(€2,Ap),
Z(Q,Ay) to Z(Q,AN), Z(Q,Ap), respectively. So we define d, on spaces of distributions
as follows.

Definition (Derivatives in the sense of distributions).
(i) Forany f € Z'(Q,Ap), we define 0, f as an element of Z'(Q,Ay) by
@A 0xf. 8 z@Ay) = —z@Ap){f>0x8)zap) forany g e Z(Q,Ay). (1.1)
(ii) Forany f € Z'(Q,Ay), we define d,.f as an element of Z'(Q,Ap) by

Z2@A0)0xf,8) Z.Ap) = —Z/@An{f-0x8) z@.ay) forany g€ Z(Q,Ap). (1.2)

Based on the above definition, the derivatives of higher order are also introduced.
Namely, for f € Z'(Q,Ap) and odd numbers a = 1,3,---, 0% f is defined by

2@AnO f. 8 z@ay) = (DY z1ap(f.0%8)za, forany ge Z(Q,Ay).

For even numvers @ =2,4,---, it is

2@ 0% [, 8)zap) = (1) 21y (f-058)z.a, forany ge Z(Q,Ap).

Similar definition of derivatives for f € Z'(Q,Ay) is also introduced by replacing the role
of Ap and Ay with each other.

The following is the main result of this paper.

Theorem 1.1. Let Q = (0,1) or (0,00). Then the following hold.

(1) The operator 0y is a continuous linear operator from Z(Q,Ap) to Z(Q,Ay) and from
Z'(Q,Ap) to Z'(Q,Ay) defined by (1.1).

(1) Forany s €R and 1 < p,q < oo, the operator 0, defines a continuous linear operator

from B;’q(AD) to B;qu(AN) and

CH IS g,

JAp) < ||8xf||3~];qu(AN) < C“f”B‘;,,q(AD) forany f € B;,q(AD)~
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(iii) The above assertions (i) and (ii) also hold by replacing Ap and An with each other.

Let us give two comments. When we consider derivatives in the whole space R¢ case,
they are well-defined as maps from the space of tempered distributions to itself, where we
do not have to change the test function space. This also applies to derivatives in the sense of
distribution on general domains, where the test function space consists of smooth functions
with the compact support. On the other hand, if we consider to analize in function spaces
with several boundary conditions such as Dirichlet or Neumann types, we need to choose
suitable boundary condition for derivatives from Theorem 1.1, which would be the main
novelty of this paper due to the definition of derivatives above. In higher dimensional case,
there seems to appear a difficulty to extend the above theorem. In fact, let us consider the
half space R‘i := {x € R%|x; > 0} for instance. The derivative 9, , plays the same roll as the
derivative d, in 1D from the view point of boundary conditions of the Dirichlet Laplacian
and the Neumann Laplacian, but d,, concerns with only the smoothness in the x, direction
only. Hence one can not consider d;, from B‘;,’q to B;,fql similarly to (ii) in Theorem 1.1,
while only the corresponding second inequality would be proved.

This paper is organized as follows. In section 2, we prove that the derivative 9, is
considered as maps from one test function space to the other. In section 3, we prove Theo-
rem 1.1.

2 Preliminary

Let Gp(t,x,y) and Gy(t,x,y) be the kernels of the Dirichlet Laplacian and the Neumann
Laplacian on the half line (0, 00), respectively, namely,

_ @y _ (y)?
_l1e 4t —e 4t
Gp(t,x,y) := (4nt)"2 — t>0,x € (0,00),
o -p? e (X?)z
1 1
Gy(txy) = (@A) T ——————.  1>0.x€(0,).

Since Gp(t,x,y) and Gy (%, x,y) satisfy the Gaussian upper bounds and the gradient estimates
in L*(RY), we can apply the argument in [2,3] (see also [9]) to veryfy the spectral multiplier
theorem together with gradient estimates. As for the case when Q = (0, 1), we also see that
the kernels in the case when Q = (0, 1) satisfy the Gaussian upper bounds and the gradient
estimates thanks to the series given by sine or cosine functions. It should be noted here that
the kernel for the Neumann Laplacian does not satisfy the Gaussian upper bounds for large
t, but it is satisfied if we consider functions without the spectrum at zero. So we can utilize
the Gaussian upper bounds also for the heat kernel for the Neumann Laplacian, since we
consider the homogeneous spaces.
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Lemma 2.1. Let Q =(0,1) or (0,00), 1 < p < oo. Then

supllg;(VAp)llLr —rr <00,  supllgp;( VANILr—1r < 00, (2.1)
JEZ j€z
sup2~/110x¢ ;(VADLr 51 < 00, sup27/10x¢ ;{(VAMIILr 10 < 00, (2.2)
JEZ JEZ
sup2~/1l¢;(VAD)Oullr—r < 00, sup27/lig j( VAN)IxllLr s 1r < 00. (2.3)
JEZ JEZ

The following lemma is essential in this paper, which is on the derivativite operator as
a mapping on spaces of test functions.

Lemma 2.2. Let Q = (0,1) or (0,00). The operator 0y is a continuous linear operator
from Z(Q,Ap) to Z(Q,Ay). Also, 0y is a continuous linear operator from Z(Q,Ay) to
Z(Q,Ap).

