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Abstract

We study Toeplitz operators acting on the weighted pluriharmonic Bergman space on
the unit ball, denoted here by bﬁ (B™). We prove that, besides the C*-algebra generated
by Toeplitz operators with radial symbols, there are commutative Banach algebras
generated by Toeplitz operators. These Banach algebras are generated by Toeplitz
operators with k-quasi-radial and k-quasi-homogeneous symbols.
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1 Introduction

The pluriharmonic Bergman space on the unit ball is represented in terms of the Bergman
and the anti-Bergman spaces. With this in mind we might expect that the study of Toeplitz
operators acting on bﬁ(B”) is just an extension of the results for the Bergman space setting.
However, even for one complex variable, they present unexpected properties. For example,
each Fredholm Toeplitz operator with continuous symbol, has Fredholm index zero (see
for example [3]). Some other interesting properties of Toeplitz operators acting on b*(D)
(or b2(TT), where IT denotes the upper half-plane) are proved in [4]. There, it is proved
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that Toeplitz operators whose symbols depend only on the vertical variable generate a com-
mutative C*-algebra, such as in the Bergman space setting. But, if we consider Toeplitz
operators with homogeneous symbols they generate a non commutative C*-algebra.

There are some interesting results concerning to Toeplitz operators acting on the pluri-
harmonic Bergman space on the unit ball. In particular, as proved in [7], every Toeplitz
operator with radial symbol is diagonal. Using some results from [1] we prove here that
Toeplitz operators with radial symbols generate a commutative C*-algebra that is isomor-
phic to SO(Z,.), the algebra of slowly oscillating sequences.

We prove that there exist commutative Banach algebras generated by Toeplitz operators.
They are not C*-algebras and are generated by Toeplitz operators whose symbols are k-
quasi-homogeneous.

2 Preliminares and notation

Let (-,-) be the hermitian inner product in C", i.e, (z,w) = Z?:l zjwj, and |z] = V(z,2). By
B" we denote the open unit ball in C", B” = {z = (z1,...,2,) € C" 1 |z] < 1}.
Let 7(B") be the base of B”, considered as a Reinhard domain, i.e.,

B ={(r1s o) = (21l zal) 72 = 1} 4412 €10, D),

which belongs to R} =R, X--- X R,.

Denote by dV =dxdy ...dx,dy,, where z; = x;+y;, j=1,2,...,n, the standard Lebesgue
measure in C"*; and by dS the corresponding surface measure on S". We introduce the one-
parameter family of weighted measures

I'n+4+1) 21
d =—(1- dv(z), A>-1
va(z) AT+ ) (I1-1z[7)"dV(z)
which are the probability ones.

For a multi-index a = (ay,...,a,), ax € Z; = NU{0} we define the length of a by |o| =
ap+---+ay and its factorial ! by a! = a! - - - @, !. For two multi-indices a and 8 the notation
@ > 8 means that ¢; > g; fori = 1,...,n and @ L § means that 3" , a;8; = 0. If @ > j then
a—p=(a1-pB1,-..,a,—PBn) and la — | = |a| - |B].

We recall two equalities from [11]. For every «,8 € N" we have
2" !

_ alT(n+A+1)
a =5, g AT D) 22
fnz Pdvaa) =6 PTn+lal+ A+ 1) (2.2)

*CdS(() = b
TS O=dusy

The weighted Bergman space ﬂi(B”) is the closed subspace of L?>(B",dv;) consisting
of all analytic functions in B”. The Bergman projection B from L*(B",dv,) onto ﬂ%(B")
has the following integral form

A
B = —_—
Boo= [ E
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An interesting subspace of L*(B",dv,) that is closed related to the Bergman space is the
anti-Bergman space ﬂﬁ(B”) which consists of all anti-analytic functions in B”. Recall that

a complex-valued function f is anti-analytic if f is an analytic function. We denote by B
the orthogonal projection from L*(B",dv,) onto ﬂi(B”).
A complex-valued function u(z), defined in the unit ball B”, is called pluriharmonic if

d*u
07,07

=0, i,j=1,...,n.

