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Abstract

The aim of this paper is to prove new quantitative uncertainty principles for the Fourier
transform connected with the spherical mean operator. The first of these results is an
extension of the Donoho and Stark’s uncertainty principle. The second result extends
the Heisenberg-Pauli-Weyl uncertainty principle. From these two results we deduce a
continuous-time principle for the L” theory, when 1 < p < 2.
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1 Introduction

Uncertainty principles are mathematical results that give limitations on the simultaneous
concentration of a function and its Fourier transform. There are many ways to get the state-
ment about concentration precise. The most famous of them is the so called Heisenberg
uncertainty Principle [16] where concentration is measured by dispersion and the Hardy
uncertainty Principle [14] where concentration is measured in terms of fast decay. A con-
siderable attention has been devoted recently to discovering new formulations and new
contexts for the uncertainty principle. Indeed, Morgan [23], Cowling and Price [8], Beurl-
ing [3], Miyachi [22] for example interpreted the smallness as sharp pointwise estimates
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or integrable decay of functions and gave qualitative uncertainty principles for the Fourier
transforms. Landau and Pollak [20], Slepian and Pollak [30], Benedicks [2] and Donoho
and Stark [10] paid attention to the supports of functions and gave quantitative uncertainty
principles for the Fourier transforms. (see the surveys [5, 12] and the book [15] for other
forms of the uncertainty principle).

The spherical mean operator play an important role and have many applications, for
example; in the image processing of so-called synthetic aperture radar (SAR) data [17, 18],
or in the linearized inverse scattering problem in acoustics [11]. These operators have been
studied by many authors from many points of view [1, 11, 25, 28].

Many uncertainty principles have already been proved for the generalized Fourier trans-
form associated with the spherical mean operator, for examples (cf. [6, 7, 21, 24, 27]).

Our aim here is to prove new uncertainty principles for the generalized Fourier trans-
form associated with the spherical mean operator. The uncertainty principles proved in this
paper and in [21], (we recall some of these results in the Appendix), have many applica-
tions, for example for the generalized wavelet transform associated with the spherical mean
operator, and for the generalized heat and Schrodinger equations. In a forthcoming paper
we study these applications.

The remaining part of the paper is organized as follows. In §2, we recall the main
results about the spherical mean operator. §3 is devoted to study the generalized versions
of Donoho-Stark’s uncertainty principle. In the last section we study many variants of
Heisenberg’s inequalities for ¥ .

Throughout this paper, the letter C indicates a positive constant not necessarily the same
in each occurrence.

2 Spherical mean operator

In this section, we define and recall some properties of the spherical mean operator. For
more details see ([25] ).
We denote by

e C.(RI1) the space of continuous functions on R¥*! = R x R“, even with respect to
the first variable.

e C..(R¥1) the subspace of C.(R%*!) formed by functions with compact support.

e E.(R¥*1) the space of infinitely differentiable functions on R4*!, even with respect to
the first variable.

e S.(R¥1) the Schwartz space of rapidly decreasing functions on R4*!, even with re-
spect to the last variable.

e 59 the unit sphere in R%*!,
$={m.&) e R o +lEP =1},

where for & = (&1, ...,&4), we have ||€]]> = ff +... +§§.
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e do; the normalized surface measure on S<.
o RE={(rnx) eR*!: r>0).

Definition 2.1. The spherical mean operator is defined on C,(R%*!) by
Y00 R RAG0) = [ fmxs o).
Sd

The spherical mean kernel is the function ¢, 4, (u, 1) € Cd*+l = Cx C4, defined by
V(r,x) € REL @, 1(r, %) = R(cos(u.)e ™ )(r, x).
We have

90;1,/1(", X) = ]% (r ,112 +/12)e—i(/l,x)’

where

o =+ +22,if 1=(Ay,...,29) €C?
o (A, x)=A1x] + ..+ Agxg, if x=(x1,....xg) €eR%and 1 = (1;,...,Ay) € C¢

o j a1 is the normalized Bessel function defined by

. - (-1 2%
_ =T((d+1)/2 2)%k.
Ja-1y2(0) =T((d + 1)/ )/;1 T @?
Remark 2.2. For all v e N“*! (r,x) e R¥*! and z = (u, 1) € C4*1,
DY@, 2(r, )| < 1I(r, )M exp(2lI(r, )l [Tmz]]), 2.1
where
, aIVI
DZ:W and |V|:V1+"‘+Vd+1.