Proof. If Q = (0,1), it is easy to prove, since any f € Z(Q,Ap) satisfies
fx)= i aysin(nrx) and 0.f(x) = i na,cos(nnmx) € Z(Q,Ay),
n=1 n=1
with a, = 2f01 f(y)sin(nmy)dy, and any f € Z(Q,Ap) satisfies
fx)= i aycos(nmx) and 0,f(x) = i(—nan) sin(nnx) € Z(Q,Ap),
n=1 n=1

with a, = 2f01 f(y)cos(nmy)dy, which are assured by sup,c; [n[M|a,| < co for any M €N
thanks to f € Z(Q,Ap), Z(Q,Ap), respectively.

We turn to prove the case when Q = (0, 00). Let us prove the former part of the assertion.
For any f € Z(Q,Ap), we have from 8§Mf € H(l)(Q) (M € N) that

0,0 Ve DAN), ANo f = (PO f =0.(-P)Mf=8.AMf, M=12,--.

On each norm of 9, f in the definition of g4, m(f), the above identity and the gradient
estimates (2.2) yield that

10Ul < > 10:8k( VAD) Fllr < € ) 2Xign VAD)fllps < € )~ 2527 g 0,0,

keZ keZ keZ
for j>0
2M16 (VAN Y S AD fllLr <2M7 Y 116 j(VANDATM AN DS (VAD)
keZ keZ
<C2M1272MI N 19, AN g NAD) Sl
kezZ 2.4)
<C ) 202 g (VAR
keZ

<Cqap2+2m(f),
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and for j <0
2M| ;AN PR =2 218 NADABA (VA
€Z €Z
=203 16 (VANAN DA 61 (VAD) fl
sczM';ZZ?MfZ 10:A 5" ¢ VAD) Il @5)
keZ

<C )" 20 g (VAD) flu
SC;,ijZM(f)~

We deduce from the above three estimates that ga, y(0xf) < Cqa,2+2m(f), which proves
the former part of Lemma 2.2 for Q = (0, c0).

As for the latter part of Lemma 2.2 for Q = (0, c0), for any f € Z(Q,Ay), it follows from
M1 f e H(Q) (M €N) that

RN feDAp), AYOf =(AMOf =0~V f=dANf, M=12,--.

Hence it is possible to apply the previous argument by replacing A p and Ay with each other.
We complete the proof of Lemma 2.2. O

3 Proof of Theorem 1.1

We prove Theorem 1.1 in this section. We omit the proof of (iii), since it is proved in the
analogous way to those for (i) and (ii).

Proof of (i) in Theorem 1.1. It is possible to understand that Lemma 2.2 yields that the
definition (1.1) makes sense. We finish the proof. O

Proof of (ii) in Theorem 1.1. Let f € B‘;,’q(AD). We first prove that

Ouf € By (An) and 110 lgpay) < Cllfllgs, ap)- (3.1)

Since f e Z'(Q,Ap) and 4, f € Z'(Q,Ay), it suffices to prove the above inequality. Tt
follows from the partition of the identity of f in Z’(Q,Ap) that

10 Al cay < { D27 g VANt VAR fllr )}

JEZ keZ

=

We divide into two cases of k < jand k > j. If k < j, we have from the similar argument to
(2.4) that

207116 s (NAMBx e (AD) fllr <C247V7272 M0, A $u(VAD) L
Scz(x—l—2M)j2(—x+l+2M)k2xk”¢k( ,AD)f”L]"



Derivatives on Function Spaces 7

For any M € N with 1 +2M > s, the above inequality and the transformation k = j—k’ yield
that

{ Z (2(s—1)j Z 1l (VAN i \/zg)flluﬁ)q}é

JEZ k<j

SC{ Z ( Z 2(x—1—2M)j2(—x+1+2M)(j—k’)2x(j—k’)”(pj_k,( \/Ig)f”l})fI}

jeZ k>0

=C{ 3 ( D] 201K g (AD) fllr)')

jeZ k>0

==

Q=

SC( Z 2(x—1—2M)k’)”f”B;)’q.
k>0

If k > j, we also have the similar argument to (2.5) that

267 Dg /( VAN 3 VAD) fllr <C2°7 72218, A LM G (VAD) Flly
Scz(x_1+2M)j2(_x+1_2M)k2xk”¢k( ,AD)f”L]"

For any M € N with 2M > 1 — s, the above estimate and the transformation k = j+k’ enables
us to get that

Q=

{ Z (2@—1)]' Z Il i VAN)D b i( \/E)fllu)q}

JEZ k>j

SC{ Z ( Z 2(s—1+2M)j2(—x+1—2M)(j+k’)2x(j+k’)||¢j+k,( \/Ig)f”l})q}é

JE€Z k'=0
=C{ Y (D212 (VAL flr )}
j€zZ k>0

SC( Z 2(—s+1—2M)k’)”f”Bf)’q‘
k>0

Q=

Therefore, we obtain the inequality in (3.1), which also prove the latter inequality in (ii).
We turn to prove the former inequality in (ii). For this purpose, we use a part of the
assertion (iii) which corresponds to (3.1), namely,

dxg € By (Ap) and 110:8lls2ay) < Cllgllgyiay) forany g€ By j(Ay).  (3.2)

By following the proof of (3.1), we get the above assertion (3.2) although we omit the

detail. We already know 0, f € B;,fql(AN) by (3.1) and it follows from f = Az)lAD f, the

lifting property Az)l : B;;;(AD) - B;’q(AD) (see Proposition 3.2 (ii) in [4]) and the above
(3.2) for g = 9, f that

1

,(Ap) < C”ADf”B};j(AD) = Cllax(axf)llB};jqz(AD) < C||8xf||3~]§jq1(AN)~

Therefore the former inequality in (ii) is proved, and we complete the proof. O
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