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If we have a parametric model for the invariant distribution of a Markov chain but cannot or do not
want to use any information about the transition distribution (except, perhaps, that the chain is
reversible), what is the best use we can make of the observations? We determine a lower bound for
the asymptotic variance of regular estimators and show constructively that the bound is attainable. The
results apply to discretely observed diffusions.
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1. Introduction

Let Xy, ..., X, be observations from a stationary Markov chain. Suppose we have a
parametric model zy(dx), 3 € O, for the distribution of X;, but no convincing or tractable
model for the transition distribution, say Q(x, dy), of X; given X;_; = x. We want to esti-
mate 9.

It is clear that it is not optimal to proceed as if the observations were independent. The
possible transition distributions are constrained by the condition that their invariant
distribution must be in the parametric family g, 3 € @. Hence additional information about
9 is likely to be obtainable through an estimator of Q. We pose the following questions.
How much information about 3 is contained in the observations? How can one exploit this
information for estimating 3? The answers are surprisingly involved.

The paper is organized as follows. In Theorem 1 (Section 3) we describe the information
about 3 by determining a lower bound for the asymptotic variance of regular estimators. In
Theorem 2 (Section 4) we show that reversibility of the chain carries no additional
information about J. In Theorem 3 (Section 5) we describe how to construct an efficient
estimator if a n'/?-consistent estimator of 9 and an appropriate estimator of the efficient
influence function are available. The construction utilizes the sample splitting techniques of
Schick (2001). Theorem 4 (Section 6) gives an explicit construction of an estimator of the
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efficient influence function with the desired properties. Section 7 compares our results with
known results for parametric Markov chain models.

The results apply when we have a parametric model for a stationary continuous-time
stochastic process and observe the process at n + 1 equidistant time points. Then the mar-
ginal distribution of the observations usually follows a tractable parametric model, while the
transition distribution is often intractable. In Section 8 we compare our estimator with
certain estimators based on parametric diffusion models which have been suggested in the
literature. Our estimator has the advantage of being robust against misspecification of the
underlying continuous-time process.

2. Characterization of efficient estimators

In this section we introduce some notation and recall a characterization of least dispersed
regular (i.e. efficient) estimators for real-valued functionals of Markov chain models. Let
Xo, ..., X, be observations from a stationary Markov chain on an arbitrary state space S
with countably generated o-field ., with transition distribution Q(x, dy) and invariant
distribution sr(dx).

We will use the following notation. The joint law of two successive observations is

7T ® Qdx, dy) = 2(dx)O(x, dy).

For a suitably integrable function f(x), write
@)W = [0t nf).  af = [atose,
For a function k(x, y) of two arguments, we write
(00 = [0, ankex . @1

For j =2, let 'k = Q7' Ok, so that (Q/k)(Xo) = E[k(X;_1, X;)|Xo]. This differs from the
application of the j-step transition measure ¢’ to k in the sense of (2.1), which would give
E[k(Xo, X ;)| Xo].

It will later be convenient to write functions f(x) of one argument as functions of two
arguments,

(L), y) = (), (RN(x, y) = [ ().

Here L and R stand for ‘left’ and ‘right’.

For a measure v, let Ly(v) be the space of v-square integrable functions, and L, (v) the
subspace of functions with v-integral 0. Let | f|| = (7wf?)"/?> denote the norm of a function
f in Ly(), and || K| = sup{||Kf]|| : || f|| = 1} the corresponding operator norm of a kernel
K(x, dy). Write J(x, dy) = ex(dy) for the identity kernel, and II(x, dy) = z(dy) for the
stationary projection. We have

Q= QI = I (2.2)
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The following assumption will be in force throughout.
Assumption 1. The chain fulfils ||Q — IT|| < 1.

We introduce a local model around Q by perturbing Q as follows. As local parameter
space we take

H=1{he Ly(n® Q): Oh=0}. (2.3)
For h € H, we set
Oun(x, dy) = O(x, dp)[1 + n~ 2 hy(x, y)], 2.4)
with
hp=hy—LOh, and  hy = hlgj4= s (2.5)

We have used the truncated and centred version %, of A because Q,;(x, dy) must be a
probability measure.

