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Abstract

In this paper, we make extensive use of the well-known Krasnoselskii fixed point the-
orem to obtain the existence of square-mean almost periodic solutions to some classes
of hyperbolic stochastic evolution equations with infinite delay. Next, the existence
of square-mean almost periodic solutions to not only the heat equation but also to a
boundary value problem with infinite delay arising in control systems are studied.
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1 Introduction

Let (H, ||- ||, (-,-)) be a real Hilbert space which is separable and let (Q, F,P) be a complete
probability space equipped with a normal filtration { % : r € R}, that is, a right-continuous,
increasing family of sub c-algebras of F.
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Throughout the rest of the paper, if 4: D(A) C H+— H is a linear operator, we then
define the operator A : D(A) C L*(Q,H) +— L*(Q,H) as follows: X € D(A) and AX =Y if
and only if X,Y € L?(Q,H) and 4X (®) =Y (w) for all ® € Q.

Let 4:D(A) C H+ H be a sectorial linear operator. For o € (0, 1), let Hy, denote the
intermediate Banach space between D(A4) and H. Examples of those Hy, include, among
others, the fractional spaces D((—A4)%), the real interpolation spaces D (o, o) due to Lions
and Peetre, and the Holder spaces D z(a), which coincide with the continuous interpolation
spaces that both Da Prato and Grisvard introduced in the literature.

In this paper we study the existence of a square-mean mild solution for the following
classes of stochastic hyperbolic evolution equations with infinite delay in the form

d[X(w,t)ijl(t,X,((o))} - [}ZLX(w,t)+f2(t,X,(u))) dt (1.1)
+  f(6,X(0)dW(w,t), forall t €R, o€ Q,

where 4 : D(A) C H — H is a sectorial linear operator whose corresponding analytic
semigroup is hyperbolic, that is, 6(A4) NiR = 0, the history X, : (—oo,0] — H defined
by X;(t) = X (7 4+ 1) belongs to some abstract phase space B, which is defined axiomati-
cally, and f; : R x B — Hig (O<Oc<%<[3< 1) and f;(i =2, 3) : R x B — H are jointly
continuous functions.

To analyze Eq. (1.1), our strategy will consist of studying the existence of square-mean
almost periodic solutions to the corresponding class of stochastic differential equations of
the form

d X(t)—i—Fl(t,X,)] - [AX(t)+F2(t,X,) di + F5(1,X)dW(r) forallt € R, (1.2)

where A : D(A) C L*(Q,H) — L?(Q,H) is a sectorial linear operator whose corresponding
analytic semigroup (7'(¢));>0 is hyperbolic, that is, 6(A) NiR = 0, the functions defined
by Fi : Rx L*(Q,B) — L*(Q,Hg) (0<oa<i<B<l), Fi=273):RxL[*QB)—
L?(Q,H) are jointly continuous satisfying some additional assumptions, and W(z) is a R-
valued Brownian motion with the real number line as time parameter.

The literature related to functional differential equations with infinite delay on Banach
spaces is vast, we refer the reader for instance to the following papers [9, 10, 11, 12, 17, 18,
19, 23]. The existence of almost periodic (respectively, periodic) solutions to autonomous
stochastic differential equations has been studied by many authors, see, e.g., [2], [8], and
[22] and the references therein. Though the existence of square-mean almost periodic solu-
tions to Eq. (1.2) in the case when A is sectorial is an important topic with some interesting
applications, which is still an untreated question and constitutes the main motivation of
the present paper. Among other things, we will make extensive use of the method of ana-
lytic semigroups associated with sectorial operators and the well-known Krasnoselskii fixed
point theorem to derive sufficient conditions for the existence of a square-mean almost pe-
riodic solution to Eq. (1.2). To illustrate our abstract results, the existence of square-mean
almost periodic solutions to not only the heat equation but also a boundary value problem
with infinite delay arising in control systems are studied.
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2 Square-Mean Almost periodic Stochastic Processes

For details on this section, we refer the reader to [2, 4] and the references therein. In this
paper, we assume that (Q, 7, P) is a probability space. Let W be a Brownian motion on R.
It is worth mentioning that W can be obtained as follows: let {W;(z), r € R, }, i=1,2,be
independent R-valued Brownian motions, then

Wi (r) ifr >0,
W(r) =
Wa(—r) ifr <0,

is a Brownian motion with the real number line as time parameter. We then let #; =
o{W(s), s <t}.

Let (B, || - ||) be a Banach space. This setting requires the following preliminary defini-
tions.

Definition 2.1. A stochastic process X : R — L?(;B) is said to be continuous whenever

2
limEHX(t) —X(S)H —0.

t—s

Definition 2.2. A continuous stochastic process X : R — L?(Q;B) is said to be square-mean
almost periodic if for each € > 0 there exists /(€) > 0 such that any interval of length /(g)
contains at least a number T for which

2
supEHX(H—‘C) —X(I)H <E.
1€R

The collection of all stochastic processes X : R — L?(Q;B) which are square-mean
almost periodic is then denoted by AP(R; L*(Q;B)).
The next lemma provides some properties of square-mean almost periodic processes.

Lemma 2.3. If X belongs to AP(R;L*(Q;B)), then

2
(i) the mapping t — EHX (1) H is uniformly continuous;

2
(ii) there exists a constant M > 0 such that EHX(I) H <M, forallt € R.