Now let I be the set
[ =R U{(ir,x); (1 x) e R e < [1xl).
I'; the subset of I, given by
Ty =R* U {Git,x): (1,0 e R0 < 1 < ).
We have for all (u, 1) €T,

sup |90;1,/l(r’ x)| = 1.

(r,x)eR4+!

In the following, we denote by
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e dv(r, x) the measure defined on R‘fl by
dv(r,x) = kgridredx,
with
B 1
©26@=-DI20((d + 1)/2)(2m)d/2”

kq

e LP(dv),1 < p < o, the space of measurable functions on R%*!, satisfying

1/p
1l (av) (fd ] If(r,X)I”dV(r,X)) <o, 1 <p<oo,
R+

ess sup |f(r,x)| <oo, p=oo.
(r,x)eR%+1

1125 av)

e Br, the o-algebra defined on I'; by
Br, ={67'(B):  BeBp,(R{),
where 6 defined on the set I'y by 6(1,u) = ( \//W, A).
o dy the measure defined on Br, by

VYACSBr,, v =v6(A)).

e [P(dy),1 < p < oo, the space of measurable functions on I';, satisfying

1/p
1/ 1lLray) ( If(ﬂ,/l)lpdy(,u,/l)) <oo, 1 <p<oo,
Iy

ess Su ,AD| < o0, p=o0.
55, sup |f (s D P

1Nl (ay)

We have the following properties.

Proposition 2.3. i) For every nonnegative measurable function g on Iy, we have

0y =k [ 066+ 1P P

flal
¥ f S DAAIP = pdpud |,
R4 JO
ii) For every nonnegative measurable function f on R (resp. integrable on R%" with re-

spect to the measure dv), f o0 is a measurable nonnegative function on Ty, (resp. integrable
on 'y with respect to the measure dy) and we have

i fob(u, dy(u,) = Ld+1f(r,x)dv(r,x). (2.2)

In the following we recall some results on the dual of the spherical mean operator R.
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Definition 2.4. The dual ‘R of the spherical mean operator R is defined by : V (s,y) € R%*!,

d+1
"Rf)(s,y) = (d+1)f F(2+ly=2P.2)dz, f € Coc®™). (2.3)

Example 2.5. Let p € [1,00). For all a > 0, 8> 0 we have

V() €RIIR(ED)(5.5) = C@Bp)El | (s.). 2.4)
l+ﬁ

with E, g is the Gauss kernel associated with the spherical mean operator R defined by

Y (r,x) € CHY, Eqp(r,x) = k(a,Be“Fr +I0-01P), 2.5)
where .
_2vma®: B 4 T +pr' 4
ka,B) = &l T, G ad Capp=—2 | 5 |-

Proposition 2.6. The function "R(f) defined almost everywhere on R4! by

r(5h)
RANs) = —5= | S5+l =P

T 2

is Lebesgue integrable on R4+, Moreover for all bounded function g € C..(R*"), we have
the formula

[ sty = [ R@eofeordras .6
Remark 2.7. Let f be in L'(dv). By taking g = 1 in the relation (2.6) we deduce that
f 'R(f)(s,y)dsdy = C(d)f f(r, x)rddrdx, 2.7)
Ri+l Riﬂ
where

C):= fsd doa(1,¢).

We consider the generalized Fourier transform ¥ associated with the spherical mean
operator R and we recall its main properties.