Write P, and P, for the joint distribution of (X, ..., X,) under the transition dis-
tribution Q and Q,;, respectively. Under Assumption 1, we have a nonparametric version of
local asymptotic normality,

AP, L dag, " i
log “gp, (Koo -+» Xa) = log = (o) 3 logl1 -+ /24Xy, X
. 1
=02y h(Xi, X)) = 5@ QR + o, (1) (2.6)
i=1
and
n
n 2N h(Xi, X)) = (re QhY)'2 N, .7)
i=1

where N is standard normal. A parametric version of local asymptotic normality for Markov
chains was first given in Roussas (1965); a nonparametric version in Penev (1991). Local
asymptotic normality for Markov step processes and Hellinger differentiable Q,; in the sense
of Hopfner et al. (1990), and hence for O, as in (2.4), is proved in Hopfner (1993a; 1993b).
He starts the chain at a fixed value X = xo, so that logd,;,/dm(Xy) vanishes. We consider a
stationary chain, for which log dut,, /dmi(Xy) is negligible because the invariant distribution 7
depends continuously on the transition distribution; see Kartashov (1996).

So far we have looked at the full nonparametric model of all (sufficiently regular)
transition distributions. Consider now a submodel, described by a family ¢ of transition
distributions on .””. Suppose ¢ contains the transition distribution Q fixed above. The local
model is now obtained by perturbing Q within the family <. In regular cases, the local
parameter space will then run through a linear subspace H, of H. For Q,; to lie exactly in
¢, the construction (2.4) and (2.5) will have to be modified slightly. For the models
considered below, we will omit the (tedious) details.
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Consider a real-valued functional ¢ on <. This is called differentiable at Q with gradient

gif g€ H and
n' 20 Qu) — Q)] — 7@ Q(hg)  for h € Hy. (2.8)

The canonical gradient is the projection go of g onto H.
Let T, be an estimator of #Q). We call T, asymptotically linear at t(Q) with influence
function h if he€ H and

n'2[T, — (Q)] = n~1/? Z h(X -1, Xi) + op,(1).
i=1

We call T, regular at Q with limit L if
n'?[T, — (Om)] = L  under P,, for h € H.

The convolution theorem of Hajek (1970) in the version of Pfanzagl and Wefelmeyer (1982,
Theorem 9.3.1) — see Bickel et al. (1993, p. 63, Theorem 2) — says that if 7, is regular, then

{wz Z go(Xio1, X0, n'[T, — Q)] — n” /2 Z o(Xier, X 0}
=1 =1

= {(r® Qgl)'*- N, M}  under P,,
with N standard normal and M independent of N. In particular,
L=n® Qg%)l/2 N+ M in distribution.
The estimator T, is (asymptotically) least dispersed if
L=m®QgHY* N  in distribution. (2.9)

By the convolution theorem, T, is least dispersed among all regular estimators for #(Q) if and
only if it is asymptotically linear with influence function equal to the canonical gradient,

WL, = (0] = n RS golXo 1, X+ o, (1), (2.10)
i=1

3. The information in the marginal law

As in Section 2, let Xy, ..., X, be observations from a stationary Markov chain on an
arbitrary state space S with countably generated o-field .. Suppose we have a parametric
model {m;: 7 € ®} for the invariant distribution, and that the transition distribution is
unspecified otherwise.

We consider two submodels of the full nonparametric model. The first, Zy, consists of
all transition distributions with invariant distribution in the family {m;: € ®}. The second,
", consists of all transition distributions which fulfil the additional restriction that the

koo

chain is reversible. The models are semiparametric, or rather nonparametric with a par-
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ametric family of restrictions. (In Section 7 we will also discuss models described by a
parametric family of transition distributions.) We are interested in estimating t.

For simplicity we take © to be one-dimensional and open. We fix a parameter 3. In the
following, we will often suppress this parameter in the notation. In particular, we will write
7 for my. In this and the next section, the following additional assumption will be in force.
We need it to determine a lower bound for the asymptotic variance of estimators of 9. It is
the usual condition in the independently and identically distributed (i.i.d.) case.

Assumption 2. For T € ©, the invariant distribution 7, has positive density p; with respect
to u, and the map T — p, is Hellinger differentiable at 3: There is a function /" € L (),
the Hellinger derivative, such that

ulpl? — pyf* =Yz = 9)/ py*P = ol(x — 9. 3.1)

Also, w/?>0.