Let CUB(R; L?(Q;B)) denote the collection of all stochastic processes X : R — L?(Q;B),
which are continuous and uniformly bounded. It is then easy to check that CUB(R; L*(;B))
is a Banach space when it is equipped with the norm:

1

2

x| =sw (BIX()1?) "
©° teR

Lemma 2.4. AP(R;L*(Q;B)) C CUB(R;L?*(Q;B)) is a closed subspace.
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In view of the above, the space AP(R;L?(Q;B)) of square-mean almost periodic pro-
cesses equipped with the norm H . H is a Banach space.

' HIBI) and (B, H . ‘ IB%Z)

their corresponding L?-spaces, respectively.

Let (B, be Banach spaces and let L2(Q;B;) and L*(Q;B,) be

Definition 2.5. A function F : R x L?(Q;B;) — L*(;B,)), (t,Y) — F(t,Y), which is
jointly continuous, is said to be square-mean almost periodic in # € R uniformly in ¥ € K
where K C L*(Q;B,) is any compact subset if for any € > 0, there exists /(€,K) > 0 such
that any interval of length /(€,K) contains at least a number T for which

supEHF(t—H?,Y)—F(t,Y) <e

teR

2
B,
for each stochastic process ¥ : R — K.

Theorem 2.6. Let F : R x L*(Q;B1) — L*(;B,), (t,Y) — F(t,Y) be a square-mean al-

most periodic process int € R uniformly in Y € K, where K C L*(Q;B1) is compact. Sup-
pose that F is Lipschitz in the following sense:

2
EHF(t,Y) —F(t,Z)‘

<wE|yr-7

2
Bz Bl
forallY,Z € L*(Q;B,) and for eacht € R, where M > 0. Then for any square-mean almost

periodic process ® : R — L*(Q;By), the stochastic process t — F(t,®(t)) is square-mean
almost periodic.

The present setting requires the following composition of square-mean almost periodic
processes.

Theorem 2.7. Let F : R x L*(Q:;B;) — L*(Q;B,), (¢,Y) — F(t,Y) be a square-mean al-
most periodic process int € R uniformly inY € K, where K C L*(Q;B,) is any compact sub-
set. Suppose that F (t,-) is uniformly continuous on bounded subsets K' C L*(Q;B) in the

following sense: for all € > 0 there exists 8 > 0 such that X,Y € K" and EHX — Y‘

2

< O,
B
then

2
EHF(t,Y) —F(t,Z)’ 5 <F vt e R.
2

Then for any square-mean almost periodic process ® : R — L*(Q;B,), the stochastic pro-
cess t — F(t,®(t)) is square-mean almost periodic.

Proof. Since ® : R — L?>(Q;B;) is a square-mean almost periodic process, for all € > 0
there exists [z > 0 such that every interval of length [z > 0O contains a T with the property
that

EHcI:(rH)—cp(t)H;1 <e, VieR. @.1)

In addition, @ : R — L?(Q;B;) is bounded, that is, supEHCI)(t)‘
teR
be a bounded subset such that ®(¢) € K” for all r € R.

2
5 < Let K" C L*(Q;B))
1
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Now

2 2

EHF(t—F’C,CD(H—'C))—F(t,(I)(t))

< EHF(t+r,CI>(t+t)) —F(I+Taq>(f))‘

B, B,

+ EHF(t+1,¢(t)) —F(t,®(1)) i

By

Taking into account Eq. (2.1) (take 8 = €) and using the uniform continuity of F on
bounded subsets of L?(Q;B,) it follows that

P _E 2.2)

supEHF(H—‘c,(I)(t—I—T))—F(t—I—T,CID(t))‘B -

teR

Similarly, using the square-mean almost periodicity of F it follows that

Pt 2.3)

supEHF(t—i—’c,CIJ(t)) —F(ta(p(t))‘ B, 2

teR

Combing Eq. (2.2) and Eq. (2.3) one obtains that

2

supEHF(t+‘c,<ID(t+‘c))—F(t,dD(t))‘ <e,
teR B,
and hence the stochastic process 7 — F(z,®(t)) is square-mean almost periodic. O

3 Sectorial Linear Operators

In this section, we introduce some notations and collect some preliminary results from
Diagana [7] that will be used later. If A4 is a linear operator on H, then p(4), 6(A4),
D(A), ker(A4), R(A) stand for the resolvent set, spectrum, domain, kernel, and range of
4. 1f By, B, are Banach spaces, then the notation B(B;,B,) stands for the Banach space of
bounded linear operators from B; into B,. When B; = By, this is simply denoted B(B;).

Definition 3.1. A linear operator 4 : D(A4) C H — H (not necessarily densely defined) is

said to be sectorial if the following hold: there exist constants { € R, 6 € (g,n> ,andM >0
such that Sg ¢ C p(A4),

Sog:={AeC:A#C, Jarg(A—C)[ <6}
M

and |[R(A, A)|| < ——, AES

where R(A, 4) = (M — 4)~! for each A € p(4).