The (weighted) pluriharmonic Bergman space bﬁ(B") is the closed subspace of L>(B",dv;)
consisting of all pluriharmonic functions on B”. It is well known that the reproducing kernel
for bﬁ(B”) is given by the following formula

1 1
K(z,w) = + -1.
S Ty 2 I TRy T

Thus, if we denote by Q the orthogonal projection from L*(B",dv,) onto bﬁ(B”), QO can
be written in terms of B and B in the following form

Qu = Bu+ Bu— Bu(0). (2.3)

For a function a € L.,(B",dv,), the Toeplitz operator Ta : bi(B”) - bi(B") with symbol a is
defined by _
T,u= Qau), uebi(B).

Let ﬂﬁ’o(B”) be the subspace of L*(B",dv,) defined by
AO(B") = {f € ALB") | £(0)=0}.

From (2.3), it follows that the space b2(B") is the direct sum of A’(B") and A(B"),
that is, N
bA(B") = A(B") © A% (B").
To be more explicit, every u € bi(B”) admits the following representation

u = [Bu— Bu(0)] +[(I - B)u+ Bu(0)],

where Bu— Bu(0) € A (B") and (I - Byu+ Bu(0) € A%(B").
Given f,g € L*(B",dv,), denote by f® g the rank one operator (f ® g)h = (h,g)f.
Consider the unitary operator U : L>(B",dv,) — L*(B",dv,) given by

U@ = f2) = fz1,22,- -5 2n)- (2.4)

The notation I', means the Hankel operator I, : ﬂﬁ(B”) - ﬂi (B") givenby ', f =B(aUY), f €
A(B").

The Bergman projection, B, and the anti-Bergman projection, B hold the following
relation

UBU* = B. (2.5)
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Besides, UaU*(z) = a(z)] for each a € Lo(B"). Observe that Ul z : ﬁi(B") -
A

ﬂﬁ(B”) is an isometric isomorphism.

®")

Using the operator U, given above, we construct the operator U: bi(B") = ﬂi’o(B”) @
AB") - A (B © A2(B") by the formula

— I 0
o-(10)
Theorem 2.1. The Toeplitz operator Ta, acting on the space bﬁ(B") = ﬂﬁ’O(B") @5’:(3(]8")

is unitarily equivalent to the operator UT,U*, acting on the space ﬂi’O(B”) @ﬂﬁ(B"). The
operator UT,U* is given by the formula

T TTF _ Ta Fa
ur,u —( L T ), (2.6)

where a*(z) = a(z) and a(z) = a(?).
Proof. If fi € A°(B"), then
T.fi = Bafi) + B(afi) - B(afi)(0) = Tofy + UBUafi — (19a) f;
=T i+UlgHi-(0®a)fi = [T,—(1®a)]f1 + UG f.
If f> € A%(B"), then
T Uf, = BaU f2) + BaU ) - BaU £2)(0) =T fo + UBaf, — (188U f3
=L, o+UTzh-(1®a)fp=[Te—(1®a")fa+UTzf.

Then, the operator UT,U*, acting on ﬂi’O(B”) @ﬂﬁ (B™), is given by the formula

== fi\_( [Ta—(A@d)]fi +[Te-(1®a")]f2
vtaU ( g )_( Izfi+ Tz

Observe that 1 ®a and 1 ® a* are complex-valued operators and then, their image is orthog-
onal to ﬂi’O(B"). Which implies that Il ®a =0and 1®a* =0. O

3 Toeplitz Operators with quasi-radial symbols on the plurihar-
monic Bergman space

This section is devoted to the study of Toeplitz operators with a special kind of symbols:
k-quasi-radial symbols. These symbols generalize radial and separately radial symbols. We
follow the notation and definitions of [8]. Let k = (k1,...,k,) be a tuple of positive integers
such that k; +--- + k,, = n, we rearrange the n coordinates of z € B"” in m groups, each one
of which has k;, j=1,...,m, entries and introduce the notation