Definition 2.8. The Fourier transform associated with the spherical mean operator is de-
fined on L'(dv) by
VD) LT = [ F 000 8)
R

Example 2.9. Let @ > 0, 8 > 0. The Fourier transform of Gauss kernel associated with
spherical mean operator is given by

v (:u’ /l) erl, T(Ea,ﬁ)(ﬂ’/l) = C(aaﬁ’d)E%’ﬁlﬁ (:u’/l),

where

C(a,p.d) = 22dr( Ly /3)"*( ﬁ)
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Proposition 2.10. For all f in L'(dv), we have the relation

V(@) € TF (), D) = Foo "R, ), (2.9)

where Fy is the Fourier-cosine transform on R%*! defined for f in S.(R*) by
V) R TN = [ | fe O costrodrdy
R‘f—l

In the follow we recall some properties on the Fourier transform 7.
For all f € L'(dv),

IF (Pllz@yy < WS llzray- (2.10)

For f € L'(dv) such that ¥ f € L'(dy), we have the inversion formula for F : for almost
every (r,x) € R4,

flrx) = fr F (s Dppa(r, x)dy(u, D). (2.11)
Theorem 2.11. (Plancherel formula). For every f in S.(R**1), we have
[ramiaram= [ ieopa. @12)

In particular, the Fourier transform F can be extended to an isometric isomorphism from
L?(dv) onto L*(dy).

Proposition 2.12. Let f be in LP(dv), p € [1,2]. Then ¥ (f) belongs to LY (dy), with
%+ # =1, and we have

||7:(f)||Lp’(dy) < ”f”LP(dV)‘
For (r,x) e R s> 0, we note N(r, x), by
Ny(r, x) := &SR, 2.13)

‘We have
_ 2P

F (Ns(r, ) (t,y) = C(s)e” .
We define the following functions W7, Wls, [eNa* 50 by
V(rx) eRML Wirx) = P2Ee D = (ke m), (2.14)
and
V() e RUL Wi x) = FI A e DY o ), 1= (km), (2.15)
Notation. We denote by P,,(R4*!) the set of homogeneous polynomials of degree m.

Proposition 2.13. ([7]). Letl e N9+1 For all s > 0, there exists a homogeneous
0 € P(R4*1) such that

V(rx) eR™L F(WH(rx) = O, x)e 5+ (2.16)
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3 Donoho-Stark’s uncertainty principle

We shall investigate the case where f and # (f) are close to zero outside measurable
sets. Here the notion of “’close to zero” is formulated as follows. If f € LP(dv), 1 < p <2,
is e-concentrated on a measurable set E C R*! if there is a measurable function g vanish-
ing outside E such that ||f — gllzr(av) < llfllrav). Therefore, if we introduce a projection
operator Pg as

Py [ = { £(r,x) %f (r,x) € E
0 if (r,x)¢ E,

then f is e-concentrated on E if and only if || — Pg fllzrav) < €l fllLray)-
We define a projection operator Qy as

Qw f(r,x) =F " (Pw(F () ). 3.1)
Similarly, we say that 7 (f) is ew-concentrated to W in Lpl(dy) if and only if

IF ()~ FOw Nl ayy < EWlF Dl - (3.2)
If E and W are sets of finite measure, we define mes, (E) and mes, (W) as follow
mes,(E) := fdv(r,x), mes, (W) := f dy(u, ).
E w

Lemma 3.1. Let W a measurable set of Rﬁf“ such that mes,(W) < co. Let f € LP(dv) with
p€[1,2]. We have

Qwf(x) = j‘; Pua(r, OF (), Ddy(p, ).

Proof. Let f € LP(dv) with p € [1,2]. By Holder’s inequality and Proposition 2.12

IPw(F (P)llzray) fw IF (), Dy (pa, )
(mesy (W) IIF ()l ay

(mesy(W)); WA llLr(av)-

IA

IA

and

1Pw(F (DIr2ay) fw IF (), VP ey, 1)

IA

(mesy (W) 7 IF (Pl

p -2

(mesy (W) 7 11 fllLrav)-
Hence Pyw(F (f)) € L'(dy) N L*(dy). This combined with (3.1) gives the result. O

IA

Let Brray(T), 1 < p <2, the subspace of all g € LP(dv) such that Qrg = g. We say that
f is e-bandlimited to T if there is a g € Bro(a)(T) with ||f = gllray) < €llfllLrav). Here we
denote by [|Pgl|, the operator norm of Pr on LP(dv) and by ||Pg||,7 the operator norm of
Pg : Broy(T) — LP(dv).
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Lemma 3.2. Let E and T be measurable sets of R4+, For p € [1,2], we have

1

IPEllpr < (mesV(E)mesy(T))E .