Remark 3.2. If the operator 4 is sectorial, then it generates an analytic semigroup (7'(¢));>o0,
which maps (0, ) into B(H) and such that there exist constants My, M; > 0 such that

IT(1)|| < Moe®, t >0 3.1)
[t(A=EDT (@)]| < Mye¥, 1> 0 (3.2)



108 P. H. Bezandry and T. Diagana

Definition 3.3. A semigroup (7'(¢));>0 is hyperbolic, that is, there exist a projection P and
constants M, 8 > 0 such that 7' (1) commutes with P, Ker(P) is invariant with respect 7'(¢),
T(r): R(Q) — R(Q) is invertible, and

IT(¢)Px|| < Me™|lx||, £ >0, (3.3)
I (1) Qx| < Me”|x]|, 1 <O, (3.4)

where Q :=1—Pand, fort <0, T(t) := (T(—t))~".

Recall that the analytic semigroup (7'()),>o associated with the linear operator 4 is
hyperbolic if and if 6(4) NiR = 0.

Definition 3.4. Let o € (0,1). A Banach space (Hg, || - ||«) is said to be an intermediate
space between D(A4) and H, or a space of class Jy, if D(A) C Hy C H and there is a constant
¢ > 0 such that

elle < cllell "=l fpay x € D(AD), (3.5)
where || - [|(p()) is the graph norm of 4.

Here, ||u|ip(ay = ||lu|| + || Aul|, for each u € D(A)

Concrete examples of Hy, include D((—A4)%) for a € (0,1), the domains of the frac-
tional powers of 4, the real interpolation spaces Dz (0., ), o € (0,1), defined as the space
of all x € I such that

o= sup [[¢/'H(A—=LD) e ST (t)x] < oo,
0<r<1

with the norm
[xllo = (1] + Xlais

and the abstract Holder spaces Dz (a) := D(A4) e

Lemma 3.5. [6, 7] For the hyperbolic analytic semigroup (T (t)),>0, there exist constants
C(a) > 0,6 >0,M(a) >0, and y > 0 such that

(7 (£)Ox]|o. < c()e®||x]| for 1 <0, (3.6)
T (2)Px||q < M ()t~ % "|x|| for t > 0. 3.7

The next Lemma is crucial for the rest of the paper. A version of it in a general Banach
space is due to Diagana [6, 7].

Lemma 3.6. [6, 7] Let 0 < o < B < 1. For the hyperbolic analytic semigroup (T (t));>0,
there exist constants ¢ > 0,0 > 0, and Y > 0 such that

AT (1)0x < (ot B) ¥ 5] < (0, B) ¥ g, for 1 <0 38)
| AT (1) Px| o < M(0t) 1~ %" ||x[| < M'(o) 1% " ||x]|g, for t>0.  (3.9)
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4 The Phase Space B, (0 <a < 1)

In this work we will employ an axiomatic definition of the phase space By (0 < o < 1),
which is similar to the one utilized in [12]. More precisely, B, stands for a vector space
of functions mapping (—e, 0] into H, endowed with a seminorm || - ||, such that the next
assumptions hold.

(A) If x: (—o0,064a) — Hg, a >0, 6 € R, is continuous on [6,6+a) and x5 € By, then
for every t € [6,6 + a) the following hold:

(1) x;isin‘Bgy;
(i) lx(®)lo < Hllx || 8,5
(i) [ )|, < K (t — o) sup{|[[x(s)lla: O <5<t} +M(t —0)|x]| 3,

where H > 0 is a constant; K, M : [0,00) — [1,00), K is continuous, M is locally
bounded and H, K, M are independent of x(-).

(A1) For the function x(-) appearing in (A), its corresponding history t — x; is continuous
from [6,6+a) into B

(B) The space B, is complete.

(C2) If (yn)nen is a uniformly bounded sequence in C((—oo,0],Hy) given by functions
with compact support and y, — y in the compact-open topology, then y € B, and
[yn =yl — 0asn — .

In what follows, we let By o = {y € By : y(0) = 0}.

Definition 4.1. Let S(7) : By — By be the Cp-semigroup defined by S(¢)y(6) = y(0) on
[—e0,0] and S(#)y(0) = y(r+0) on (—oo, —1]. The phase space B, is called a fading memory
if |S(¢)y||, — 0 ast — oo for every y € By o. Now, By, is called uniform fading memory
whenever ||S(t)||p(s3, ) — 0 ast — eo.

Remark 4.2. In this paper we suppose £ > 0 is such that [|y[[s, < £supg(||y()]| for each
y € B bounded continuous (see [12], Proposition 7.1.1) for details. Moreover, if B, is a
fading memory, we assume that max{K(¢),M(z)} <R for all r > 0, (see [12], Proposition
7.1.5).

Remark 4.3. It is worth mentioning that in ([12], p. 190) it is shown that the phase B is
a uniform fading memory space if and only if Axiom (C2) holds, the function K(-) is then
bounded and lim; ... M(t) = 0.

Example 4.4. The phase space Cy x L?(p,Hy,).

Let p : (—o0,0] — R be a non-negative measurable function which satisfies the conditions
(25) — (g6) in the terminology of [12]. Briefly, this means that p is locally integrable and
there exists a non-negative locally bounded function Y on (—oo,0] such that p(§ +8) <
Y(€)p(8), for all § < 0 and 8 € (—o0,0) \ Ng, where Nz C (—o0,0) is a set whose Lebesgue
measure is zero.
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The space By = Co x L?(p,Hy,) consists of all classes of functions y : (—oo,0] > Hy,
such that y is continuous at 0, Lebsgue-measurable, and p||y|| is Lebesgue integrable on
(—o0,0). The seminorm in By, = Cy x L>(p,Hy,) is defined as follows:

¥, = 1)+ ([ p©)l0)15a0) "

The space By, = Cy x L?(p,Hy,) satisfies Axioms (A), (A1), and (B) with H =1, M(t) =
Y(—=1)"/% and K(r) = 1 + (fi)tp(e) d9)1/2 for t > 0 (see [12],Theorem 1.3.8 for details).
We also note that if the conditions (g5) — (g7) of [12] hold, then 2B, is a uniform fading
memory.