21 = @115 22k >22) = (22,15 3220k)s > Zm) = @i 1s -+ - > T -
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Each z; = (zj1,... ,zj,kj) e BY is represented in the form

2(j) = 1j4(j), Where r; = \/'ZJLIP +o g P and ¢ € SV
In what follows we assume that k; <k, <--- <k,,, and that

L =20 22 =22, 5 2k = Thys 220 = Tyt loev-222ks = Zhythas -+ > Tmdm = Zn- (3.1
We will call such multi-index k = (kq,...,k,) a partition of n.

Definition 3.1. Given a partition k = (ky,..., k) of n, a bounded measurable function a =
a(z), z € B", will be called k-quasi-radial if it depends only on ry,...,7,,.

In particular, if k = (n) a k-quasi-radial function is just a radial function and if k =
(1,1,...,1) a k-quasi-radial function is a separately radial function.
Given a partition k = (ky,...,k;) and any n-tuple a = (@1,...,@,), we define

)y = (@1, @), @2) = (@150 Uk ) - > Xy = (@i 415 - - > An).

Toeplitz operators with k-quasi-radial symbols, acting on the Bergman space on the unit
ball, have been studied in [8]. The action of this kind of operators on the basis of the
Bergman space is given in the following lemma.

Lemma 3.2. /8] Given a k-quasi-radial function a = a(ry,...,ry,) we have
Taza = 7a,k,/l(a')za’ o€ Zﬁa
where

Yaj (@) = Yag(lamls . laml)

2"T(n+|a|+A+1) f‘ 21 = 2ar(l+2k;—1
= a(ry,....rm)(1=1r%) v
L+ DT k= T+lah! Je@m ! L7 '

J=1
(3.2)

To study how Toeplitz operators with k-quasi-radial symbols act on the pluriharmonic
Bergman space note that the set

[T(n+lal+A+]) o 0
B — a!F(n+/l+1) z U r(n+|ﬁ|+/l+1)z,8 (33)
0 250 \ B T+A+D) B0

is an orthonormal basis for ﬂﬁ’o(B”) @ﬂi(B").

Lemma 3.3. Given a k-quasi-radial function a = a(ry,...,r,;) we have

Yaj(@) 2

— Zﬂf 3
T“( # )‘( YakaB) 2 ) (3.4)

where y, k. is given by (3.2) and ¢ €N, B e Z1.
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Proof. Leta =a(ry,...,ry,) be a k-quasi-radial functig\n, then a(z)* = TZ) = @, and a(z) =
a(z) = a(z). From Theorem 2.1, the Toeplitz operator T, acting on bi(B") is unitarily equiv-
alent to the operator ﬁfa U* acting on ﬂi’O(B”) @ﬂﬁ(B“). The last operator has the form

fﬁ:az]‘*:( T, T, )

Lo Ta
Consider first the operator I',. For a,8 € Z/}

I'n+4A+1)

T 151234
AT 1) o U102 Tm)2 20 -1V ().

([02%, ) = (BaUZ®, 2y = (a7, Py =

Let z(j = r;{(;)» where r; € [0,1) and ;) € SY, j=1,...,m. Then

I'n+4+1)
ﬂ”F(/l + 1) (B™)

m
- +B .
XHij ?j)%) (")dS(g(j)),
Jj=1

2"T(n+A+1) f ~ o okl
= a(ry,...,rp)(1=|r%) r. 7 dr.
F(/l+l)H;.”:1(kj—l)! (B " l_[ J J

m
(Ca2". ) = a(ri,....r) (A =Py [ oo g
j=1

J=1

Thus,

o By | Yara(0) ifa=p=0,
(Taz", ) = { 0 otherwise.