Proof. If at least one of mes, (E) and mes,(T) is infinity, then the inequality is clear. There-
fore, it is enough to consider the case where both E and 7" have finite positive measures.
For f € By (T) we see that

Frx) = fT o OF (s Dy (s D).

By (2.1), Holder’s inequality and Proposition 2.12

Fr0l < (mesy (D) IF Pl ay)
< (mesy(D) I llra-

Therefore
1 1
1Pe s = ( [ 1700 dvr0)" < (mes(Emes, () Wi,
E

Then, it follows that for f € Brra,) (W),

» 1
1Peflleran (mes,(Eymesy,(T))",
111z (av)

which implies the desired inequality. O

Proposition 3.3. Let f € LP(dv). If f is eg-concentrated to E and erp-bandlimited to T,

then

R
(mesV(E)mesy(T))p Z%TST

Proof. Without loss of generality, we may suppose that ||f|lzr@) = 1. Since f is gg-
concentrated to E, it follows that [|Pg fllzrv) = | fllr@av) = IIf = PEflLr@yv) = 1 — €£. More-
over, since f is er-bandlimited, there is a g € Brr(y)(T) with ||g — fllr(av) < er. Therefore,
it follows that
WPEgILrav) 2 IPEflILeav) = IPE(E = OllLeavy 2 WPESlLrav) — &1 2 1 —ep —&r
and |Igllzr vy < Ifllzray) +&€r = 1 +er. Then, we see that
IPEGlLr(av) S l-ep—er
Igllrayy —  1+er

l—eg—er

Hence ||Pgllp,r > Trer

and Lemma 3.2 yields the desired inequality. O

Proposition 3.4. Let E and T be measurable subsets of R*', and f € LP(dv) for p € (1,2].
If f is eg-concentrated to E in LP(dv)-norm and F (f) is ep-concentrated to T in L (dy)-
norm, then

1 1- F o _ rdy
(meSV(E)mes),(T))?' > ( SE)” (f)”L (dy) ST”f”L 7 ).

L Nlzecav)
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Proof. Let f € LP(dv) for p € (1,2]. As above

IF ()= FQrPeNNpr @y < IF ) =F(Qr Ol ay)
+HIFQr /)= F (QrPeNr 4y
< erllF (Dl @y + I1f = PeSlLray)
<erllF (Ol @y + el flleray)

and thus,

||7'~(QTPEf)||u’(dy) ||7:(f)||Lp’(d7) - ”7:(][) - 77(QTPEf)||U’(dy)

(1 _ST)”T(f)HLp’(dy) - 5E||f”LP(dv)-

[\VAR\Y

On the other hand, it is easy to obtain

”T(QTPEf)”Lp’(dy) L,
<(mes,(E)mes,(T))" .
111z (av) ( ' 7 )
Hence
1
(mesy(EYmesy(T))? | fllcrav) = (1 = €F (Ol (4y) — ETI1f oy
which gives the desired result. O

Proposition 3.5. Let f € L'(dv)NLP(dv), p € (1,2]. If f is eg-concentrated to E in L' (dv)-
norm and ¥ (f) is ep-concentrated to T in L (dy)-norm, then

1 7: P
(mes,(E)ymes,(T))" > (1-¢gg)(1 —gT)M‘
1Nl r vy

Proof. Let f € LY(dv)NLP(dv), pe(1,2]. As F(f) is er-concentrated to 7" in Lil—norm, it
follows that

L
7

IF My < ErlF iy + ( fT IF (O dy(dw)’
< &l F (Pl ayy + mesy TNT IF Pl
Thus from (2.10),
(1 =P F Pl @y < mesy (TN 11l - (3.3)

Similarly, using f is eg-concentrated to E in L!(dv)-norm, and Holder inequality, we obtain

(A =ep)llfllran < (mesy(E))#”fHLP(dv)- (3.4

Combining (3.3) and (3.4), we obtain the result. O
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4 Generalizations of Heisenberg inequality

In this subsection we study many versions of the Heisenberg uncertainty principle for the
generalized Fourier transform.
We put
() = e M - forall (4, ) € R9F.

