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Abstract

Let C be a Cantor subset of the real line. For a real number ¢, let C+¢ be the translate
of C by t. We say two real numbers s,t are translation equivalent, if the intersection
of C and C+s is a translate of the intersection of C and C+t. We consider a class of
Cantor sets determined by similarities with one fixed positive contraction ratio. For
this class of Cantor set, we show that an “initial segment” of the intersection of C and
C+t is a self-similar set with contraction ratios that are powers of the contraction ratio
used to describe C as a self-similar set if and only if ¢ is translation equivalent to a
rational number. Many of our results are new even for the middle thirds Cantor set.
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1 Introduction

In this paper we study self-similarity properties of the intersections of certain Cantor sets
with their translates. The simplest form of our results is Theorem 1.1. Cantor sets may
appear to be rather special. However, they occur in mathematical models involving fractals,
iterated function systems, and self-similar measures), they further play a role in number
theory, in signal processing, in ergodic theory, and in limit-theorems from probability. Can-
tor sets are also rooted in the theory of dynamical systems. See, for instance, Palis and
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Takens [26]. The literature in this subject, neighboring areas, and applications is vast. Be-
low we limit ourselves to a small sample of the literature: Cabrelli, Mendivil, Molter, and
Shonkwiler[2], Dai and Tian [6], Davis and Hu [3], Duan, Liu, and Tang [5], Furstenberg,
[8], Garcia, Molter, and Scotto [9], Hare, Mendivil, and Zuberman [11], Kraft [15], [16], Li
and Nekka [17], Li, Yao, and Zhang [18], McClure [21], Moreira [22], Peres and Solomyak
[25], Pedersen and Phillips [23], [24], Williams [27], and Zhang and Gu [28].

Let n > 3 be an integer. Any real number ¢ € [0, 1] has at least one n-ary representation

(o)

Ik
t=0.,t11-- :Z_k
n

k=1

where each f; is one of the digits 0,1,...,n— 1. Deleting some elements from the full digit
set {0,1,...n—1} we get a set of digits D :={dy | k=1,2,...,m} with dy < di for all k =
1,2,...,m—1. Assuming 2 < m < n we get a corresponding deleted digits Cantor set

C=Cup :={Z%|xkeDforallkeN}. (1.1)
k=1

We say that D is uniform, if dy 1 —dy, k=1,2,...,m—1is constant and > 2. We say D is
regular, if D is a subset of a uniform digit set. Finally, we say that D is sparse, if |6 — 6’| =2
for all § # &’ in the set of differences

A:=D-D={dj-d|dj.dy € D}.

Clearly, a uniform set is regular and a regular set is sparse. The set D = {0,5,7} is sparse
and not regular. We will abuse the terminology and say C,, p is uniform, regular, or sparse
provided D has the corresponding property. The middle thirds Cantor set is obtained by
setting n = 3 and D = {0,2}. In particular, the middle thirds Cantor set is a uniform set.

In this paper we investigate self-similarity properties of the intersections C N (C +1) of
C with its translates C + ¢ := {x+ ¢ | x € C}, for sparse Cantor sets C. Using a geometric
approach, we investigate the class of real numbers ¢ € [0, 1] for which the intersection C N
(C+1) can be expressed as the finite, disjoint union of self-similar sets. Since the problem
is invariant under translation, we will assume d; = 0.

Compared to previous studies, e.g., [4], [13], and [18], of self-similarity properties of
CN(C+1) we allow a greater class of digits sets, sparse sets as compared to uniform sets
and we study self-similarity of a subset of C N (C+1) instead of self-similarity of all of
CN(C+1).

Previous studies focused on the class of strongly periodic rational values ¢, see section
6.1. We expand the study of uniform sets to include all rational values of ¢ and give a
method for constructing values ¢ € C for which the intersection C N (C +¢) is not the finite,
disjoint union of self-similar sets. These results, as well as Theorem 1.1, Theorem 1.3, and
Theorem 1.4 are new even for the middle thirds Cantor set.

1.1 Statement of results
Fix a real number ¢. If CN(C+1¢) is non-empty, let

C):=(CnC+))—-inf(CN(C+1)),
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otherwise, let C(¢) be the empty set. We say that two real numbers s and ¢ are translation
equivalent, if C(s) = C(t). Clearly, s and ¢ are translation equivalent if and only if CN(C + s)
is a translate of CN(C+1). We show that a real number ¢ is translation equivalent to a
rational if and only if some initial segment of C(¢) has a self-similarity property. More
precisely, we show:

Theorem 1.1. Let D be sparse and x € [0, 1] such that C (x) is not empty. Then x is transla-
tion equivalent to a rational t € [0,1] if and only if there exists € > 0, such that C(x)N [0, ]
is a self-similar set generated by a finite set of similarities fj(y) = rjy+b;, where rj=n"4i
for some qj € N.

Theorem 1.1 only requires that the segment of C (x) in a neighborhood surrounding zero
is self-similar. However, if x is translation equivalent to a rational, then the intersection
C(x)N[e, 1] cannot be arbitrary, see Theorem 1.3.

Let A" := AN[0,0) and let F(A™) be the set of « in the interval [0, 1] such that

[ee)
a= Z apn”*, for some a; € A*.
k=1

Then F (A*) is a subset of the set F* of all ¢ € [0, 1] such that C N (C +1) is non-empty, and
any ¢ in F* is translation equivalent to some « in F (A™), see Section 4.
Let 6 be an integer. If DN (D +6) is nonempty, let

Ds:=DN(D+8)—min(DN(D+9)),

otherwise, let D; be the empty set. It follows from Lemma 4.12, that @ in F (A*) is transla-
tion equivalent to a rational if and only if there are integers £ > 0 and ¢ > 0, such that

Dy; C Dy 44 for all j> k. (1.2)

We say a is strongly periodic if there are sets D,; and g > 0, such that
Dy, + 5%. = Dy, forall j> 0.

Note this implies (1.2). We show in Section 6.1 that our notion of strong periodicity is
consistent with the one in [4], [18], [13], and [29], when D is uniform.

Theorem 1.2. Let D be sparse and a = 0.,a1a;... be an element in F(A*). Then « is
strongly periodic if and only if C () is a self-similar set generated by a finite set of similar-
ities f{(x) =n"9x+bj, where g € N.

If D is uniform, this was established in [4], [18] when d,,, = n — 1. After we completed
this manuscript we received the preprint [14], this preprint contains a generalization of
Theorem 1.2, see Remark 4.16.

One part of Theorem 1.1 is a consequence of a structure theorem for CN (C + x), when
x is rational. This structure is summarized in the following result.
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Theorem 1.3. Let D be sparse and t € [0,1] such that CN\(C+t) is not empty. If t =
0.n11+* te—pli—p+1 - Iy for some period p and integer k > p, then there exists a sparse digits
set E = {0 <e<ep<--<e < n2p} and corresponding deleted digits Cantor set C,2p g
such that C(t) consists of a finite number of translates of nikanp, g, the translates of nikanp, E
are disjoint, in fact, the translates of the convex hull of nikanp, g are disjoint.

Let dimy (CN (C +1)) denote the Hausdorff measure of C N (C+t). We showed in [24]
that there are uncountably many ¢ such that the dimyg (C N (C +¢))-dimensional Hausdorff
measure of C N(C+1) is zero or infinity. For such ¢, the set C N (C +¢) is not a finite
union of translates of a self-similar set. In particular, not all real numbers are translation
equivalent to a rational number. We provide a method for constructing real numbers which
are not translation equivalent to any rational, and thus are not a finite, disjoint union of
self-similar sets. In particular, we show that if D is uniform and # € C,, p is irrational, then ¢
is not translation equivalent to any rational.

The structure of uniform deleted digits Cantor sets allows us to prove the following
special case of Theorem 1.1:

Theorem 1.4. Let D be uniform and x € [0,1] such that C N (C + x) is not empty. There
exists a rational t € [0, 1] such that C(x) = C(¢) if and only if C (x) is the finite, disjoint union
of self-similar sets.

We show in Section 6.2 that our results extend to a class of S-expansions with non-
uniform digits sets. The papers [29] and [13] consider S-expansions with uniform digit
sets, but they allow a different class of 8’s than we do.

We refer the reader to [7] for background information on Hausdorff dimension, Haus-
dorff measure and self-similar sets.

1.2 Outline

In Section 2 we summarize the construction of C N (C +¢) in our analysis. More details can
be found in [24] where this construction was used to investigate the Hausdorff measure of
CN(C+1t). A related construction was used in [23] to investigate the Hausdorff dimension
of CN(C+1).

In Section 3 we investigate some aspects of translation equivalence leading to a proof
of Theorem 1.3. We calculate the Hausdorff measure of C N (C+1t) for some C and ¢ and
apply our methods to situations when D is not sparse.

In Section 4 we resume our analysis of translation equivalence leading to a proof of
Theorem 1.1 and to a proof of Theorem 1.2

In Section 5 we associate an uncountable family of irrationals that are not translation
equivalent to a rational to any ¢ such that C(¢) is not finite.