5 Existence of Square-Mean Almost Periodic Solutions

This section is devoted to the existence and uniqueness of a square-mean almost periodic
solution to the stochastic hyperbolic differential equation Eq. (1.2)

Definition 5.1. Let o € (0,1). A continuous random function, X : R — L?(Q;Hy,) is said
to be a bounded solution of Eq.(1.2) provided that the function s — AT (r — s)PF) (s,X;) is
integrable on (—oo,1), s — AT (t —5)QF (s,X;) is integrable on (¢,0) for each # € R, and

X(t) = —Fl(t,X,)—/_t AT(t—s)PFl(s,Xs)ds—i—/INAT(t—s)QFl(s,XS)ds
+/t T(t—s)PFz(s,Xs)ds—/mT(t—s)QFz(s,Xs)ds
+/ T(t — )P Fy(s,X,) dW(s) /Tt—s)QF3(sX)dW()

for eachr € R.
Throughout the rest of the paper we denote by I'1, I';, I's, I'4, I's, and I'g the nonlinear
integral operators defined by

(T1X) (¢ / AT (i — )P Fi(5,X,) ds, (T2X)(t /ATt—s)QFl(sX)

t

—o0

(T5X) (1) = / T(t—$)PF>(s,X,)ds, (TaX)(t) = /t CT(—5)0F(s,X,) ds,

(TsX) (¢ / T(t — s)PFs(5,X,) dW(s), (TeX)(t /Tt—s)QFg(sX)dW()

To discuss the existence of square-mean almost periodic solution to Eq. (1.2) we need
to set some assumptions on A, Fy, and F;(i = 2, 3). First of all, note that for0 < o < B < 1,
then
L*(Q,Hp) — L*(Q,Hg) — L*(Q;H)

are continuously embedded and hence there exist constants k; > 0, k(o) > 0 such that
E||X||> <k E|X|?3 foreach X € L*(Q,H,) and
E|IX||g < k(a)E||X|[3 for each X € L*(Q, Hp).
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(H.1) The operator 4 is sectorial and generates a hyperbolic (analytic) semigroup (7());>0.

(H2) Let o € (0,%). Then Hy = D((—4)%), or Hoq = Da(a,p), 1 < p < oo, or Hy =
Dg(a), or Hy = [H,D(42)]q.

(H3) Let a € (0,1) and o < B < 1. The function F : R x L?(Q;B) — L*(Q,Hj) is
square-mean almost periodic in # € R uniformly in X € O (O C L?(;B,,) being any
compact subset). Moreover, F' is Lipschitz in the following sense: there exists K > 0
for which

2
EHFl(t,X) —Fl(t,Y)HB < KEHX—Y‘

2
B,
for all random variables X,Y € L*(Q;B,) and ¢ € R.

(H.4) The function F;(i = 2, 3) : R x L?(Q;B,) — L*(Q,H) is square-mean almost pe-
riodic in ¢ € R uniformly in X € O; (O; C L*(Q;%B,)) being any compact subset).
Moreover, F;(R x B) is precompact for each bounded subset B of L?(Q;B), and
locally uniformly continuous, that is, for each r, € > 0, there is 8(r,€) such that
E||F(t,X) —F,-(t,Y)H[ZD] <& whenevert € Rand X, Y € L?(Q;B) with EHX||2%Q <
r, EHYHz%a < rand E||X — YHZ%Dc < 8. Moreover, for any € > 0, there is a > 0 such
that EHF,-(I,X)\|[2D] < €E|[|X||3, forallz € R and X € L*(Q;Bq) with E[| X3, > a.

The main result of the present paper will be based upon the use of the well-known fixed
point theorem of Krasnoselskii given as follows:

Theorem 5.2. Let C be a closed bounded convex subset of a Banach space B. Suppose the
(possibly nonlinear) operators L and M map C into ‘B satisfying

(a) forallu,v € C, then Lu+Mv € C;
(b) the operator L is a contraction;

(c) the operator M is continuous and M (C) is contained in a compact set.

Then there exists u € C such that u = Lu+ Mu.
To prove the main result (Theorem 5.8) we need the following lemmas.

Lemma 5.3. Under assumptions (H.1)-(H.2)-(H.3), the integral operators I'1 and 'y de-
fined above map AP(R;L*(Q,Hy,)) into itself.

Proof. The proof for the square-mean almost periodicity of I,X is similar to that of I'1 X
and hence will be omitted.

Let X € AP(R;L*(Q;Hy)). Clearly, X, € AP(R; L*(Q;By,)). Setting ¥y (¢) = Fi (¢, X;) and
using Theorem 2.6, it follows that W1 € AP(R;L*(;Hp)).

We can now show that I'1X € AP(R; L*(Q;Hy,)). Indeed, since W) € AP(R; L*(Q;Hg)),
for every € > 0 there exists /(€) > 0 such that for all & there is ¢ € [§,§ + [(€)] with the
property:

E|W:X(t+7)— ‘I’lX(t)||§ <Vv?eforeacht € R,
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,Ylfoc
M'(a)I'(1—a)
Now, the estimate in Eq. (3.9) yields

where v = with I'(+) being the classical gamma function.