Lemma 4.1. Let 1 < g < oo. There exists a positive constant such that

2d+1

hdlLaay) = Ct 2.
Proof. Let 1 < g < oo. Using the relation (2.2), we obtain the result. O

Lemmad4.2. Letl <p<2andO<a< z‘;)—fl. Then for all f € LP(dv) and t > 0,

lle ST F M L gy < CE 2N DN fllLoian- 4.1

Proof. Inequality (4.1) holds if |[{|(r, )| fllzrav) = .
Assume that ||[|(r, )| fllLr(av) < 0. For s > 0 let f; = fypo.s and f* = f— f;.
Using Proposition 2.12, and that | f*(r, x)| < s~9|||(r, x)||* f(r, x)|, we obtain

_ 2
lle™ MO oo i) |F (fxBe0.5)N 1 ay)

1 x Beo,5)lr(av)
s 01 fllLeav)-

_ 2
lle oA f(fXB”(O,s))HLp'(dy)

IANIN A

On the other hand, by (2.10) and Holder’s inequality

_ 2

lle t||€)(/l,ﬂ)||2|| " (ay) 1T (FxBo,s)llE=(ay)

I e—tneu,u)ll2 0" ) 1 X BO.L 1 (av)

e~ g 80,55 N D P

_ 2
le™ 1 F( fys0.5)ll L iy

IA A IA

A simple calculation give that

L_a

2d+1
I 201X 0.9l 1 (av) = C(d, 8)s 7

So
_ 2 _ 2 _ 2
el F My < lle ylewn]| ?d(fS)”LP/(dy) +le 2;IIGI(/LM)II f(fs)HLp’(dy)
_ _ 2 ut1
< CsT U+ [le AN s 7N 0N fllriany-
Choosing s = t%, we obtain (4.1). O

Theorem 4.3. Let | < p<2and0<a < 2‘2—“ and b > 0. Then for all f € LP(dv)

b a

7Oy < CHIE A 110G, DIPF O 42)
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Proof. Letl <p<2and0<ac< Z‘L—Tl. Assume that b < 2. From the previous lemma, for
all >0
IF Oy < Ne T8 g+ 1L = ADNEE )
—a _ 2
< Cr8Ir 0l fllzean + 11— MYFE (Pl .
On the other hand,

- 2 b _b _ 2
I = e IDNF Pl 4y, = 22 1O I > (1 = e 00, DIPF (Ol a0
Since (1—¢* )t‘% is bounded for ¢ > 0 if b < 2. Then, we obtain

a b
IF O gy < CE NN Aoy + 2 MO IF i a0

from which, optimizing in ¢, we obtain (4.2) for 0 < a < 2‘;;,“1 and b < 2.
Ifb>2,1etd’ <2. Foru>0and b’ < b, we have u?’ < 1+ u?, which for u = w gives
the inequality (w)b' <1+ (w)b for all £ > 0.