Finally, in Section 6, we focus on uniform sets and discuss the relationship between
strong periodicity and translation equivalence. We extend the definition of strongly periodic
rationals to an arbitrary digits set D and show, if D is uniform, then Theorem 1.1 holds with
rj =n~% replaced by r; > 0. We prove that our results hold for certain S-expansions with
non-uniform digits sets.
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2 A Construction of CN(C+1)

In this section we assume n > 3 is given and that D = {d; | k=1,2,...,m},2<m<nis a
digits set. We demonstrate a natural method for constructing C = C, p, which forms the
basis for our analysis of C N (C+1¢). The results in this section are proven in [24], but we
summarize the relevant parts of [24] here for the convenience of the reader.

In order to avoid trivial cases where CN (C +t) is empty, define

F:={t|Cn(C+1) + 2}.

It is easy to see that F = C—C = {x—y | x,y € C} and consequently, F' is compact. Since
CN(C-1) is a translate of C N (C +7) it is sufficient to consider t >0 and F = (-F*)UF™
where F* := FN[0,00).

The middle thirds Cantor set is often constructed by beginning with the closed interval
Co =[0,1] and, inductively, for k > 0, obtaining Cy. from C; by removing the open middle
of each interval in Ci. In general, C = C, p can be constructed in a similar manner. The
refinement of an interval [a,b] is the set

m
J=1

Let Cy be the closed unit interval [0, 1] and inductively, for k > 0, obtain Cy,; from C; by
refining each n-ary interval in Cy. Then, Cy := {O.nx1x2 ...lx;jeDforl1<j< k}, Cis1 CCr
for all k, and

dj dj+1
a+—(Mb-a),a+ b-a)l.
n n

C=Cop={ |Ce={0mx1x2... | x; € Dforall 1 < j}. 2.1)
k=0

For any integer &, we say that an interval J® = nlk (Co + h) is an n-ary interval of length

nlk. We will simply say n-ary interval when k is understood from the context. In particular,
if U is a compact set, the phrase an n-ary interval of U refers to an n-ary interval of length
nlk contained in U where k is the smallest such k. Note, C; consists of m* disjoint n-ary
intervals.

For a fixed t = 0.,¢1#,... in [0, 1], our analysis of CN(C +¢) has three ingredients: (i) It

follows from (2.1) that

CN(C+0) = (N (Ci+1). (2.2)
k=0
(ii) There is a relationship, see Lemma 2.5, between C;, N (Cy +1t) and Cy N (Cy + | £];), where
Ltlk = 0.,t112 ... 1. (iiD), the structure of the set Ci, N (Cy + [¢];) is related to the structure of
the set Cry1 N(Cry1 + [2]r41), see the definition of o, and Lemma 2.3, below.

Since [t]; = nﬁk for some integer A, then Cy + |7]; also consists of m* disjoint n-ary
intervals. Thus, an n-ary interval J < Cy may interact with Cy + [¢]; in combinations of
only four cases: we say J® is in the interval case if J™ is also an interval of Cy + [ ¢];, the
potential interval case if JM 4 ,,Lk is an interval of Cy + [t];, the potentially empty case if
Jm — ,,Lk is an interval of Cy + | ], and the empty case if JP N (Cp + L#];) is empty.
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Remark 2.1. According to Theorem 3.1 of [24], if D is any digits set and ¢ € [0, 1] admits
a finite n-ary representation, then C N (C+1¢) = AU B where A is either empty or a finite,
disjoint collection of sets of the form nl—k (C+h) for some integers k and &, and B is either
empty or a finite collection of points. For these reasons, we focus on real numbers which
do not admit finite n-ary representation.

It is important to note that only interval and potential interval cases can contribute points
to CN(C+1t) whenever ¢ does not admit a finite n-ary representation.

Lemma 2.2. Suppose 0 <t—|t], < nl—kfor some k. If J is an n-ary interval in Cy and J is
either in the potentially empty or the empty case, then J N (Cy +1t) is empty. In particular,
the intersection JNCN(C +1) is empty.

It is possible for /7 to be both in the interval case and potentially empty case, or
to be both in the potential interval case and in the potentially empty case. However, the
intersections corresponding to the potentially empty cases do not contribute points to C N
(C+1) when 0 < t—[t]; and we will not identify these cases with special terminology.

We introduce a function whose values tell us whether Ci N (Cy + | #];) contains interval
cases, potential interval cases, both, or neither. Since Cy N (Cy +|¢]g) = [0, 1] consists of a
single interval case, then we can examine C; N (Cy, + | #];) using induction. Leti := V=1 and
let £:{0,%1,i}x{0,£1,...,+(n—1)} — {0,%1, i} be determined by

£0,h):=0
1 if Al isin Abutnotin A—1
—1 if |h| isin A—1 but not in A
EMh):=q. . .
i if |h| isbothin A and A—1
0  otherwise
—1 if |hlisinn—Abutnotinn—A-1
1 it |h| isinn—A—-1butnotinn—A
E(-Lh:=1 . . . . .
—i if |h isbothinn—Aandinn—A-1
0  otherwise
—i if |hlisin AU(m—A) butnotin (A-1)U(n—A-1)
G if [hlisin (A—1)U(m—A—-1) butnotin AU(n—A)
iL,h):=
if |l isbothin AU(m—A) andin (A—-1)U(n—-A-1)
0  otherwise.

The function £(z,h) is completely determined by D and n. Let o, : Ny — {0, +1, i} be deter-
mined by

04(0) :=1 and inductively
o (k+1) :=&(0(k),tgr1) -0 (k) for k > 0.

By construction of ¢ we have o, (k) € {0,+1,i} for all £k > 0. Compared to [24] the present
definition of & uses |/| in place of A. This is to anticipate a variant needed in Section 4.



Intersections of Cantor sets 7

Lemma 2.3. Let t=0.,t1t; - be some pointin [0,1]. Then C; N (Cy + | t];) contains interval
cases but no potential interval cases iff o; (k) = 1, potential interval cases but no interval
cases iff o:(k) = —1, both interval and potential interval cases iff o;(k) = i, and neither
interval cases nor potential interval cases iff o (k) = 0.

Lemma 2.3 allows us to describe F' in terms of 0, when D is sparse.
Lemma 2.4. Let C = C, p be a deleted digits Cantor set. Then D is sparse iff
F*={t€[0,1]|0;(k) = £1 for all k e N}.
Let #E denote the number of elements in a finite set E. Define 1,(0) := 1 and inductively

(k+1) = pi(k)-#(D—t5,1) N (DU (D +1)) if oy (k) =1
H k) #D—n+1.)NDUMD-1)  if oy (k) =—1

The function y; also depends on n and D, but we suppress this dependence in the notation.
The function g, provides a method for counting the number of intervals contained in Cy N
(Cr +1).

Lemma 2.5. Let C = C,, p be given. Suppose t € F* does not admit a finite n-ary represen-
tation and o(k) = =1 for all k > 0. Then C; N (Cy +1) is a union of u,(k) intervals, each of
length
w— (=11l when o (k) =1
O i=q " .
t—|tlk when o, (k) = —1
While y, (k) provides an upper bound to the number of intervals of length ¢, required

to cover C, N (Cy +1), it is important to know that each of these intervals contains points in
CN(C+1).

Lemma 2.6. Let C = C,, p be given. Suppose t € F* does not admit a finite n-ary represen-
tation and o4k) = £1 for all k > 0. For each k, every n-ary interval of Cy in the interval or
potential interval case contains points of CN(C +1).

If D is not sparse, then some interval or potential interval cases may not lead to points
in CN(C+1), see Example 3.13.

3 Real Values 1.

In this section, we prove Theorem 1.3. Part of Theorem 1.1 is an immediate consequence.
The other part of Theorem 1.1 is proved in Section 4.

As in Section 2, many of the results of this section only require that ¢ € F and o (k) = =1
for all k. This allows us to apply our results when D is not sparse for specific values of ¢, see
Section 3.4. On the other hand, if D is sparse the condition o (k) = =1 follows immediately
from Lemma 2.4 for all 7 in F.
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3.1 Translation Equivalence of n-ary representations.

We begin by investigating the structure of C N (C +¢) for an arbitrary value ¢ in F. Lemma
3.1 describes how the structure of C N (C+1¢) is related to the n-ary representation ¢ =
0..t1t2....

Lemma 3.1. Let C = C,p be given and t € F* such that t does not admit finite n-ary
representation and o;(k) = 1 for all k € No. Then C N (C+t) is a union of u;(k) disjoint
copies of

%[CH(CH@]‘ (t— Lth))] when o (k) = 1

and of u;(k) disjoint copies of
1
s [Cﬂ (C— 1 +n* (- Lth))] when o (k) = —

Proof. Any n-ary interval in Cy is of the form JO = nik (Co+h) for some h € Z. Let J;h) =
% (Cj+h). Then

nl (cn(C+n*(t-1t1n)) J(h)m J(h)+(t—Lth))) and

ﬂ
! —(Cn(C-1+n*t-111p)) ﬂ(ﬂ”m(ﬂ” +(t—Lth)))
n j=1
Now J® c C implies J;h) C Cyyj for all j, since J;h) is obtained from J® by repeated
refinement.