E|TX(t+71)-TiX()|l3,
2
< E( [ IAT6PI I~ 5+7) P (e~ )] ds)

M (o) (/0 s % sts)(/Ows*“e*ysEH‘I‘l(t—s—i—r)—‘P](t—s)]H%ds)

(M’(OLE“(OIL —oc))z

IN

supE||¥;(t +1) —‘Pl(t)Héds
teR

< &
for each t € R, and hence I'1 X € AP(R; L?(Q;Hy)). O

Lemma 5.4. Under assumptions (H.1)-(H.2)-(H.3), the integral operators I's and T4 de-
fined above map AP(R;L*(Q;Hy,)) into itself.

Proof. The proof for the square-mean almost periodicity of I'41X is similar to that of I'3X
and hence will be omitted. Note, however, that for I'41X, we make use of Eq. (3.6 ) rather
than Eq. (3.7).

Let X € AP(R;L*(Q,Hy)). Clearly, X; € AP(R;L?(Q,B)). Setting W1 (1) = F>(t,X;)
and using Theorem 2.7 it follows that ® € AP(R; L?(Q,H)).

We now show that [3X € AP(R;L*(Q,H,)). Indeed, since @ € AP(R;L*(Q,H)), for
every € > 0 there exists /(€) > 0 such that for all § there is T € [§,§+1(€)] with

E||W2(t+1) — ‘Pz(t)H[zD] < -eforeacht € R,

,Yl—(x
M)(1—a)”

Now using the expression

where u =

(T3X)(t+1) — (I3X)(¢) = /OOOT(S)P[‘Pz(t —s+71)—Wa(r—s)]ds
and Eq. (3.7) it easily follows that
E||(I3X) (¢ +1) — (T3X)(7)||2 < € foreach t € R,
and hence, I'3X € AP(R; L?(Q;Hy,)). O

Lemma 5.5. Under assumptions (H.1)-(H.2)-(H.3), the integral operators I's and I'g de-
fined above map AP(R; L*(Q;Hy,)) into itself.

Proof. LetX € AP(R;L*(Q;Hy)). Clearly, X; € AP(R; L*(Q;B,)). Setting W3(t) = F3(¢,X;)

and using Theorem 2.7 it follows that W3 € AP(R; L?(Q; H)). We claim that I'sX € AP(R; L?(Q;Hy,)).
Indeed, since W3 € AP(R; L*(Q;H)), for every € > 0 there exists /(g) > 0 such that for all

€ there is T € [€,E+1(¢)] with

E||W3(r +1) — W3(1)||T < §-€ foreach 7 € R, (5.1)
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1

2¢%2 -K(a,y,8,T)°
Now using the expression

where { =

(TsX)(t +7) — (TsX)( / T(s)P[¥5(t — s +7) — Ws(t — )] dW (s),
Eq. (3.5), the arithmetic-geometric inequality, and Ito isometry we have
E[|(FsX)(r+7) — (TsX) (1)llg

< cE{l— H/ T(s)P[Ws(t — 5+ 1) — ‘Pg(t—s)]dW(s)H

2
+0cH/ P[5 —s+1) — ‘P3(t—s)]a’W(s)H[D(A>]}

IN

21«:{”/ P[¥3(r —s+71) — ‘Pg(t—s)]dW(s)H

2
+HA/°°T() [¥5(r —5+7) — P3(t —5)] dW (s H}

IN

{/ E|T(s)P[W3(r — s+ 1) — P3(r — 5)]|*ds

+/°°EHAT(S)P[%(t—s+r)—%(t—s)]yst}.
0

Now
E||T(s)P[¥3(t —s+1) —¥3(t —s)]||2 <M? e_255E||‘P3(t —s5+71) — Ws(t —s)||2
and
E|AT (s)P[¥3(t — s+ 1) — W3(t — 5)] H2 < M%(oc)s*me*ZYSEH‘R(t —s+71)—Wa(r —s)Hz.
Hence,

E|(TsX)(t +1) — (IsX) (1) )% < 2¢% -K(a,y,8,T) su£E||‘P3(t+’t) —¥3(0)|%.
te

M?  MP(o)I(1-2a)

28 rylfz()(

where K(a,v,9,T") =

AP(R;L*(Q;Hy).
The proof for ['¢X (+) is similar to that of I'sX (-) except that Eq. (3.6) and Eq. (3.8) are
used instead of Eq. (3.7) and Eq. (3.9), respectively. U

, and it follows from Eq. (5.1) that ['5X €

Consider the nonlinear operator Z on the space (AP(R;LZ(Q;HQ)), ‘ :
by

) defined

Hoopc

EX = E1X +E,X forall X € AP(R;L*(Q;Hy,)),
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where

for eacht € R.

—F(t,Xt)—/t AT(t—s)PFl(s,XS)ds+/ooAT(t—s)QFl(s,Xs)ds
/;T(t—s)PFz(s,XS)ds—/tooT(t—s)QF2(s,Xs)ds

+/th(t—s)PF3(s,Xq)dW(s)—/th(t—s)QF3(s,Xs)dW(s).