It follows that

O I F Ol gy < 7 NF M ayy + MO IPF Ol 4y

Optimizing in &, we get the result for b > 2.

b=b’ »
4 b b b
O I” F (Nl (ayy < IIT(f)IILp,(dy)IIIIG(/Lu)II T(f)IILp,(dy)-
Together with (4.2) for b > 2. O

Corollary 4.4. Let a,b > 0. For all f € L*(dv), we have

b a

1 lzzan < CINGE DI FIEE  IHIOGL DIPF DI, - 43)

Proof. Using the previous theorem for p = 2, and applying Plancherel formula, we obtain

the result when 0 < a < %. If a > %, let a’ < %. For u >0, u? < 1+ u® which for

u= @ gives the inequality

|G, )l
&

¥ < 1+(

( |, )l
&

)*, forall € > 0.
It follows that
G0N fllziavy < N2y + & MNNE 0N fll2av)-

Optimizing in &, we obtain

I Fllz2any < CUALE g I DI AL S (4.4)
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Then, by (4.3) for (a’ and b), and (4.4), we deduce that

IA

Il DI AT | |A|bff<f)||“ g

L3(R)
bla—d’)

CIALS I DI | ;‘;;;ﬁ;n 6 DIPF I,

1711 z22av)

Thus

d (a+b)

LA < Clllie, 0l f||;j;”(j;u||e<,1 DIPFC f)||zz+(1;1 .

which gives the result for a > 2‘12—”. O

Let T be a measurable subset of R9*!. Let b > 0 and let f € LP(dv), p € [1,2]. We
say that ||9(,u,/l)||b F(f) is er-concentrated to T in L (dy)-norm, if there is a function &
vanishing outside 7" such that

110G DIPF ()= hll L gy < IO DIPF DNl 4y

From (3.2), it follows that ||6(,u,/l)||b7-' A(f) is er-concentrated to T in L (dy)-norm, if and
only if

116G, DIPF () = 10 DIPF Q1 Nl ayy < Erl0GL DI F (Ollrayy- - (45)

Corollary 4.5. Let T be a measurable subset of R&*1, and let 1 < p <2, f € LP(dv) and
b>0. If||0(,u,/l)||b7"(f) is er-concentrated to T in L¥ (dy)-norm, then for 0 < a < 2‘?:,’1

C
IF N ay) < ﬁll II(r, x)ll“fllz;lzdv)ll||9(,u DIPFQr I

— ET )a+b L’ (dy ) (46)

Proof. Let f € LP(dv), 1 < p <2. Since IIH(,u,/l)IIbT( f) is er-concentrated to 7 in L (dy)-
norm, then we have

116G, DIPF POll ayy < 10 DIPF P ayy + 116G DIPF Q1 Pl ay-

Thus
(16t ﬂ)llb?"(f)ll‘””

LY (dy) —

1
(1—IIII9(# DIPFAQr NI

—ep)a L' (dy)’

Multiply this inequality by C||||(r,x)[|?fl| Z;’E &) and applying theorem 4.3 we deduce the

desired result. m]

Corollary 4.6. Let T be a measurable subset of R™', and let f € L*(dv) and a,b > 0.
IFN16(u, DIPF (f) is ep-concentrated to T in L*(dy)-norm, then

C _a_
Il < = M 0 i 6 DIPF QeI 4.7)

Proof. We proceed as the previous corollary and using Corollary 4.4 we obtain the result.
O
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Appendix

In the following we recall the main results proved in [21].

Proposition 4.7. Let s > 0. Then there exists a constant C1(d, s) such that for all
feLl(dv)N\L*(dv)

1z < Cod I IO F DI (4.8)

Proposition 4.8. Let s > 0. Then there exists a constant C»(d, s) such that for all
feLl(dv)NL*(dv)

2s
sy < Coldu A NI 0 4.9)

From the previous results we deduce the following variation on Heisenberg’s uncer-
tainty inequality for the generalized Fourier transform.

Theorem 4.9. Let s > 0. Then for all f € L'(dv) N\ L*(dv)

2wl Nl @ayy < C1(d, )CoAd, HNNE O FllL @) O OIPF (Ol 22(ay)- (4.10)

Proposition 4.10. Let s > 0 and let W a measurable subset of I with 0 < mes, (W) < co.
Then for all f € L'(dv)( L*(dv)

2s
1T Dllzay) < Cald. ) fmes, WIAZEENC I AZET. @11)

We adapt the method of Ghorbal-Jaming [13], we have proved the local uncertainty
principle of F.

Theorem 4.11. Let E, W be a pair of measurable subsets such that
0 <mes,(E),mes, (W) < co.