Fix a transition distribution Q with invariant distribution 7 = ;rg. The local model around
QO is obtained by perturbing QO as in (2.4), subject to the restriction that the invariant
distributions are in the family {m;: T € ®}. The restriction entails a restriction on the local
parameter 2 of the perturbed transition distribution Q,;. To determine the restriction, we
consider the invariant distribution of Q,;. By Kartashov (1985a; 1985b; 1996), the transition
distribution Q,, has a unique invariant distribution s,; which admits the following per-
turbation expansion: for &7 € H and f € L,(m),

n'P@mf —af) — 7@ Q(h- RUf), (32)
where U is the kernel
U= i(Qf —II)  on Ly(m). (3.3)
j=0
Since Qh =0, we may centre RUf,
7R Q(h- RUf) =7 @ Q(h - Af), (3.4)
where
A=RU - LQU = i(RQf —LO*Y  on Ly(m). (3.5)
j=0

The operator A maps L,() into H,
AN, y) =D WO N — (@ N
=0

We will need the adjoint of 4 in the inner product (3.4). This is expressed in terms of
the reversed chain, with transition distribution Q(y, dx) defined by

m(dx)O(x, dy) = 2(dy)O(y, dx). (3-6)
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For a function A(x, y) of two arguments, we will follow the convention that the transition
distribution of the reversed chain acts on 4 from right to left, i.e. on the first argument of 4,

O = jQ(y, &h(x, ).

For j =2, let 0’h = O/~'Oh. Introduce
00
7=> (0 -a®Q onl@ Q).
=

For f € Ly() and h € H,
AR Q(h-Af)=a(Vh-f). (3.7)

This is Lemma 1 of Greenwood and Wefelmeyer (1999), specialized to functions of one
argument. With (3.4) and (3.7), the perturbation expansion (3.2) is

n2(@uf —af) — a(Vh- f). (3.8)

So far, we have not used the restriction that the invariant distributions are in the
parametric family {s;: 7 € ©}. Hellinger differentiability (3.1) of the invariant distribution
implies, for all bounded functions f and u € R,

n 2yt — f) — un(Zf). (3.9)

Comparing with (3.8), we obtain a restriction on the local parameter s, namely V'h = u/ if
QO has invariant distribution 7y, 12, Wwith u,, — u. Hence the local parameter space of '
at O is

H* - U Hu7
uclR
with
H,={h€ H: Vh=u/}.

We turn to the problem of determining a lower bound for the variance of estimators for the
parameter 7. According to Section 2, the bound is expressed in terms of the canonical
gradient. Consider 7 as a functional on x, defined by #Q) =7 if Q has invariant
distribution s;. Then

n' [0 Om) — ()] = n' 23+ n?u— F) + o(1) — u for h € H,.
By definition (2.8), a gradient g € H is determined by
TR Q(hg)=u for h e Hy,. (3.10)
The canonical gradient will turn out to be of the form Af with f € L,(;). The following

simple characterization will be useful.

Lemma 1. Let f € Ly(). Then Af is a gradient for 9 if and only if n(/ )= 1.
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Proof. We have Vh = u/ for h € H,. By (3.7),

a1 Q(h-Af) = (Vh- f) = un(/ f).

Hence (3.10) holds for g = Af if and only if n(/f) = 1. O

The canonical gradient, say g, is the projection of an arbitrary gradient into Hx. In
particular, V' g, = u/ for some u. Does the class of gradients in Lemma 1 contain the
canonical gradient? This is the case if we can find f € Ly(sr) such that VAf = u/, with u
determined by 7(/ f) = 1. A sufficient condition is invertibility of V4. To calculate VA4, we
introduce an operator V' analogous to V,

V=> (0 -a®Q) onLxe Q).
j=1

In accordance with our convention, the restrictions of ¥ and ¥ to functions of one variable
are VR and VL, or

i(Qj V= i( 0/ — ) on Ly(m).

We have
VA=J-TI+V+V on L, (7). (3.11)

This is Lemma 2 of Greenwood and Wefelmeyer (1999), specialized to functions of one
argument.

Lemma 2. The operator VA is invertible on Ly (), and
T = -0 -00)'(J -0

=Y (J-0)Q0Y(J Q) on L)
j=0

Proof. On L, (),
V= ZQ’ o -0)', T=Y0=0U-0"0

With relation (3.11), we find that on L ()
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VA=J+V+V
=J+0J -0 "'+ -0 "0
=U-0'V-0U -0 +0(J -0+ -00I(J - O
=(J-0)'(J-00(J -0
Now use the fact that QO and Q, viewed as operators on L (), have norms less than 1 in
view of Assumption 1. Actually, both norms equal ||Q — II||. Hence VA is invertible on

Ly o(), and the inverse has the asserted form. O

Theorem 1. The canonical gradient for 3 is

gy = [(/ ex)] ! dex, with ex = (VA)~'/.
We have
7 ® O(dex)’ = (/ ex), (3.12)
n® Qg = [/ ex)] . (3.13)

Proof. By Lemma 2, the operator VA is invertible on L,o(sr). The function esx fulfils
VAex =/, hence Aex € Hy C Hx. Furthermore, gy = [(/ ex)] ' dex is a gradient by
Lemma 1. Finally, (3.12) follows from the fact that V' is the adjoint of 4, and implies
(3.13). O

By (2.9), a least dispersed regular estimator for 3 in /4 has asymptotic variance
TR Qgi . The inverse, 71(/ex), may therefore be called the information about 3 contained
in the marginal laws of the Markov chain.