According to Lemma 2.2, only n-ary intervals in Cy that are in the interval case or the
potential intervals case can have points in common with CN(C+1¢). By Lemma 2.5 there
are u;(k) n-ary intervals J® C Cy in the interval or the potential interval case.

Suppose o (k) = 1. Then J " is in the interval case by Lemma 2.3. Hence J' " < Cr+1] k
and therefore J® + (t— Ltlx) € Cy +¢t. By repeated refinement J;h) + (= tl) C Ciyj+1.
Consequently,

'38

Il
—_

(7P (I + - Lek)) ﬁ (Crej O (Crsj+1))
J J=1
= CN(C+1).

Suppose o; (k) = —1. Then J™® is in the potential interval case by Lemma 2.3. Hence

J — nlk C Cy + 1] and therefore J® — nLk + (t—|t]x) € Ci +t. By repeated refinement J;h) -
nlk +(t=t]) C Ciyj +1t. Consequently,

(o)

M (J;h) n (J;h) _ % ey Jk))) < ((Cirj 0 (i +1))

j=1 j=1
=CN(C+1).
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Conversely, suppose x € CN(C+1) = ﬂ,‘:’: 1Ce N (C +1). Let k € Ny be arbitrary and
J® c Cy denote the n-ary interval such that x € J® for some & by Lemma 2.2 and J® is in
interval or potential interval case. Let

I = {i | J¥) € Cy is n-ary and in the interval or potential interval case}.

If JD = g - nik for some j,i € I then either J® or J) is in both the interval and potential
interval cases, which contradicts that o, (k) = +1. Thus, any J O c CeN(Cy + L#]) such that
i # jis at least a distance of ,,Lk from JU) and JV N JO = @

Suppose o (k) = 1 so that J @ is in the interval case for all i € I. Then C;, N (Cy +1) =
Uier JO 0 (IO + (¢ = [£])) so that x € J® N Cen (C+1) = JP 0 (JP + (= 1);)). Further-
more, JM N Cy. i= J;h) for each j > 0 by construction of Cy so that

xeﬁ(J(h)ﬁCkﬂ N (Cirj+1)) ﬁ IR (P + @ =1e1)).
J=1 =1

Since x is arbitrary, then CN (C +1) is a subset of the disjoint union

(o)

N0 G+ a-Lw))|.

hel \ j=1

The case o, (k) = —1 is obtained by replacing J 4 (t—1tlp) by J ) _ k +(t—|t];) above.

This completes the proof. O

According to Lemma 2.5, if o, (j) = =1 for all j then C;, N (Cy, + | 2];) is the disjointunion
of u; (k) n-ary intervals of length nlk Using the definition /; from the proof of Lemma 3.1,
Ce N (Cr + Lth) = Uner, JM and, for each h € I, the corresponding interval J™ refines to
a “small” Cantor set intersected with its real translate. Lemma 3.1 shows that, for each k,
the translation value directly depends on digits #; for j > k, and the spacing of intervals J' (h)
depends on [¢]; = 0.,t11; ... t;. The requirement that o, (k) = +1 guarantees that the intervals
J™ are disjoint. These results follow from the analysis in Section 2.

The next few lemmas establish some properties of translation equivalence. The first of
these result allows us to calculate limits of sequences of the form CN (C +x j).

Let H*(K) denote the s-dimensional Hausdorff measure of a set K. If D is sparse and
0<pB<1,0<y< oo are arbitrary real numbers, then the set

Fpy = {t]m Py < HPP&O) (€ (C+1) < )

is dense in F, see [24]. Thus, the mapping ¢ — H*(CN(C+1)) is everywhere discontinu-
ous on F. In general, if {x j}j:O is a sequence in F* which converges to x, then the limit

lim; (C N (C +x ])) need not equal CN(C + x), even when the limit exists with respect to
the Hausdorff metric.

Example 3. 2 Let C = C302) denote the Middle Thirds Cantor set. Choose x := % and
j

Xji=20 F =0.302---20 so that x; converges to x. For each j,

11 1
Cn(C+ux)) = (5— 3j+1C)U(1— 3].+1C),
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so that lim;_,, (Cﬂ(C+xj)) = {%,1}, however CN(C+x) = {%,%,1}.

However, with suitable restrictions on the sequence {x j} we show that the sets CN
(C +x j) do converge.

(o)

Lemma 3.3. Let C = C,, p and xy be given. Suppose {x j} is a sequence in F* converging

to some real number x. If
1. O'xj(k) = =1 for all j,k € Ny,

2. foreach jthere exists cj € R such that CN (C+ xj) =(CN(C+xp))+cjand

3. the sequence c;j converges to ¢ €R,

then CN(C+x) =(CN(C+xp)) +c.

Proof. Note that x € F* by compactness. Furthermore, the sequence of compact sets
(CN(C+xp)) +c; converges in the Hausdorff metric so that

lim (CN(C+x;)) = (CN(C+xp)) +c.

j—oo

We must show that CN(C+x) = (CN(C+xp)) +c. The result is trivial if x = x; for
some j, so suppose x # x; for all j.
Let y € (CN(C+xq)) + ¢ be arbitrary. For each j, choose y; € CN (C+xj) such that

y; converges to y. Thus, y; is a sequence of C so that y € C and lirnj_,oo{C+xj} =C+x
converges in the Hausdorff metric so that y € (C +x). Hence (CN(C+xp))+c S CN(C+x).

Nj+1
Let y € CN(C+x) be arbitrary. For each j €N, choose N; € N such that (%) " <
N.
|x—xj| < (%) ’. Thus, LxJNj = [ijN_ and Cy; ﬁ(CNj + LxJNj) =Cy; ﬁ(CNj + [ijN_). LetJ
J J

be the n-ary interval of Cy; which contains y. According to Lemma 2.6, J contains points
N; N;

0fCﬁ(C+xj) so choose y; € JﬂCﬂ(C+xj). Since J has length (%) ' then |y—yj| < (%) "
Thus, we can construct a sequence {y j} such that y; e CN (C +x j) for each j. Since

x; — x, then N; — oo and y; converges to y. Hence, y € limj_,w{Cﬂ(C+xj)} and CnN
(C+x)=(CN(C+xp))+c. O

Corollary 3.4. Let {x j} 0 be a sequence in F* such that x; converges to x, o, (k) = +1 for

j:
allk, Cn (C + xj) =(CN(C+xp))+cj foreach j, and the sequence c; converges to c. Then
cj€F forall jeNy.

Proof. Let j be arbitrary. Then CN (C +x j) = (C +c j) N (C +x0 +cC j) so that any element

yeln (C+xj) is contained in both C and (C+cj). Thus ¢; € F for all j and c € F by
compactness. O

We now show that when ¢ is rational with period p, then o7 is also periodic with period
por2p.
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Lemma 3.5. Let C,, p be given. Suppose t € F* does not admit finite n-ary representation,
oi(k) =+1forallk €N, and t = 0.,t1 -+ tilyy1 -+~ tysp for some integer k > 0 and period p.
Then o has period p or 2p.

Proof. Suppose o, (k+1) = o,(k+ p+1). By induction, for any j > k,

o+ p+ 1) =&(0(+ D) tjeper) -0t (+p)
=£(o()stjar) - o ()
=, (j+1).

Therefore, o (j) = o, (j+ p) for all j > k and o, (k) has period p.

Suppose o, (k+1)=—0,(k+p+1). If o (k+p+1) =0, (k+2p+1) then it follows that
o:(j) =0,(j+p) for j > k+ p and o, has period p by the argument above. Otherwise,
o;(k+1)=0,(k+2p+1). By induction, for any j > k,

o (j+2p+1) = £(0y (j+2p)tjsapr1 )01 (j+2p)
=£(oi()stjer) -0 ()
= O-t(j'i' 1).

Hence, o (j) has period 2p. O

It follows from the next lemma that, if D is sparse, then any ¢ in F™ is translation
equivalent to an s in F* such that o(k) = 1 for all k. That is, all intervals in C; N (Cy + |slz)
are in the interval case. We need Lemma 3.5 to show that, if ¢ is rational, then the s we
construct is also rational.

Lemma 3.6. Let C = C,, p be given. Suppose t € F* does not admit finite n-ary representa-
tion and o; (k) = +1 for all k € N. Then there exists y € F* such that oy (k) = 1 for all k € N
and CN(C+1t) =(CN(C+y))+c forsomeceR. Iftis rational, then y is also rational.

Proof. Let t € F be arbitrary. For a real sequence {x;};,, let x; := 0.,X;1x;> ... denote the
n-ary representation. Let xq := 7 so that xo; = ¢; and o, (j) = =1 for all j € N.

We will construct sequences {x;};>, and {Z;:o C"f}zo which satisfy Lemma 3.3 and
then show that y := lim;_,, x; satisfies our conditions. Let ¢, := 0 so that CN(C+xg) =
(CN(C+1)) +cy, and the translation condition is true for i = 0. Suppose CN(C+x;) =
(CN(C+x0)) + X' cx, for some i € Ny and o, (j) = +1 for all j € No.

Let P; :={h| oy, (h) = —1} be a subset of N. By assumption, P; is empty iff oy, (k) = 1
for all k and we can choose y := x;.