Now, in the representation (2.6) of 57:“ ﬁ*, the operator I, acts in two different forms. First,
I,: ﬂi(B") - ﬂi’O(B”), in this case I[',z% is orthogonal to ﬂi’O(B”) and then, it is the zero
operator. Analogously, I, : ﬂi’O(B”) - ﬂ%(B") is the zero operator. In summary,

7? bl _ T,z% _ ')/a,k,/l(a) el )
“ Zﬂ Tazﬁ Ya,k.A (ﬂ) Zﬁ '
O

Hongyan Guan, Liu Liu and Yufeng Lu proved (see [9], Lemma 11) that if a is a
bounded separately radial function, then the Toeplitz operator T, acting on the unweighted
pluriharmonic Bergman space holds the following properties

= o 2"(n+la))!

T o _ 2"(n+|a))!
3 -

f a(r)r**dr 22, T.7" ;
7(B") !

f a(Pr*drz® (3.5)
T7(B™)

a!

for any multi-index a € Z'}.
If a is a separately radial function (k = (1,.../,\ 1)), then formulas (3.4) in Lemma 3.3
reduce to properties (3.5). Note that the action of T, at the function z% in (3.5) corresponds

=( 0
to Ta( 2 )
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It is well known that if a is a radial function, the Toeplitz operator T, acting on bi(B”)
is a diagonal operator (see for example [7]). In this case, formulas (3.4) reduce to the
following equation

M(n+|ef+a+1) 1 2\, 2]al+2n—1
72 ) =] Fone- i b a3 =l (3.6)
a|l B 20 (n+|Bl+A+1) fo a(r)(1_|r|2)/lr2L8l+2n—l P

T+ D)(n—1+)!
Corollary 3.4. The C*-algebra generated by Toeplitz operators with radial symbols, acting
on the pluriharmonic Bergman space, is isomorphic and isometric to the C*-algebra gener-

ated by all operators of multiplication by the sequence {M fol a(r)(1- |r|2)’1r2m+2”_1}

T+ D(—1+m)!
acting on (Z,).

The sequence {—rgﬁ;('; ff::n)),
of the Toeplitz operator T..
Denote by SO(Z, ) the set of all bounded sequences x = (x;) ez, that slowly oscillate in

the sense of Schmidt ([6])

SO(Z,) = {x €l(Zy)] _l'}m lx; — xk|} =0.
FALUEG
k+1
If we consider the logarithmic metric on Z, which is defined by the formula p(j, k) = [In(j +
1) — In()| then, SO(Z,) consists of all bounded sequences that are uniformly continuous
with respect to this metric.

It was proved in [1] (Theorem 5.4) that the set

= 2l (n+m+A+1)
AT NI+ D(n—1+m)!

1
f a(r)(1 - |r|2)1r2m+2"1} | ais aradial function}
0 m

is dense in SO(Z,). Using these results we can describe the C*-algebra generated by all
Toeplitz operators with radial symbols, acting on b% B").

Corollary 3.5. The C*-algebra generated by all Toeplitz operators with bounded and radial
symbols, acting on bi(B”) is isomorphic and isometric to SO(Z..).

4 Toeplitz operators with k-quasi-homogenous symbols on the
pluriharmonic Bergman space

Let k = (k1,...,k») be a partition of n. We use the notation z(j) = r;{(;), j=1,...,m to define
the vector

=1yl € Sk s Sk

Definition 4.1. Let p,g € Z/ be two multi-indices. A function ¢ is called k-quasi-homogenous

of grade (p, gq) if it has the form

~4

o(@) =a(ry,...,rm)"¢
P Pm) 741 ~4m)
=a(ry,...,"m) 4(1()1) : "év(,:,)){(l) . '{(m) s

where a(ry,...,r,) is a k-quasi-radial function and p,q > 0.

fol a(r)(1—|r*)* r2m+2”‘1} is called the eigenvalue sequence
m

m

>
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Toeplitz operators with k-quasi-homogeneous symbols acting on the Bergman space
have been studied in [8], for example, and we have the following result.