In view of Lemma 5.3, Lemma 5.4, and Lemma 5.5, it follows that £ maps AP(RR; [? (Q;Hyg))
into itself. In order to apply Krasnoselskii’s fixed point theorem, we need to construct two
mappings: a contraction map and a compact map.

Lemma 5.6. The operator | is a contraction provided K(a.,,d) < 1 for some constant

K(o,B,9).

Proof. LetX,Y € AP(R;L*(Q;Hy)). Using (H.1)-(H.4), we obtain

which yields

EHFl(t,Xt)—Fl(t,Yt)

2
X =Y

IN

k(oc)KE‘

2
o

o

IN

k(oc)~K~£HX—Y‘

2
)
o, 0

HFl(-,X.)—F1(~,Y)H <K(o) K| &

oo, 0l

X—YH .
00,0,

Now for I'} and I'», we have the following evaluations

2
E|[mx) () - o)

and hence

< ([

2 [ —a_—Y(i—s)
< ¢ /(t—s) e 2 ds)x

IN
ql\)

B
>~
o

Hrlx—ny” <c k(o) K £
0,0,

‘AT(t — $)PFi(5,Xs) — Fi (5,7,)] Hads)z

o

([ oot x|

(
x([ (t—s)’“efg(’fs)EHﬂ(S,Xg)—Fl(Sst)
k

21797 (1 — )

Yl —Q

x-r]..
0,0l
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Similarly,

2
E|[(rax) () — (C21) 1)

< E(/tw HAT(t — $)OIFi(5,X:) — Fi (5,7,)] ’ads)2
( /t " gd) as) ( /t " e E||Fy (5,X,) — Fi (5, Yo) I3ds)

k(o) K -Q(/twefs(sft) a’s)2 HX—YHia,

IA

IN

and hence,
c-K(o)-K'- &

o] -
00,0 )

X—YH .
00,01
0

Lemma 5.7. The nonlinear operator E, is continuous. Moreover, its image is contained in
a compact set.

Proof. Let us consider the set V = {X € AP(R;L*(Q,Hy)) : [|X[|2 o < R'} for some fixed
R’ > 0. For the continuity, let X" € AP(R;L?(Q,H)) be a sequence which converges to
some X € AP(R;L?*(Q,Hyg,)), that is, ||X" — X|jwa — 0 as n — oo. It follows from the
approximations in Lemma 3.5 that

EH /;T(t —S)PIFo(5,X") — Fa(s,X,)] ds

2
o

2

<E ds

[ et

—o0

Fz(S,XSn) — Fz(S,XS)

Now, using the continuity of F> and the Lebesgue Dominated Convergence Theorem we
obtain that

EH/_:OT(t—s)P[Fg(s,XS”)—Fz(s,XS)] ds

2
— 0 as n— oo,
o

By similar arguments, we can also show that

B

2
— 0 as n— oo,
o

/ T(t —)O[Fa(s,X") — Fa(s,X,)] ds
t

For the term containing the Brownian motion W, it is easy to see that there exists a
constant g(o) > 0 such that

EH [ T(—s)PIFs(s.X!) — F(s.X)] dW(s) ’

o

2

t
< g(o)) / (1 —5) 2% S| By (5, X7) — Fa5,X,) | ds.




116 P. H. Bezandry and T. Diagana

Now, using the continuity of F3 and the Lebesgue Dominated Convergence Theorem we
obtain that

2
— 0 as n— o0,
o

E| / T PR (s, X))~ F(s,X,)] V()

By similar arguments, we can also show that

(s —1)Q[F3(s, X)) — F3(5,X;)| dW(s) ’

o

— 0 as n— oo,

Therefore,

32Xn—32XH — 0 as n— oo,
o, O

We now show that E, maps V into a compact set; in particular, we show that Z,(V) is
an equicontinuous set. Indeed, let € > 0, | < t;, and X € V be arbitrary.
Now

2
(@) () (@00

< 4B|m0(e) - X)) +48] ) e) - ) m)]|

4B (15x)(02) — (0sx) o) 448 (06 2) — (Tex) o) |

We have

E[|(03x) () — (03x) )|

1

t 2
< 2E Tl‘z—s Plpz()d +2E l‘z—s (ll—s)]P‘Pz( )ds
o o

oo

[
— 2E /tthz—sP‘Pz()a’ ? 12K /ll /tzaT )dr>P‘P2()dsi
[

p ) )
= 2|/ Tt — 5)PWo(s) ds oE| [ —s)P‘Pz()d)ds )
— N 4N

Clearly,
N < E{/tl T(tz—s)P‘I’z(s)Hads}z
< M(oc)zE{ /tl % (1 — )G (=) ‘Pz(s)Hds}z.
Similarly,
Ny < / (/ (T— 5)PWa(s) ad‘c)ds}z
< / (/ (T— 5)PPa(s) adr)ds}z
< E / / )%= 1(=9) %@)Hdc) ds}z.




Square-Mean Almost Periodic Solutions to Some Stochastic Differential Equations117

Therefore,

EH ([3X)(12) — (T3X) (1) i

< 2M(oc)2E{ /t % (12 — )~ V(0=) ‘Pz(s)Hds}z
1

—|—2M(OL)ZE{/tI (/ttz(nc_s)—oce—ﬁ((f—s)

K(@,7) (12— 1) supE s (s ]
teR

‘Pz(s)Hd‘c) ds}2

IN

i

where K(a,Y) is a positive constant.