Suppose P; is nonempty and let k;;; € P; be the minimal element. Thus, o, (kix1 —1) =1
so that x;y,,, € A—1 by definition of o~. Therefore, C N (C+1) consists of uy, (ki+1) copies of

. (Cﬂ (C— 1 + ki (x,- - Lx,-ka))) by Lemma 3.1. Since

nki+1

CN(C-1+2)=(CN({C+1-2)-(1-2)
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for any real z, then

1
nki+l

(C N (C — 1 +nfn (x,- - sz'Jk,-H)))
1

= (Cm(C+ 1 — kit (xi - inJk,-H)))_Ckm

- nki+l
1 . > n—1-x;;
=— [Cﬂ[C+nk’“[ Z — — Chypy -
nki+l . nj
J=1+kis
1 . . .
where ¢, = 7 (1= (11— L)) Sinee 0 <1 (1 L, ) < 1, then 0 <y, <
nk,i - Choose x;41 such that
Xij forl <j<ki—1
XGi+1yj = xij+ 1 for j = ki1

n—l—x,-j fOI‘j>k,’+1.

Thus, oy, (j) =0y (j) =1forall 1 < j< k. It is by definition of o that oy, (kiy1) =1
since X(j+1yk;,, € A. Also, oy, (j) = =1 for any j> k;;1 since oy, (j) = £1 by assumption and
X(i+1)j€A iffx,-jen—A—l

X(i+1)j€A—1 iffxijen—A
x(,-+1)j€n—A iﬁx,-jeA—l
X(i+1)j en—-A-1 iﬁx,-j eA.
In particular, oy, , (j) = =0, (j) for any j > k;;1. Therefore, C N (C + x;11 ) is not empty
by Lemma 2.6 so that x;;; € F*. Since each potential interval J C Cy,,, N (Ckl.+1 + x| km) is

an interval case in Cy,,, + [ Xi+1 ;. by Lemma 3.1 then CN(C+x;) = (CN(C+ xj11)) —ck
Hence,

i+1 i+l

i+1
CN(CHxi51) = (CN(CHX)+ ) i
=0
By induction, {x;} is a sequence in F* such that CN(C+ x;) = (CN(C+xp)) + Z;:o Ck; and
oy, (j)==+1foralli,jeNy.

By construction, 0 < ¢, < L and ¢k, = 0 so that Z;:o Ck; < X

i 1 ki 1
—_ L/ < =<
nti ]:1 nkj —Z

1
j=lni = n=1
for all i € Ny. Since the sequence { ;:0 ckj.} is increasing and bounded above, let ¢ :=
lim;_, e {le:o ckj}.

k
Let £ > 0 be given. Choose N € N such that & > (%) Y>0andlet N<i< Jj. Since
ki
x; and x; have been constructed so that the first k; digits are equal, then |x,~ - j| < (%) <
&. Therefore, {x;} is a Cauchy sequence of F* and y := lim;_, (x;) is also in F*. By
construction, y = 0.,,y1y5 ... is the unique value such that

t ifo;(j—1)=1and o/ (j) =1

ti+1 if oy (j—1)=1and oy (j) = -1
n—-1-t; ifo,(j-1)=-1ando,(j)=-1
n—t; ifo;(j—1)=-1and o (j) = 1.

Yj 3.1
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Hence, the sequence {x;} satisfies the conditions of Lemma 3.3 so that
CN(C+1t)=(CN(C+y))—c.

Furthermore, for each i € N there exists k; > i such that y shares the first k; digits of x; and
oy(h)=0y;(h)=1forall0 <h <k;. Thusoy(h)=1forall heN.

It remains to show that y is rational whenever ¢ is rational. Suppose k > p > 0 and
1= 0.1+ tk—pli—p+1 - - Ix. Let g denote a period of o, (k) by Lemma 3.5. Since 7., =t; and
o:(j+q) =o0,(j) forany j >k, theny; = y;;, by equation (3.1) so that y has periodg. O

Remark 3.7. Define the function ¢ : [0,1] — [0, 1] according to equation (3.1) so that ¥ (¢) =
y. For example, if D ={0,2,7,9}, n = 10, and ¢ = 0.,,544728, then ¥ (¢) = 0.,555272. In
example 4.4, we choose D, n, and ¢,¢' € F such that C(¢t) = C(¢), yet ¥ (¢) # yr (¢').

3.2 Proof of Theorem 1.3.

We have now developed the machinery necessary to prove the first half of Theorem 1.1. In
fact, Theorem 1.3 is a special case of the following result.

Theorem 3.8. Let C,p be given and z € F be arbitrary. Suppose there exists t € F*
such that C(z) = C(t), t = 0.ty ty_pli—p+1 - tx for some period p and integer k > p,
and o,(j) = =1 for all j € Ny. If q denotes a period of o;(j) then there exists a digits
set E={0<e <ep <---<e, <ni} and corresponding deleted digits Cantor set B = Cyq g
such that CN(C +1t) consists of u; (k) disjoint copies of nl—kB. If D is sparse then E is also
sparse.

Proof. Lety:=y(t) € F* according to Lemma 3.6 so that y = 0.,,y; - - “ YiX1X2 -+ X4 does not
admit finite n-ary representation, o, (j) = 1 for all j, and CN(C+1) = (CN(C+y))+c for
some c € R. Define x :=n* (y—|y];) = 0., X x4 so that CN(C +y) consists of u, (k) disjoint
copies of nik (CN(C+x)) by Lemma 3.1. We will construct £ and show that CN(C + x) = B.

Let {S 4}4ep be the similarity mappings which generate C. Let S Ya):= Udep S a(a) so
that C = S (C) by definition and let S/ (a) = (S/~' 0 S ) (@) forall j € N. Thus, CN(C+x) =

S1(C)NSY(C) +x). Foreachu = (Ltl,uz,”‘ ,uq) € D4, define

Sula) = (S S (a) [a+z e 1]

Hence, C =S%(C) = Uyepq Su'(C) and Cy = U,epe S u ([0, 1]).
Since x = nl—q (Z;I.zl xj-nq_f) + nl—qx, letw := (xl,xg,m ,xq). Then for any u € D4,

q
Su(C)+x:Su(C)+i[Zx] ni= ]]+_

n4
]:

= %[C+x+;(uj+xj)‘nq_j]

=Suw(C+Xx).

L)
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Therefore, S, (C) +x =844 (C) + niq = Suw (C+x) and Uyepasw Sy ([0,1]) = Cr + [ x].
Since o, (k) = 1 then C; N (Cy +[x];) is in the interval case by definition so that the sets
S.([0,1]) and S, ([0,1]) are either disjoint or equal for any pair u € DY and v € D7 +w.
Since C € [0,1] and 0 < x < 1 then

_U MO]H[

Lue D1

_U Su([O,l])lﬂ[

Lue D1
| Su([O,l])lﬂ[
Lue D1

Hence, S, (C)N(S,(C+x)) # @ only if v € D?. Thus,

CN(C+x) = U (S, (C+x)

veDI+w

L) 5,10,11+0)

veD9+w

L) svao,1)

veD9+w

N

L) svc+a

veDi+w

Cﬂ(C+x)=[

g Su(C)lﬂ[

ueD
= S (ONSy(C+x)
ueDIN(DI+w)

U

ueDIN(DI+w)

S (CN(C+x)).

Let E := {23:1 uj-nq‘j |ue DIN(DY +w)}. Then B = Cyq g is the unique, nonempty
compact set invariant under the mapping

U(n_lq(.Jre)):

ecE
Hence, CN(C+x) = B. Note that #E = []%_| #(DN(D+x;)) = 1 ().
Suppose D is sparse. It is sufficient to show that y—y’ > 2 for any y #y" in I :=
{ ;1.: LU n?/|\ueDi- Dq} since E—E CT. Lety # 7’ be arbitrary and i be the smallest
index 1 <i< g such thaty; # y;. Withoutloss of generality, assume y; >y!. Since D is sparse

g

ueDIN(DI+w)

Su()

and ¥,y € A, then |y;—/| = 2 forall 1 < j< . Thus, if i = q then [y =’ = |y — ;| > 2.
Otherwise, if i < g then

q q q
y=7|= D> vt = > et = (=) nt 7+ D (= y)) it
J=i J=i j=irl
q
> 2n971 - Z (n-1)-n7| > |2nq_i—nq_i| > n.
j=itl

Therefore, E is sparse.

O

Theorem 3.8 shows that any sparse set C and rational # € F is the finite, disjoint union
of self-similar sets and proves the first half of Theorem 1.1.
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3.3 Hausdorff Measure of CN(C +1).

The structure of the set C N (C+1¢) is given by Theorem 3.8 when ¢ is translate equivalent
to a rational, and Lemma 3.1 when o (k) = +1 for all k. This additional structure allows
us to apply various methods for calculating the Hausdorff dimension and measure of C N
(C+1¢). If t is an arbitrary element of F such that o, (k) = 1 for all k, the Hausdorff
dimension of CN(C+1¢) can be calculated by methods in [23] and [24]. Specifically, if
t= 0.ty tylps1 - Tk+q and o (k) = 1 for all k, then the Hausdorff dimension of C(7) is

Iy log, #(D N (D +114))-
Remark 3.9. Assume the notation from Theorem 3.8. Furthermore, suppose D is sparse,
then s :=log,, (#E) is the Hausdorff dimension of B and

HH(CN(C+1) = (k) - H (B).