Lemma 4.2 ([8]). Let al ”Zq be a k-quasi-homogenous function. Then for any multi-index
a)

Yajpg (@) P, ifa>qg-p, .
Ta{P("Z _{ 0, ifatq-p. a€Z

where

2"T(n+|a+p—gl+A+1)(a+p)!
T+ DT (k= 1+ gy + poDlia+p—g)!
m
x f a(r,.. ) (A= [Pyt [ o om0 gy, 4.1)
7(B™)

J
J=1

Va,k,p,q,/l(a) =

Now, we are in position to describe the action of Toeplitz operators with k-quasi-
homogenous symbols on the pluriharmonic Bergman space. To simplify the notation, we
will use T, instead of UT,U".

Theorem 4.3. Let p, q be two multi-indices and k-quasi-homogenous function a§p§ Then

the Toeplitz operator T agrg! ACts on the bases B of :Hz 0 (B EB&ZIZ(B") (see (3.3)) as follows

~ a+p—q
(7%MWJ%OZ ), ifa+p>gq,

Taé".f"( 0 ): 0 .
>a+
oo @y grea | Tazaxp
0, otherwise,
P4 —q-B
ot (B) P71 )
( @k 0 ) ifp>pB+q,

): 0
( kﬁ(ﬂ)zﬁﬂ]p )’ ifﬁ"'qu,

0, otherwise,
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where Yqk pq.1 is given by (4.1) and

(@) = 2"T(n+lg—p—al+ A+ 1)q!
Paka LA+ DT (kj=1+1g)Di(g—p-a)!

xf a(ri,...,rm)(1=1r»H* l_[rlqw) Pol2ki=1 4 "
T(B™)

2"T(n+|p—q— /3|+/1+1)p'
L@+ DT kj=1+IppDip—g-P)!

m
231 lpy=acpl+2k;-1
xf a(ri,..., i)=Y | AP0
(B™) j=1

2"T(n+lg—p+Bl+A+1D(B+q)!
T+ DITE K= 1+1B¢) + 9y (g =p+B)!

m
244 12B()+acy—pl+2kj—1
Xf a(ry,...,rp)(1=1r%) | |rj DTADTPOITE dr;.
7(B™) j=1

pq
O-a,k,/l(ﬂ)

G B = (4.2)

Proof. Let ¢(z) = a(ry,....,rm)l I’Zq be a k-quasi-homogeneous function, then
$Q)" =a(r1,....,rm)PL, B2 = alry,....r)l L.
By Theorem 2.1, the Toeplitz operator 7";5 acting on ﬂi’o(B”) GBJH%(B”) has the following

form
— T, T
To=(r 7 )
F¢ T¢

Consider first the operator I'y : ﬂi(B") - ﬂi’O(Bn). Fora € Z} and f e N"

I A+1
<F¢z",zﬂ>=<B¢Uz“,zﬁ>=<¢z",zﬂ>=% A TP - V)

Let () = rJ[(j), where rj€ [0,1) and {(j) € Sk-i, j=1,...,m. Then,

I'n+4+1) 21 2 lacjy+Bjl+2k -1
r a’ - s 1= .(_/) ) I drs
T2 L= TR Ty gy A1) ]|:1| rj g

Xl—[f (])é/] a(’)+ﬁ(’)+q(’)dS(§ ),

0 2"T(n+ A+ 1)p!
_ Oparpeg 2T Ui f a(r, ..., ra) (A=) ]_[ oo gy,
- T+ DT, (k=1 +1ph! Jrem =l

Thus, (F¢z“,zﬂ) is non zero if and only if p = a+S+4. So, by (3.3) we have for p—g—a >0,

I'n+A+1D)(p—g—a)!
TCn+lp—g—al+A+1)!