Similar computations show that

E[| rax) () - (rax) ()|
< 2M(0c)2E{/t:2e_5(s_“) ‘Pz(s)Hds}z
—|—2M(oc)2E{/;(/tltzes(ST) s)Hdr) ds}2
< K(0,3) (12— supE|[wa(s H ,

teR

where K (o, ) is a positive constant.

Let us now evaluate I'sX. We have

EH(FsX’)(lz) —(TsX)(t1) 2

o

2
< JPW3(s) dW ()|

o

" (P2 5) = T (01— 5))PWs(5) aW ()|

o

= N +N;.

Let us start with the first term. By Ito isometry identity, we have

N

IN

CZ{/:EHT(Q —s)PA(s) H2ds+ :EHAT(IZ —s)P‘P3(s)H2ds}

IN

26°Mj (01)? / " ) e 2]\ s) H2 ds}.

3
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Similarly,

IN

N CZ{/“ E[|l7( )~ 71 —s)]P‘P3(s)H2ds

N
cz{/_mE[
o[l
2 m(o)] / B[ /t % (1= 5) e~ 10=)
+/_1E[/t:2(r—s)“w<”>
& M(0)? /t E| /n % (1 5) e 1)

K(o,y,T)(ta —11) supEH‘Pg H
teR

IN

(t—s)PWs3(s) Hd’c] ds

n

el

(’t—s)P‘I@(s)Hd‘t} ds}

IN

‘I’3(S)H dtrds

AWs5(s) H dr} ’ ds}

IN

(S)H[D] dr} s

IN

D]
Therefore,

E[|(rsx)() - (rsx) o) |

) 2
< [K(oc,y) (t—11) +K(o,y,T) (t2 — 1) ]fgﬂgEH\yg(t)H[D],

where K(,Y) and K(a,7,I) are positive constants.
Similar computations show

2 2
e (rox) ()~ ()0, < [K(0.) (2 —n) + K (0. 8.8) 2 =1 s 0

where K(a,d) and K (., B, 8) are positive constants.
From the theorem of Ascoli-Arzela, it follows that Z, (V) is contained in a compact set.
The proof is complete. O

Theorem 5.8. Suppose assumptions (H.1)-(H.2)-(H.3)-(H.4) hold and that K(o.,3,8) < 1,
the evolution equation Eq. (1.2) has a square-mean almost periodic solution X satisfying

X =51 X+EX.

Proof. Fix € > 0 and let i=2, 3. It follows from assumption (H.4) that there exists r > 0
such that

2
o)

(D]

forall € R and Y € L*(Q,B)

§r}.
B,

Setting )
M; = sup {EHFi(I,Y) H[D] :
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Therefore,

2
i(t’Y)H[D} -

forall (1,Y) € R x L*(Q,By). (5.2)

Also, using Lemma 3.5, Lemma 3.6, Eq. (5.2), and assumption (H.4) we can show that

2

(E1X) (1) + (E2Y)()

0(

< iR (C) s ()] (k] rserleo)
= >> (S50 (o2 eef],)

b [k S LB (el )

+ 8M(a)?

et (s 1], el restenn (v

oo’(x)

Now, for €, K| small enough, choose R such that

+ e3(ouB,8,T) <M3+e‘

c1(o,B,T,3) (K1R+a) + (o, BT, 8) (M2+8R> +e3(ouB,T,0) <M3 +8R) <R

2

where a = supEHF1 (t,O)H and ¢;(o, B,T7,8) (i = 1,2,3) are constants depending on a., 3,
teR

9, and the classical gamma function T

LetW = {Z € AP(R; L*(;Hy,) HZH < R}. For X, Y € W, we have
oo7(x

2
<R.

o

(E1X) (1) + (ELY)(2)

Thus (£:X)(t) + (E2Y)(t) € W. In view of Lemma 5.3, Lemma 5.4, Lemma 5.5, Lemma
5.6, and Lemma 5.7, the proof can be completed by using the Krasnoselskii’s fixed point
theorem (Theorem 5.2).

O

6 Examples

Throughout the rest of this paper, we suppose 0 < a < 0.5 < B < 1.

Example 6.1. Let O C RN (N > 1) be an open bounded subset with regular boundary

=00 and let H = L?(O) equipped with its natural topology. Here, for u € (0,1), we take
H, = H§(0) NH*(0) equipped with its y-norm | - ||, and we choose as a phase space, the
one described in Example 4.4, that is, B¢ = Cy x L?(p, Hy,).
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To illustrate our main result, we study the existence of square-mean almost periodic
solutions to the stochastic heat equation with with infinite delay given by

A @+ Fi(t,®)| = |A®+B(1,®,) |0 + Fs(t,®,)dW (), inRx O

(6.1)
P =0, onR x O/

where F : R x L*(Q;By) — L*(Q,Hg) and F;(i =2, 3) : R x L*(Q,B,) — L*(Q,L%*(0))
are square-mean almost periodic processes.
Define the linear operator

Au=Au forall ue D(A)) = L*(Q,H}(0)NH?(0)).