An algorithm for calculating the Hausdorff measure of B in a finite number of steps is
known, see [1], [19], and [20]. An estimate of the dimg (C N (C + t))-dimensional Hausdorff
measure of CN(C+¢) is given in [24] even when the set is is not a finite union of self-similar
sets.

Proposition 3.10 gives a formula for the Hausdorff measure of a deleted digits Cantor
set when D contains only two digits.

Proposition 3.10. Let n >3 and 0 <a< b < n be non-negative integers. If D = {a,b} and
s :=1log, (2), then H*(Cy.p) = (2=4)".

Proof. Letn >3 be given. We may assume D ={0,d} where d :=b—-a>1and A={-d,0,d}.
If d > 2 then D is sparse.
Since ”d;l -D ={0,n—1} then B = Cn’,% .p 1s the self-similar Cantor set generated by

removing the open “middle” interval of length 1 -2 % This set is well known to have

measure H*(B) = 1, see e.g., [10], [12], [7], or [19]. Hence, 4_p— {Z"" Ly tj€ D} =C

n—1 jzl nj
N
and H*(C) = ‘H‘V(% -B) = (ndj) . O
Example 3.11. Let C = C3 92 denote the middle thirds Cantor set. Let t = 0.3% = % SO
that ¢ = 2 is a period of o (k). By Theorem 3.8, CN(C +1) is the self-similar set Cq 46 8. If
s :=1logg (2), then H*(CN(C+1)) =4~ by Proposition 3.10.

3.4 Non-sparse digit sets.

Many of the results in Section 3 only require that ¢ € F satisfy o (k) = 1 for all k € Ny.
In this section we construct specific examples to apply these results when D is not a sparse
digits set. Example 3.12 constructs a family of values ¢ € F when D is not sparse.

Example 3.12. Let n = 10, D = {0,1,2,6,8}, and C = C,,p. Then D is not sparse, yet
{2,8} c A\(A—-1) where \ denotes set suhtraction. Thus, any 1 € C,, 12,8y is such that o (k) = 1
for all k by definition of 0. Let t = 0.102 = %. Since DN(D+2)={2,8} then CN(C+1t) =
{0x122... | Xk € {2,8}) = Gy 28y If s :=10g, (2) then H*(CN(C+1)) = (%)Y by Proposition
3.10.
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In specific cases, these methods can be applied to analyze values ¢t € F when D is not
sparse and o (k) # =1 for some k.

Example 3.13. Let D ={0,2,4,7,...,4+3r} for some r>2 and n >4 +3(r+1). Choose
1=0.,2 € F. Note that D is not sparse and o, (k) =i for all k > 1. For each k, Cy N (Cy + | £11)
contains 2¥ interval cases and r- 25! potential interval cases, however the potential interval
cases never contain points in C,, p N (Cy, p +1) since 2 is neitherinn—A norn—A—1.

For each , let I; denote the collection of 2F interval cases of C; N (Cy + L£];) so that
Cu.pN(Cyp +1t)CUyep J foreach k. If E :={0,2,4}, then I; consists of the same 2k intervals
chosen from the k™ step in the construction of C, z N (C, £ +1). Since C, g N(Cpp+1) =
Nz (User, J) implies Co.p N(Cp +1) € Cop N (Co +1), and E C D, then

Cn,D N (CnD + [) = CnE N (CnE + l).

Since E is sparse, then C, g N(Cpg +1) = Cpo4y and H*(Cp24y) = (nle)Y when s :=

log, (2) by Proposition 3.10. Thus, for a specific choice of ¢, D, and n, we can apply our
method even though D is not sparse and o7 (k) does not equal =1 for any k.

4 Unions of Self-Similar Sets

In this section we prove the second half of Theorem 1.1.

Remark 4.1. A real number a € [0,1] has a A representation, if « = 377, % =0,,0as...
and each «y is a digit of A for all k. Let [a]; = 0.,a1a3 ... k. Note A representations allows
the digits ay to be positive for some k and negative for other &. It is easy to see that F' is the
self-similar set {0.,a1a7 -+ | @; € A}, see e.g., [23]. Throughout this paper we will denote A
representations as @, y and reserve f, x, and y for n-ary representations.

The discussion in Section 2 holds for C N (C+ @) with A representations of « in F.
Detailed proofs are in [24] for the case of n-ary representations. The key observations are
that A = —A, |h| e A—1 iff —|h| € A+ 1, o,(k) only has values in {1,i}, and the geometric
configurations we called potentially empty cases in Section 2 are now potential interval
cases.

Remark 4.2. Suppose « € F admits finite A representation and let j, k € Z satisfy @ = |a|; =
n]—}f. We may define an n-ary representation ¢ := 0.ttty = % sothat C(¢) = C(|a|) = C(a)
by definition of F. Thus, we may apply Theorem 3.1 of [24] so that CN(C+a) = AU B,
where A and B are the sets defined in Remark 2.1. Hence, we will focus our analysis on
values @ € F which do not admit finite A representations.

4.1 Translation Equivalence of A representations.

The next result continues our investigation of translation equivalence. More precisely, we
describe translation equivalence in terms of the digit set D.

Theorem 4.3. Let n >3 and let D be a sparse digit set. Let a = 377 an, B = Z,‘:’:lﬁkn_k,
and 6 = Y32 oxn k. If DN (D+ay) = DN (D +pBy) + 0 for all k> 1, then CN(C+a) =
CCNC+p))+o.
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Proof. Recall, if A is a set of real numbers and 7 is a real number then A = {ta|a € A} and
if A and B are two sets of real numbers then A+ B={a+b|a€A,b € B}.

Let Cy = [0, 1]. The refinement is C; = %(D +Cy) = %D+ [0,1/n]. The refinement of Cy
i1sCp = %(D +C)) = %D + n%D +[0,1/n%]. Continuing in this manner we see that

C —1D+iD+---+iD+[0 1/ "]—illﬂ[o 1]
= — s ,/n —i:1ni ,1/n"|.

By sparsity of D the distance between any two of these intervals is £/n* for some integer
1 < ¢ < n*. Therefore,

k k
C; +Za,-n—i = Z %(Dmi) + [0, l/nk]
i=1 i=1

and consequently,

k k
C m[Ck +Zain_i} = Z %(DH(D+a,~))+ |0.1/n].

i=1 i=1

Using DN (D +a;) = (DN(D+;))+6; for 1 <i <k, it follows that

ain_i} = [Ck N [Ck + i Bin~" B + i sn~
i=1 i=1

and that this is a collection of intervals each of length 1/n*. Let 8 = 3, and

,B(k) = iain_i+ i ,Bin_i.
i=1

i=k+1

k
CinN [Ck +
i=1

Using & — Zf.‘: 1 an~t=pO0 - Zf.‘: 1 Bin~" we conclude

=~

Cen(Ce+B%) = (Cen (Ce+82)) + Z Sin~

i=1

is a collection of intervals each of length nik (1 - |Z;’zk +1 ,Bin‘i|). Repeatedly refining the
intervals in Cy we get

=~

C;in(Cj+pY) = (c;n(Cj+)) + > o™

i=1

for j > k. Consequently,

=~

cn(c+p®)=(cn(c+p))+ > oim™.

i=1

Since % — @ as k — oo the result follows from Lemma 3.3. O
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Example 4.4 applies Theorem 4.3 to construct an uncountable set of values x € F*
which are not only translation equivalent, but all generate the same set CN(C +1).

Example 4.4. Let D ={0,5,7} and n = 8 so that A = {-7,-5,-2,0,2,5,7} and C = C,, p is
sparse. Choose ¢ := 0.80_7. Then CN(C+1) = Cea,7.4763) has dimension s := loge, (3) and
measure 0 < HS(CN(C+1)) < 0.

Note that DN (D+2) ={7}, DN(D+5)={5}, and DN (D +7) ={7}. Let x € [0, 1] with
ternary representation x :=0.3x; x.... Let f: [0,1] — F such that f(x) =0.gy;y> ... consists
of digits

Y2k-1:=0
2 ifx =0
Yok i=415 ifx =1
7 if x =2.

Then, f(1) =t, o (k) =1 for all k, and f(x) is irrational whenever x is irrational. It
follows from Theorem 4.3 that (CN(C + f (x))) +c =CN(C+1¢) is self-similar, in particular,
f(x) is translation equivalent to ¢ for all x € [0, 1]. Itis, perhaps, interesting to note that since
DN(D+2)=DN(D+7)then CN(C + f (x)) = CN(C +1) for any representation of x chosen
from the middle thirds Cantor set C3 0 2).

Define A* := AN[0,00). We say that @ € F has a A* representation if @ = 0.,a1a5...
such that each @ € A* for all k. According to Corollary 4.5, when D is sparse, we can
restrict our analysis to A™ representations in F' without loss of generality.

Corollary 4.5. Suppose D is sparse. If @ € F* has A representation a = };7 agn*, then
@ is translation equivalent to @ := ;7 okl nk.