Then the following uncertainty principles hold.
1) ForO<s< %= 2d+1 , there exists a constant C3(d, s) such that for all f € L*(dv)

MW F (Pllizay) < Ca(ds )mes, (W), DI fll2(a)- (4.12)

2) For s > 2d2+ L there exists a constant C4(d, s) such that forall f e L*(dv)

W F Pl < Caldos) \Jmes, WO A1, 5 It - (@13)

Theorem 4.12. (Cowling-Price’s theorem for the generalized Fourier transform)
Let f be a measurable function on R such that

PO | £ (7, x)|P
dav(r, 0 4.14
fR Ao o< (19

and

4bqllo.o)|*
f et |7—~(f)(ﬂ’§)|qd/ld§<oo, (4.15)
Rdﬂ

(141G, OID*
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for some constants a >0, b >0, 1 < p,q < oo, and for any n € 2d+1,2d + 1 + p] and
se(d+1,d+1+q]. Then

i) Ifab> 1 we have f =0 almost everywhere.

i) If ab = §, we have f = CNj.

iii) If ab < %, forall 6 €]b, ﬁ[, the functions of the form f(r,x) = Ns(r, x), where P € P,
satisfy (4.14) and (4.15).

The following is an immediate consequence of Theorem 4.12.
Corollary 4.13. Let f be a measurable function on R4 such that
(0l < Me I (111, 0)I1)" ae. (4.16)
and for all (u,€) € R4
F (), 8)| < Me™ 10w (4.17)

for some constants a,b >0, r >0 and M > 0.

i) If ab > ‘—l‘, then f =0 almost everywhere.
ii) If ab = }L, then f is of the form f(r,x) = CNp(r, x).
iii) If ab < %, then there are infinity many nonzero f satisfying (4.16) and (4.17).

Beurling’s theorem and Bonami, Demange, and Jaming’s extension are generalized for
the generalized Fourier transform as follows.

Theorem 4.14. (Beurling’s theorem for the generalized Fourier transform )
Let NeN, § >0 and f € L*(dv) satisfy

f f U WL DIRCS )|6e”(”x)””“’y)”dv(r,x)dtdy<oo, (4.18)
reet Jrest (L+ (| 0l + (I, )IDY

where R is a polynomial of degree m. If N > md +d + 3, then

foro= > aWryae, (4.19)

N-mé—d—-1
<=5

where s> 0, aj € C and Wf is given by (2.15 ). Otherwise, f(r,x) =0 almost everywhere.

As an application of Theorem 4.14, we deduce the following Gelfand-Shilov type the-
orem for the generalized Fourier transform.

Corollary 4.15. Let Nm €N, § >0, a,b >0 with ab > §, and 1 < p,q < o with % + }1 =1
Let f € L*(dv) satisfy

Gl 5 1000
’ dv(r,x) < oo (4.20)
I&iﬂ (I +I(r, 0IHY

and

@by

f F O @y)le o« W R,y
Riﬂ

A+ IEDY dtdy < o 4.21)
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for some R € Pp,.

i)Ifab> }‘ or (p,q) # (2,2), then f(r,x) = 0 almost everywhere.

ii) If ab = } and (p,q) = (2,2), then f is of the form (4.19) whenever N > "*4*3 qnq
r = 2b%. Otherwise, f(x) =0 almost everywhere.

Theorem 4.16. (Miyachi’s theorem for the generalized Fourier transform)
Let f be a measurable function on R4t even with respect to the first variable such that

E,pf € LP(dv)+L(dv) (4.22)
and
Eyly | (@OIF (N8
f logt —2=* ; dadé < o, (4.23)
Rd-ﬂ

for some constants a>0,b>01>0, 1 < p,q < oco. Then

If ab > }1, we have f =0 almost everywhere.

Ifab = 4—1‘, we have f = CEp,g with |C| < A.

If ab < %, for all 6 € (b, 41—0), the functions of the form f(x) = CEspg, satisfy (4.22) and
(4.23).
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