Under previous assumptions, it is clear that the operators A is sectorial. Moreover, the
analytic semigroup associated with A is hyperbolic.
We have

Theorem 6.2. Under previous assumptions, then the heat equation Eq. (6.1) has a solution
® € AP(R,L*(Q,H}(0) NH2(0))).
Example 6.3. Here, for u € (0,1), we take H,, = H{([0,n]) NH2([0,n]) equipped with its

p-norm || - [,
Define the linear operator A by:

D(A) :={u e L*[0,n] : v’ € L*[0,n], u(0) = u(n) = 0}, and, Au:=u", Yu € D(A).
Clearly, A is the infinitesimal generator of an analytic semigroup (T (¢));>o on L?[0,7].

Furthermore, A has a discrete spectrum with eigenvalues of the form —n?,n € N, whose

corresponding (normalized) eigenfunctions are given by: z,(§) := \/% sin(n&). In addition,
the following properties hold:

(@) {z,:n € N} is an orthonormal basis for L*[0,7];

oo

(b) For u € L?[0,x], T(t)u = Z e_”2’<u,zn>zn and

n=1

Au=— Z 02 (U, 2,) 2
n=1

forallu e D(A);

(c) It is possible to define the fractional power (—A)% 0 < a < 1 of A, as a closed
linear operator over its domain D((—A)%). More precisely, the operator (—A)* :
D((—A)*) C L?[0,7] — L*[0,7] is given by

oo

(—A)*u= Y n**(u,z0)2n,

n=1
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for all u € D((—A)%), where

D((—A)“):{ eLZOTEi uz,,zneL[On]}

(e) If H,, denotes the space D((—A)") endowed with the graph norm || - ||, then H,, is a
Banach space. Moreover, H,, — Hl is continuous for 0 <v < u < 1 and there exist
some constants C,;, 8, > 0 such that

Ce“
tH

1T ()| ez, .L2/02) <

fort > 0.

Now, let A > 0 and define the phase space

Bo = {(I) € C((—oe,0];Hy) : hm ¢ M¢(0) exists in Ha} .

06— —o0

The seminorm in B, is defined as follows:

= sup {e"‘qu)(G

0€(—o0,0]

Is

The space B, satisfies Axioms (A), (A1), and (B) with H = 1, K(r) = max{1,¢*'}, and
M(t) = eM.
Consider the first-order boundary value problem

82

a@(z,&>+f1<z,d><r+e,a>>] — meed+ [ [antone (t+6n))dnd9]8

+ /Z/OE“S(fvi,e)fa(‘P(tJre,n))dnde] AW (1),

®(+,0) = @(t,m) =0, (6.2)

for (¢,€,0) € R x [0,7] x (—o0,0].
Here,

(a) the function f; satisfies assumption (H.3);

(b) the function a;(t,&,0) (i = 2,3) is nonnegative and almost periodic in 7 € R and uni-
9/
formly in (&,0) € [0,7] x (—eo,0] with e} a;(t,¢,0), j=0,1 are (Lebesgue ) mea-
surable with a;(t,m,0) = 0, a;(¢,0, 8) = 0 for every (¢,0) such that

N :zfggmax{/o ( ! aac if) Ce)d6>2dC:j=O,2}<
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(c) the function fi(-) (i = 2,3) is continuous, 0 < f;(u(6,§)) < \pil/2< u(G,-)H ), for

(0,8) € (—o0,0] x [0,7], where y;(+) : (0,00) — (0,0) is continuous, nondecreasing,
concave, and

tim Y1) _ g

X—00 x

Note that equations of type Eq. (6.2) arise for instance in control systems described
by abstract retarded functional-differential equations with feedback control governed by
proportional integro—differential law, see [9, Examples 4.2] for details.

For u € L*(Q; ‘Ba) and (0,&) € (—o0,0] x [0,7], let u(0)(§) = u(0,&) and define F; :
R x L*(Q;Bq) — L*(Q,Hg) and F(i =2, 3) : R x L*(Q,B) — L*(Q,L*[0,7]) by setting

Rt®)E) = AlLDO)E) 63)
F(1,®)(&) = / / ai(1,&,8) /i(@(8)(n) )dn de. (6.4)

Let us now check that (H4) holds. Indeed,

E[|-a) 5.9 @)[

L2[0,7]

= E Z n4a”Zn”I%2[0,n]

n>1

2

(Fi(1,®),20)

2
< EY wE[(F(,®),2)

n>1

= *ZE‘/ Fi(t,®)( nsmn&d%‘

n>1

= n>1n2’/n aa; 1,P)(E) z( dé’
2

82
g2’

IN

E Fi(t,®)

L2[0,m)

_ 2
_ ";E /0 /iaa;ai(r,&,e) /Onﬁ<d><t+e,n>>dnde] dé]
N _ 2
“e|[ /Owj;aia,a,e)w}”(H@(ex-) a)de] d&]
- _ 2
ol ][ Zaezon (o], o] o]

2
“ow(9],) /0[ iaa;aio,a,e)de] d
)

IA
|
=

IA
|
=

IN

4

“

IN
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and
E‘E(t,fb)H;om] - E /On(/i/ona,-(t,g,e)ﬁ(cb(z+e,n))dnde)2d§]
< wal [ anson(worc] o)l
< 2| [ (f Zaiu,a,e)w;”(e-mHd><e><~> ) de)zda]
s, )

Thus, combining these two evaluations and using the concavity of y;, we obtain

n)

Theorem 6.4. Under previous assumptions, then the system Eq. (6.2) has a square-mean
almost periodic solution.

Eriel, < (=5

D] )Nl \p,-(EHd)’
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