Proof. Let a € F be given with A representation @ := )7, axn*. If ay < 0 for some k, then
ag, +|ay| are integers such that DN (D +ay) = DN (D +|ax]) — |ak|. Hence a is translation
equivalentto @ = Z,‘:’: 1 la nk by Theorem 4.3. |

Remark 4.6. For the middle thirds Cantor set this shows that any intersection CN(C +¢) is
a translate of an intersection C N (C + 5) with s in C.

4.2 Proof of Theorem 1.1.

In this section, we will prove the second part of Theorem 1.1. We begin by showing that
A* representations are unique.

o

Lemma 4.7. Let D be sparse. If « € F* has a representation a = 37| ~ with digits ay € A"
for all k, then this representation is unique.

Proof. Suppose the A* representation @ = 0., ;... is not unique. Any sequence {a;} C
A* is also a sequence of {0,1,...,n—1} so that } ;> lakn_k is an n-ary representation of
a@. Thus @ has two n-ary representations with digits in A*, namely, 0., ...axb0 and
0.,a1...ar(b—1)(n—1) forsome kand 1 <b <n-1. Hence, b and b — 1 are both elements
of A, which contradicts that D is sparse by assumption. Therefore, the n-ary representation
with digits in A* is unique. i
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Since the A* representation is unique whenever D is sparse, we can classify the set
CN(C+a) in terms of the digits {ay}.

Lemma 4.8. Let D be sparse. If « € F has A" representation a = 0.,a1a;. .., then
CN(C+a)={0.,x1x2...| xr e DN(D+ay)}.

Proof. Let x € C be arbitrary and choose y € C such that x =y + @. Denote x :=0.,x1x3...
and y :=0.,y1y2... such that xz,y; € D. Suppose x; # yr + o for some k. Without loss of
generality, suppose k—1 = rnin{j |x; #y; +aj}.

If yx + ax < n then x has two n-ary representations with digits strictly contained in D C
A*, which is a contradiction by Lemma 4.7.

Ifyr +ar >nthen 0 <y, ar <nimplies O < yg+ax—n<n. Thus, x=0.,x1 ... X1 Xg ... =
0..x1 ... (x)-1 + 1) (yk + @, —n) ... has two different n-ary representations. Therefore x; =n—
leDandy;j+aj—n=0forall j>k. However, ) € A by definition and ay—1 = (n—1) -y
is some element of D — D = A, which contradicts that D is sparse.

Hence, x; =y +ay for each k and CN(C+ @) C{0.,x1x2 -+ | xx € DN (D + )} since x
is arbitrary. The reverse inclusion follows immediately since C = {0.,x1x -+ | x, € D}. O

When o has A* representation, then inf (CN(C+a)) = 32, n~*-min(DN (D +ay)) ac-
cording to Lemma 4.8. For each § € A*, define Ds := DN (D +6) —min(D N (D +6)) so that
0eDs C A" and

(o)

Cla) = Cﬁ(C+a)—Z min (DN (D + ay)) = {Zx_i | xx eDak}~ 4.1)
n

x
=1 n =1

This leads to the following Corollary to Theorem 4.3:

Corollary 4.9. Let D be sparse and suppose 0.,a a5 ... is a A* representation for a. Then
C(a) = C(y) ifand only if D, = D,, for all k.

We now prove the second part of Theorem 1.1 when C (@) is a finite set.

Lemma 4.10. Let D be sparse and a € F given. If C() is a finite set then « is equivalent
to a rational. In this case, C N (C + ) is the finite, disjoint union of trivial self-similar sets.

Proof. Suppose C(a) is finite and let K :={k|{0} & D,,}. Suppose K ={k; <ky <---}isan
infinite subset of N. For any x = 0.,x1x; ... in [0, 1] with x; € {0, 1}, define

(o)

— Yo
f(x):= ;(E ‘mln{a >0|a ED%}).
Thus, f(x) € C(a) for all x € [0,1] and f(x) # f(y) for any x # y so that f£([0,1]) is an
uncountably infinite subset of C(a). This contradicts the assumption that C(«) is finite,
hence KX is either a finite subset of N or empty. If K is empty then D,, = {0} for all k£ and

Cle) = {0} = C ().

n—1
Suppose K is finite. Let k = max(K) and define y := O.nalaz“‘ak@ so that DN
(D+aj) = Dﬁ(D+yj) for each j < k. Since Dﬂ(D+aj) = {d,-j} and Dﬁ(D+yj) ={d}

for j > k then D,; = {0} = D,,. Hence, C(@) = C(y) so that « is translation equivalent to
Y- |
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The proof of Lemma 4.10 shows that C N (C + @) is either finite or uncountably infinite.
Note that @ need not admit finite n-ary representation in the proof of Lemma 4.10. Example
4.11 exhibits an irrational number « such that C(«) is finite.

Example 4.11. Let D = {0,5,7), n =8, and o = 0,,07 so that CN(C+a) = {}.3,1}. By
defining y such that y; = a; except yo, = 2 on a sparse set of k’s (larger than 1) then CN
(C+vy)=CN(C+a) by Theorem 4.3 yet y does not admit finite n-ary representation.

Lemma 4.12. Let D be sparse and a € F given. There exist non-negative integers k,q such
that Dy; C Dy, for all j> k if and only if @ is translation equivalent to a rational number.
Proof. Suppose Dy, C Dy,
1 <i < g there exists a chain

for all j > k. Since D, C {0,1,...,d,,} for all j, then for each

Do, CD <+ C Doy 1O L, d)

feti Xktitq —

Therefore equality holds for all D,,,,, . after a certain point. For each i, let h; be a value
such that Doy, = Day,;.,. 5, fOr all j = 0. If b= max; (h) then Doy, = Dayivgue g TOT
all 1 <i<gand j>0. Lety:= 0,01 QshgQrhg+1** Crhr1)g- Then Do, = D, for all
j€Nsothat C(a)=C(y).

Conversely, suppose ¥y = 0.,¥1 - ¥iVk+1 " Yk+q 1S translation equivalent to @. Then
C(a)=C(y)and Dy, = Dyjfor all j € N by equation (4.1). Thus, Dy, =Dy, =Dy, =Da,,
for all j > k. O

We now have the tools required to prove the second half of Theorem 1.1.

Theorem 4.13. Let D be sparse and « € F be given. Suppose there exists € > 0 such that
C(a)N[0,&] is a self-similar set generated by similarities fj(x) = rjx+b; where r; = n"% for
some q; € Z. Then « is translation equivalent to a rational number.

Proof. According to Corollary 4.5 we may assume « has a A* representation. Let £ >0 be a
value such that C(a@)N[0,e] =T is a self-similar set. We may assume that by < by <--- < by
so that b; =0 and f;(x) = x-n~?'. Choose k € N such that £ > n* > 0 and let j > k be
arbitrary. Let d € D,; be arbitrary so that d - n~/ € T c C(a) by equation (4.1). We note
that the representation d-n~/ is unique by Lemma 4.7. Thus, f; (d‘n_j) =d-r-n/ =
d-n~Ut1) e C(a)andd e D . Since j and d are arbitrary, then D,; C D[,Ml forall j>k
and «a is translation equivalent to a rational number by Lemma 4.12. O

Aj+qy

This completes the proof of Theorem 1.1. Theorem 4.13 shows that if C(a) N[0,¢] is
constructed by specific similarity mappings, then « is translation equivalent to a rational
number and, by Theorem 3.8, can be expressed as

N
cn(C+a) = J(Carp+n))
j=1

for some n; <1 <--- <ny.
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4.3 When is C(«) self-similar?

Essentially, half of the answer to this question is provided by a calculation on page 307 of
[18] and the other half by an elaboration on the proof of Theorem 4.13.

Note that, if C(@) is self-similar, then we may choose k = 0 in the proof of Theorem
4.13. Hence, this proof shows that for some g > 0 we have

Dy, € Dy, forall j> 0. 4.2)

But this condition is not sufficient for C(a) to be self-similar. For this we need the stronger

condition that « is strongly periodic in the sense that there exists D,; such that

Dy, +Dq; = D,,,, forall j> 0. 4.3)

@y,

Clearly, whether of not a given « satisfies (4.2) or (4.3) depends on the set D.
The following is a restatement of Theorem 1.2.

Theorem 4.14. If D is sparse, then C N (C + @) is self-similar generated by a finite set of
similarities fj(x) = n"9x+b; with q € N if and only if a is strongly periodic.