—g-a2
[ (s
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Then, for p > a+¢q

[ye = (e, P00y _ P4 (g p-a-a,
¢ . |lzP—9-<|? ak/I
where
@) = 2"T(n+|p—qg-Bl+A+1)p!
““ L@+ DT kj=1+1ppDip—g-P)!
m
Xf a(ri,...,rm)(1 =4 l_[ i’lqu)_q(j)lﬂkj_ldrj.
7(B™) i=1
Then,

()zP 77, if p>a+gq,
Iyz* = @ k Z 4.3
92 { 0, otherwise. “3)

Analogous calculations show that

g = a“(a/)z‘“’“ ifg>a+p,
é 0, otherwise,
where
pp’q (@) = 2"T(n+lg—p—al+ A+ 1)q!
ak,A -

LA+ DT kj=1+1gpDi(g—p-a)!

m
231 lacy=pepl+2k;=1
xf a(ry,...,r) (A=Y | [P0 .
(B") i1

Besides, from [8] it is easy to show that

o_ { Il (@) 2P, ifatqzp,

T2 .
0, otherwise,

[

where
2" (n+|g—p+al+ A+ 1)(a+q)!
F(/l+ I)H’}Ll(kj— 1+ |a’(]‘) +q(j)|)!(q—p+a)!

m
244 2a(j+q¢)=pl+2kj=1
xf a(ry,...,r) (A=l |0 o gy o
(BM) i

A

Corollary 4.4. Especially, if p,q are two (non zero) orthogonal multi-indices, we have

> a+p-q
( ’}/a,k,p,q,/l(a')z )’ ifa > q,

— Za 0
Tz (5 )-
0, otherwise,
and
0 .
. 0 ﬁﬁf/{(ﬂ) Zﬁ+q—p s lf:B Z 125

0, otherwise.
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If k= or k=(1,1,...,1), Toeplitz operators with k-quasi-homogeneous symbols,
acting on the unweighted pluriharmonic Bergman space on the unit ball, were studied in [9]
and [10] respectively.

4.1 Commutativity results for Toeplitz operators with k-quasi-homogenous
symbols on the pluriharmonic Bergman space

In this section we present some commuting identities for Toeplitz operators with k-quasi-
homogenous symbols acting on the pluriharmonic Bergman space on the unit ball B". These
results were proven in [8] for the weighted Bergman space on B”.

Corollary 4.5. Let k = (k1,ka,...,ky) be a partition of n and p,q be two multi-indices.
Then for each pair of non identically zero k-quasi-radial functions a; and a, the Toeplitz
operators T,, and Ta2 o7 acting on the pluriharmonic Bergman space bﬁ(B”) satisfy

TaT 07 = Topprp T
if and only if |p| = lqj| for each j=1,2,...,m.

Proof. Let @ € N" be given. We suppose that a > ¢, then

= 7? B ol _ ')/a],k,/l(a'+p_Q)Vaz,k,p,q,/l(a)zaw_q
afap'\ o )7 0 ’

= = (2 _ [ Varkpga(@) Yaka(@)z 7
Tazl”é“qu( 0 )_( 2 0 :

Thus,

_ Za — — ZQ’
Ta1 Taz{%q( O ) = sz{”zq Tul ( 0 )

Ya kA (a+ P ‘I) Vaz,k,p,q,/l (o) = 7az,k,p,q,/l(a) Ya ,k,/l(a')-

Using Theorem 4.1 of [8] we conclude that

~ —~ Zd — . Z(z
TalTazi”Zq( 0 ): Taz{”.(qTal( 0 )

if and only if |p ;)| = |g(;| for j=1,...,m. Analogously if 8 > ¢,

if and only if

=~ = 0 0
T, T .- = — |
a az{ﬂg‘l( Z‘B ) ( Yal,k,/l(ﬂ+q_p) ﬁifk,/l(ﬂ) Zﬁ+q D )

e 2 e
agr S\ A 0 (B arkaB) L
Then,

oo )= TaoeTa( )
if and only if

Yal,k,}(ﬁ +q9- P) 05;?](,/1(6) = ﬁgfk7/l<ﬁ)7a1,k,/l(ﬁ)-
From Theorem 4.1 of [8] last equality holds if and only if |p(;| = gyl for j=1,...,m. O