Proof. Suppose (4.3) holds. Since (4.3) implies (4.2) it follows that D,; = D,,,, for all
sufficiently large j. Hence, for some p > 0, we have
Dy, +5[,j =Dy,,,, When j < pgand Dy, = Dy, ,, when j > pgq.
Consequently, _
Dy, ., = Da;+Da;, when j< pgandr>1. 4.4)

It follows now from the calculation on the top half of page 307 of [18] that, C(e) is a self-
similar set. For the convenience of the reader we sketch the details. Let x € C(a). Use (4.1)
to write x = > xen K, with x; € Dy, . By (4.4) we can write

Xi+pgr = Yrk * Zrk>Yrk € Doy 2rk € Doy, When 1<k<pq, 1<r

and yo = x;x when 1 <k < pq. Then

o pq
-k —(k+pgr
St =3 S
k r=0 k=1
pq 0 pq
—k - —k
= Z)’O,k” +Zn P qu(yr,k + 20
k=1 r=1 k=1
o ( pq
— kx| -
D DN U Ul P
r=0 \k=1

It follows that C(a) is generated by the similarities
fo(x)=n"Pix+b,b €B,

where B = { 5{":]1 (v + zgnP9) n_k|yk €Dy, 2 € Eak}.
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On the other hand, suppose C(«) is generated by the similarities fj(x) =n"9x+b;, j=
L1,2,...,L. Since 0 is in C(a) it follows that b is in C(a) for all j. Write

bj= byn™, withbj; € Dy,
k
Let Eak = {bﬂﬁq | j= 1,2,...,L}. For any x = kakn_k, X € Dy, we have

q 00
Jix) = Z bj,kn_k + Z (bjlkﬂ] + xk) pk+a)
k=1 k=1

Since D is sparse it follows that b, + x; is in Dy, Consequently, Eak + Dy, € Dy, - If
one of these inclusions is strict, then | J; f; (C(@)) would be a strict subset of C(«), by (4.1).
Hence, (4.3) holds. m|

Example 4.15. Let D ={0,2,4,6},n="7,and @ = 0.20. Then it follows from Theorem 4.14
that C(w) is self-similar. However, the self-similarities constructed in the proof of Theorem
4.14 do not satisfy the open set condition. Hence, C(a) is perhaps better understood in
terms of Theorem 1.3 where C(e) is described as a finite union of disjoint translates of a
deleted digits Cantor set.

Remark 4.16. After we circulated the first version of this paper, containing a version of
Theorem 4.14 valid for uniform sets, Derong Kong asked us to provide a set of similarities
for the set C(a), when D ={0,2,4,8}, n =9, and a = 0.20. This is not possible, since «
satisfies (4.2), but does not satisfy (4.3). We replied to Derong Kong query that we had a
proof of Theorem 4.14 as stated above. Subsequently Derong Kong sent us a preliminary
version of the manuscript [14] containing a similar result. Our Theorem 4.14 is similar to
[14, Theorem 2.3], however [14, Theorem 2.3] shows that C(«@) is generated by similarities
fp(x) = n~9x+ b from the assumption that C(e) is generated by similarities f(x) = rx+b,
O0<|r< 1.

5 A Construction of Numbers not Translation Equivalent to a
Rational

The structure of CN(C + ) is determined by the previous sections whenever « is translation
equivalent to a rational number. However, there exist many elements @ in F such that C(«a)
is not a finite union of self-similar sets in the sense of Theorem 1.3. Lemma 4.12 allows
us to construct a family of values y € F* which are not translation equivalent to a rational
number. In fact, the proof below associates such an uncountable family of such y to any
rational a for which CN(C + @) is infinite.

Proposition 5.1. Let D be sparse. There exists an uncountably infinite family of values
v € F* which are not translate equivalent to any rational number.

Proof. Let a be arational such that CN(C + @) is not finite. We may assume a:=0.,a1... @,
by Lemma 3.1. Fix i € N according to the proof of 4.10 such that 1 <i < p and {0} & D,, and
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let 6 € {6 € A" | D,, € Ds} be arbitrary (this set is nonempty since D, = {0} for any digits
set). Suppose x € [0,1] has binary representation x := 0.,x;x; ... and define f : [0,1] = F
such that f(x) = 0.,¥1v2... consists of digits

{xh+1‘aj+(1—xh+1)‘6 if j=1i+hp for some h € Ny
Yi=

a; otherwise.

Thus, {0} & Dy, ;, = Da,,, if xj+1 =1and D, . = Dsif x;+1 = 0 so that f (x) is irrational
whenever x is irrational. Since C N (C + «) is infinite then

{ilxj1 =1} ={j1 Dy, = Dary,,} (5.1)

is an infinite subset of N.

Suppose 7:=0.,T1T2 "+ T)The1 "+ Theq 18 translate equivalent to f'(x) for some 4 € N and
period g. Then D,, .. = D,, .. forall j>0according to Corollary 4.9. If a and b are positive
integers satisfying 4+ a = bp, then for each integer j > b,

D =D D

Yi+jp Yh+a+ti+(j—b)p = Yh+a+ti+(j-b)p+pq = D7i+(j+q)17‘

Equivalently, x ;1 = xj44+1 for all j> b by equation (5.1) so that x is rational with period
q. O

If K € R" is an arbitrary compact set with dimy (K)-dimensional Hausdorff measure
0 or oo, then K is not a self-similar set, see e.g., [7] and [12]. In particular, such a set K
cannot be expressed as the finite union of self-similar sets. In [24], a method was given for
constructing values y € F which satisfy 0 < s := dimg (C(y)) < log, (m) and H*(C(y)) =0 so
that such elements y are not translation equivalent to any rational. Example 5.2 constructs
v € F which is not translation equivalent to a rational, yet 0 < H*(C(y)) < 0.

Example 5.2. Let D={0,3,6,12} and n=17. Choose a := O.,,g sothat CN(C+a) = Cp 3,6
is self-similar with Hausdorff dimension s :=log, (2) and Hausdorff measure

3 N
H (CN(C+a)=(—]| -
16
Since D3 = {0,3} and D¢ = {0,6}, define y :=0.,¥1y>... such that y; =3 = a; except y;, = 6
on a sufficiently sparse set of k’s. Thus, 7 is irrational and not translate equivalent to any

rational by Proposition 5.1 so that CN (C +7y) N[0, ] is not self-similar for any € > 0. Note,
however, that u, (k) = i, (k) for all k. According to [24], L; =1 and i SHI(CN(C+y)) <.

6 Uniform Sets

In this section we consider uniform digits sets and prove Theorem 1.4. This allows us to
prove Theorem 4.13 with fewer restrictions on the similitudes and to establish connections
to some of the results in the papers mentioned in the introduction.

The next lemma is a step in that direction. The lemma also allows us to consider certain
B-expansions with non-uniform digit sets.
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Lemma 6.1. Let D be sparse, N :=d, + 1, and C = Cyp. Fix € (0, H and suppose
a = 0.yaiay... is a AY representation. If there exists € > 0 such that (CN(C+a)) N

k
[0,e] = {Z,‘:’:l Xy (ﬁ) | xx € DN(D + ak)} N[0,&] is a self-similar set generated by similari-

¢
ties{fii. ., then there exists 6 > 0 such that
J j=1

{Z x| e DN(D+ ak)} N[0,6]

k=1
is also a self-similar set.

Proof. Let D be sparse N :=d, +1, and @ € F* be fixed. The result is trivial if 3 = N~!,
SO suppose 8 € ( ) and (CN(C+a))N[0,g] =T is self-similar for some € > 0. Since
CN(C+a) is compact, we may assume € = sup(7) € C without loss of generality.

Each vy € C has a unique representation 0.5y - -+ where each y; € D by equation (1.1)
and Lemma 4.7. Define gg : C — R such that

The function gg is both continuous and increasing on C, and gg(X)U gg(Y) = gg(X UY) for
any XY € C. By equation (4.1), gg(CN(C+)) = { X2, %8| xx € DN(D+ay)}. Since
any € <7y € C implies gg(e) < gg(y) then gg(T) = gg(CN(C+a))N[0,6] where 6 := gg(&).

For arbitrary elements y # £ in C, there exists k € N such that y; # & and gg(y) # gg (§).
Hence, gg has unique inverse for any element of gg(C) = {Z,‘:’: 1 Xk ,8" | xx € D} and

C ~

¢
Jssesiogs')(gs(™) = | gs(r:(D)
=1

¢
= gﬁ[U fﬂ)]
j=1

=gp(T).

~.
Il
—_

¢
Therefore, gg(T) is a self-similar set generated by similarities { ggo fjo ggl }j_l. O

Corollary 6.2. Let D be sparse, N :=d,,+ 1, B € (0, N], and a have A representation. The
B-expansion Cantor set gg(CN(C +a)) can be expressed as the disjoint union

t
U gﬁ Csz +77])
j=1

for some ) <1y < --- <1y if and only if there exist integers k,q such that D|"j| - Dla,-+q| for
all j > k.
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The additional structure of uniform sets allows us to prove Theorem 1.1 with fewer
restrictions on the similitudes. Theorem 4.13 requires the contraction ratios to be of the
form r; = n~9/ for some integers g;, however, when D is uniform we require only that the
contraction ratios r; are positive.

Theorem 6.3. Let D be uniform and a have A* representation. Suppose there exists € >0
such that C(a) N [0,&] is a self-similar set generated by similarities fj(x) = rjx+b; where
rj > 0. Then a is translation equivalent to a rational number.

Proof. Since D is uniform, then there exists d > 2 such that d; = (j—1)d € D for each
1 < j <m < n. Furthermore, D,, = {a—a;|a€ D and a > «;} € D by Remark 6.4 so that
C(o) CCandif (j—1)d € Dy, for some i and j then (k—1)d € D,, forall 1 <k < j. We may
assume that b| < by <--- <bgsothat by =0 and f; (x) =r - x.