250 M. Loaiza and C. Lozano

We note that under the condition |p;)| = |g(j)|, formulas (4.1) and (4.2) are reduced to
the following expressions

m
~ (kj =1+ lagjD! (@) +piy)! ]
Yakpga(@) = [ Yaka(@),
akpg l;l (kj =1+l + D! (g + Py =gt
979 () = 1_1[[ (ki=1+18p)D! (B +90)! ]y B
- a,K, .
AL K= 1+1B) + 9Dt By + a0 = Pi)!

In the following theorem we obtain the conditions under which two Toeplitz operators
with k-quasi-homogeneous symbols, acting on the pluriharmonic Bergman space bi(B”),
commute.

Let k = (ky,...,k,) be a partition of n. We consider any two bounded measurable k-
quasi-homogeneous functions a(ri,...,r,) pzq and b(ry,...,rm)l ”ZV, which satisfy the fol-
lowing conditions

1. pLgandu L v,
2. |pyl = lgpl and Jupl = vl
for j=1,2,...,m.

Theorem 4.6. Let a(rl,...,rm)gpzq and b(ry,...,rm){ ”ZV be as above. Then the Toeplitz
operators T, o7 and T, > commute on each pluriharmonic Bergman space b/zl(B”) if and
only if one of the following conditions is fulfilled

L. pe=qe=0, 3.pe=u=0,
2oup=v¢=0, 4.gr=v=0. (4.4)

foreach €=1,2...,n.

Proof. First, using Corollary 4.4 we have

? _ T ) Fa _ 7a,k,p,q,/l(a+u—V):;;b,k,u,v,/l(Q)Za+u_v+p_q
arZ e\ o )T 0

and
T 7\/? _ z* _ Vb,k,u,v,/l(a +p— Q)?a,k,p,q,/l (@) *P=aru=y
b tar?'\ o |7 0 ’
for those multi-indices @ such that these expressions are non zero. Consequently,
- - Z(Y - - Z(Y
Loz Topg ( 0 ) = Tyog Tagrg ( 0 )
if and only if

7a,k,p,q,/1 (a’ tu— V)?b,k,u,v,/l (a') = Vb,k,u,v,/l (a' t+p— qyj;a,k,p,q,/l(a)-
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Using Theorem 4.5 of [8] we conclude that for all @ € N” and A4 > —1,

Lo The ( 0 ): Toog Ta{fzq( 0 )

if and only if (4.4) holds.
On the other hand, using again Corollary 4.4 we have

T T, 0 0
arZ' T\ )T ﬁg”z’ﬂ(ﬁ+v—u)ﬂZ:Z’A(ﬁ)ZﬁW—Hq—p

—

and

7T O )= Y
ez T2\ & )=\ oy @ra-polf @Prro |

for those multi-indices 8 when these expressions are non zero. That is,

Tz Tz ( Z% ) =Ty Tz ( Z% )
if and only if
G aB+v =105 (B) =0y (B+q =)0y (B).
This expression can be reduced to
B+v—u+!B+v)! B+g—p+)!(B+q)!
B+v—uw! Bra-p!
which is valid if and only if (4.4) holds. O

In [8], the author shows that there exist many commutative Banach algebras generated
by Toeplitz operators acting on the weighted Bergman space on the unit ball and if they
are extended to C*-algebra they become non commutative C*-algebras. These algebras
are generated by k-quasi-homogeneous symbols. From Theorem 4.6, we can construct
commutative Banach algebras generated by Toeplitz operators with k-quasi-homogeneous
symbols, acting on bi(B”). To describe them we use the notation from [8]. In addition to
(3.1) we rearrange the variables z; and correspondingly the components of multi-indices in
p and g such that

(i) foreach jwith k; > 1, we have
PGy =Pjts--sPjn;»0s...,0) and q(jy = (0,...,0,Gn,15- - Gjk;)s 4.5)
(ii) if ky = kj» with j/ < j”, then hjy < hjr.