We only need show that there exist integers k,q such that Dy, C D,;,, for all j > k by
Lemma 4.12. According to Lemma 6.1, the result holds if there exists an n > d,,, such that
Dy, C Dy, for all sufficiently large j. Suppose n > dy, - (m—1).

Let € > 0 be a value such that C(a)N[0,&] =T is a self-similar set. We may assume by
Lemma 4.10 that C(e) is not a finite set and K := {k | {0} & D,, } is an infinite subset of N.

Choose k € N such that £ > n™* and let j > k be an arbitrary element of K. Then d € Dy,
sothatd-n™/ €T C C(e). Thus,d-ri-n /€T cCandd-ri-n"/ =32, x;-n~" has a unique
expression with each x; € D by definition of C and Lemma 4.7. Now, 0 < r; < 1 so that
d-ri=322%- n/~" <dand x; = 0 for all 1 <i < j. Since each x; € D we can write the n-ary
representation ry = 0.,r1 171 2... where ry; = % €{0,1,...,m—1}foreachi € N.

@y,

Suppose there exists g € N such that ry , > 2. Let a; := max (Daj.) >0sothata;-n/eT.

We will inductively define a sequence {a,} C D so suppose a, € Dy, iy for some 4. Then

O<ap<dyand 1 <r;<m-1sothata, r; <d,-(m—-1)foralli. Hence, 7= -1 =
’ ’ n

o an- rl,,-‘n""j‘q(h‘l) anda, <ap-ri4€D Define a1 = max(DaM'h) > ay,.

Thus, we have defined a; < a; <... < a,, such that a; = max (Da,-mh) eDforalll<h<
m. Since D is a uniform set containing m elements then D = {ay,ay,...,a,}. This leads to a
contradiction since a; > 0 yet 0 € D.

Therefore, ry; € {0,1} for all i € N and there exists ¢ such that r| , = 1 since r; > 0. If
d; € Dy, for some 1 <i<m,thenr|-d;-n/eC, and d; € D,,,,. Hence, Dy; € Dy, for all
j>k. O

Ajrgh*

It is a simple consequence of the proof of Theorem 6.3 that each element g € {i | r1; = 1}
is a period of the rational number that is translation equivalent to @. It is also interesting
to note that the proof of Theorem 3.8 constructs a collection { fix)=rix+b j}jzl where
eachr; =ry =--- =rp=n"7 for some g € N, however the set {i | r; ; = 1} could be countably

infinite in the proof of Theorem 6.3.

Remark 6.4. Suppose D is a uniform digit set. Then D,; = {a —ajlaeDanda> aj} for
eacha; e A* and D,; €D for all j by definition of uniform sets so that C(a) C C. This also

implies that Dy, = {O,d, ... ,d(dm - aj)} = max {D[Z }— Dy, for all j so that C(a) = z— C(@)

J

is centrally symmetric when z := Z;‘; 1 (max {Daj} n )
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When D is regular, but not uniform, then C (@) need not be a subset of C. For example,
we can choose D =1{0,4,6,8}, n>9, and a := % Thus, D,, =1{0,2} so that @ € C(a) yet
a¢C.

According to Remark 6.4, if D is uniform and C(«) is a self-similar set then we may
choose € = 1 to obtain the following Corollary to Theorem 6.3:

Corollary 6.5. Let D be uniform and a have A* representation. If C(«@) is a self-similar
set generated by similarities f;j(x) = rjx+b; then « is translation equivalent to a rational
number.

Proof. 1t is sufficient to show that 7 := C(a) can be generated by a collection of similarity
mappings with positive contraction ratios. Since 7 is centrally symmetric, then 7 =z —-T
for some z € [-1,1]. Foreach 1 < j < ¢, let hj(x) := —rjx+ (bj+z‘rj) if r; <0, otherwise
let i (x) := f;(x). Then

¢ t
Uhj(T) = [U fj(Z—T)]U[U fj(T)] = Uf/(T) =T
J=1 j=1

rj-<0 rj->0
O

This completes the proof of Theorem 1.4. A special case of Corollary 6.5 is proven in
[18] whend,, =n—1.

6.1 Uniform sets and strongly periodic rationals

In this section we assume that D is a uniform digits set. Note that if @; € A™ then D,; =

{O,d, ... ,(dm - aj)} so that (4.2) and (4.3) are equivalent when D is assumed to be a uniform
set. Thus, when D is uniform, a sequence {a;} C A* is strongly periodic if and only if there
exists an integer g > 0 such that Dy, C D,,, for all j> 0. We show that this is consistent
with the definition given in [4] and [18].

Proposition 6.6. Let D be uniform, n=d,, + 1, and a = 0., 1> ... have A representation.
Define & := 0.,41&, -+ such that &y = d,,, — |ay| for each k. There exists an integer g > 0
such that D|a,| - D|a,-+q| forall j> 0 if and only if there exist u,v € D? for some integer p >0
suchthatuj<vjforall 1 < j<pand & =0.,uy---u,vi--v,.

Proof. Suppose u,v € D” such that u; <v; forall 1 < j<p and & = 0.,u;---u,vi-v,.
Since u,v; € D then the A* representation of & is unique, so thatu; <v;forall 1 < j<pis
equivalent to d,,, — |aj| <d,- |aj+p| for all j > 0 by definition of &;. Furthermore, d,, — |aj| <
dn—|ajsp| it and only if Dy, | S Dy, | since Dy, ={0,d.....(dn—]aj|)} foralla;eA. O

Thus, when D is uniform, we extend the definition of strongly periodic to mean there
exists ¢ > 0 such that Dy, € D), | for all j>0. We note that a need not be rational to
satisfy this equation, but any such « is translation equivalent to a rational.

Remark 6.7. Suppose D is uniform and « has a A* representation. Since A™ = D, then
a€C,pCF and Dy =Dy, if and only if @; = «;. Hence, an irrational value a € C, p is not
translation equivalent to any rational by Corollary 4.9 and Lemma 4.12.
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We point out that if D is uniform, then F contains three disjoint partitions:

1. According to Theorem 1.4, if @ € F is translation equivalent to a strongly periodic
rational then C(a) N[0, &] is a self-similar set for e = 1.

2. If @ € F is translation equivalent to a rational 7, but not to any strongly periodic
rational, then C(a) N[0, £] is a self-similar set for some 0 < & < 1.

3. Otherwise, if @ € F is not translation equivalent to any rational, then C(a)N[0,¢] is
not a self-similar set for any € > 0

Example 6.8 illustrates a case when « is a strongly periodic rational.

Example 6.8. Let C = C3 o2) denote the middle thirds Cantor set and « := 0.3026. Then
CN(C+a) consists of u, (2) =2 disjoint copies of éC by Theorem 3.8. Let g = 2 so that
Dy; € Dy, for all j >0 and « is strongly periodic. Thus, CN(C+) is a self-similar
set composed of two “smaller” copies of C. Furthermore, the Hausdorff dimension of
CN(C+a) is s :=log;(2) and the Hausdorft measure is H*(CN(C+a)) = %

Example 6.9 demonstrates a rational in F that is not strongly periodic.

Example 6.9. Let C = C3 02 denote the middle thirds Cantor set and @ := 0.3 0220. Then
CN(C + @) consists of u, (2) = 2 disjoint copies of éCg’{G’g} by Theorem 3.8. If s :=logg (2)
then H*(CN(C+a)) = 47* according to Proposition 3.10. However, if ¢ = 2k is even then
Dy, =1{0,2} and D,,,,, = {0}. Similarly, if ¢ = 2k+1 then D,, = {0,2} and D,, ., = {0}.
Hence, a is not translation equivalent to any strongly periodic rational and C N (C+ @) is
not a self-similar set.

6.2 B-expansion Cantor Sets

Let N>2,Qc{0,1,...,N—1} be an arbitrary set containing at least two elements, and
Be(0.%) If ¢g(x) := Bx+d(1-p) /(N - 1), then the set generated by {¢a|d € Q} is the
B-expansion Cantor set

had k—l(l_ )
rﬁ’QI: {Z% |Xk€Q}.

k=1

According to Lemma 6.1, if there exists an integer d > 1 such that D = d-Q is a sparse
digits set and d,, < N — 1, then I'g jp can be expressed as

1-p
I'sgp=——=-g3(C
ED= 2N 8s(Cn,p)
for some sparse deleted digits Cantor set Cy p. Therefore, when g is small it is sufficient to
consider the structure of deleted digits Cantor sets. We point out that gg only preserves the
structure of these sets; the Hausdorff dimension and measure are not necessarily preserved
since gg(C3,02)) has dimension log ! (2) for any S € (0, %) Our results do not necessarily

hold for larger values of g since I'g o —I'g o may not satisfy the open set condition. We refer

to [29] and [13] for analysis of uniform S-expansion Cantor sets when 5 > ﬁ.
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Many of our results support the idea that self-similarity structure is determined by the
sequence {ay} C Q, sometimes called the Q-code. If D is sparse and d,,, < n, then F satisfies
the open set condition and any A* representations are unique by Lemma 4.7. We avoid
(direct) discussion of Q-codes to focus on the geometry of n-ary intervals J® c C;. Lemma
6.1 directly supports the idea that self-similarity is independent of the chosen base when
is small.
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