Let k = (k1,...,ky) be a partition of n, we start with m-tuple h = (hy,...,h,), where
hj=0ifk;j=1and 1 <h;<k;j—1if k; > 1. In the last case, if k; = k;» with j* < j”, then
h < h 77

We denote by Ry (h) the linear space generated by all k-quasi-homogenous functions
a(rl,...,rm)gpzq, where a is a k-quasi-radial function and the components p(;) and g,
j=1,...,m, of multi-indices p and ¢ are the form (4.5) with

Pjr* -t Pjihjy =djn o+ 4k

Pjls-evsDjhjsQjihjers -4 jk; € L The set Ry (k) contains all k-quasi-radial functions.
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Corollary 4.7. The Banach algebra generated by Toeplitz operators with symbols from
Ri(h) is commutative on each pluriharmonic Bergman space b%(B”).

Acknowledgments

The authors thank Professor Nikolai Vasilevski for his valuable suggestions and comments.
The work was partially supported by PROMEP (México) via “Proyecto de Redes” and by
CONACYT project 180049.

References

[1] W. Bauer, C. Herrera Yafiez, and N. Vasilevski, Eigenvalue characterization of radial
operators on weighted Bergman Spaces Over the Unit Ball. Integr. Equ. Oper. Theory
78 (2014), pp 271-300.

[2] S. M. Grudsky, E. A. Maximenko, and N. L. Vasilevski, Toeplitz operators on the
Bergman space generated by radial symbols and slowly oscillating sequences. Pro-
ceedings of the Scientific School of 1. B. Simonenko, Rostov-on-Don, Russia (2010),
pp 38-43.

[3] K. Guo K. and D. Zheng, Toeplitz algebra and Hankel algebra on the harmonic
Bergman space. J. Math. Anal. Appl. 276 (2002), pp 213-230.

[4] M. Loaiza and C. Lozano, On C*-algebras of Toeplitz operators on the harmonic
Bergman space. Integr. Equ. Oper. Theory 76 (2013), pp 105-130.

[5] R. Quiroga-Barranco and N. Vasilevski, Commutative C*-algebras of Toeplitz oper-
ators on the unit ball, I. Bargmann type transforms and spectral representactions of
Toeplitz operators. Integr. Equ. Oper. Theory 59 (2007), pp 379-419.

[6] R.Schmidt, Uber divergente Folgen und lineare Mittelbildungen. Math. Z. 22 (1924),
pp 89-152.

[7] Z. L. Sun and Y. F. Lu, Toeplitz operators on the Weighted Pluriharmonic Bergman
Space with Radial Symbols. Abstract and Applied Analysis 2011 (2011), pp 1-15.

[8] N. Vasilevski, Quasi-radial quasi-homogeneous symbols and commutative Banach
algebras of Toeplitz operators. Integr. Equ. Oper. Theory 66 (2010), pp 141-152.

[9] J. Yang, L. Liu, and Y. Lu, Algebraic Properties of Toeplitz Operators on the Pluri-
harmonic Bergman Space. Journal of Function Spaces and Applications 2013 (2013),
pp 1-12.

[10] J. Yang, L. Liu, and Y. Lu, Algebraic Properties of Quasihomogeneous and Sepa-
rately Quasihomogeneous Toeplitz Operators on the Pluriharmonic Bergman Space.
Abstract and Applied Analysis 2013 (2013), pp 1-12.

[11] K. Zhu, Spaces of Holomorphic Functions in the unit Ball, Springer, 2005.