Remark 1. Suppose the observations Xy, ..., X, happen to be i.i.d. Then the best estimator
is the maximum likelihood estimator. It solves Y. ,/7(X;) =0. Theorem 1 implies an
infinitesimal robustness property of the maximum likelihood estimator against Markovian
departures from independence: we have Q =TI, O =TT and ¥ = ¥ = 0 on Ly(7), so that, by
(3.11), VA =J and (VA)' =J on Ly (7). By Theorem 1, the canonical gradient for & is
g« = (m/?)~'R/. By (2.10), an estimator 9, is least dispersed and regular for 3 in the model
O« if and only if

n'2(8, = 9) = @)Y /(X)) + o, (1).
i=1

Under appropriate regularity conditions, the maximum likelihood estimator has this stochastic
approximation. For a related robustness result in fully nonparametric Markov chain models,
see Penev (1993).
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4. The information for reversible chains

In this section we show that reversibility of the Markov chain carries no additional
information about the parameter of the invariant distribution. (A related result is proved in
Greenwood and Wefelmeyer 1999: in a nomparametric Markov chain model, reversibility
carries no information about functionals of the invariant distribution.) Nevertheless, the
canonical gradient simplifies for reversible chains.

Consider the model 2" of all reversible transition distributions in .,

O = {0 € T O, dy) = O(x, dy)}.

Then 7t ® Q is symmetric in the two components. To translate this property into a property of
local parameters, we extend some results of Section 3; see also Greenwood and Wefelmeyer
(1999, Section 3).

The perturbation expansion (3.2) generalizes immediately to functions of two arguments:
for he H and k € Ly(m® Q),

n' (7 @ Quik — 7 @ Qk) — 7@ Q(h - Ak), .1)
where
A=1-10+40 onL(x® Q) 4.2)

with /I, the identity on Ly(7 ® Q). Note that 4 maps L,(7 ® Q) onto H. The adjoint of this
extended operator is obtained from (3.7): for h € H and k € Ly,(7 ® 0),

T ® Q(h-Ak) =7 & OQ(Bh - k), 4.3)
where
B=L+LV  onH. 4.4)

If O and Q,; are reversible, then 7 ® O and 7,;, ® O, are symmetric. The perturbation
expansion (4.1) and relation (4.3) imply that B/ is symmetric. Hence the local parameter

~TEV =
space of £ is

HY = {h € Hx: Bh symmetric}.

The canonical gradient g, = [1(/ex)]”' Aex is of the form Af with f € Ly(r). We show
that such functions fulfil the additional property of H''¥, namely that BAf is symmetric. We
have

BA=05L-a®Q+RV+LV  onL(ne Q).

This is Lemma 2 of Greenwood and Wefelmeyer (1999). We rewrite B4 for functions of one
argument. We have QR = Q and QL = J. Similarly, OR = J and QL = Q. Hence VL = U
and VR = U, where

o0

U=>(0'-T)  on L) 4.5)

J=0
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is defined by analogy with (3.3). We obtain BAR = BAL = RU + LU on L,(;t) and may
write, without ambiguity,

BA=RU+LU  on Ly (4.6)

In particular, if the chain is reversible, O = O, then BAf is symmetric for f € Ly(x).
Theorem 2. Let Q = Q. Then the canonical gradient for 9 in model " equals the can-
onical gradient g, = [11(/ex)|”" Aex for & in model . We have m ® Qgi< = [n(/ex)]”!
and

ex =/ +23 (=1)/0//,

00
J=1

o0

a(/ex) =m/* +2 Z(_l)j”(/ L0/)),

Jj=1

Aex = R/ +(R+ L) i(—l)ij/”.
J=1

Proof. By (4.6),
Bgy = [n1(/ex)] ' Bdes = [(/ ex)] '(RUesx + LUex).

Since Q = Q, we have U = U, and Bg, is symmetric. Hence g, € H™". This shows that
g« is canonical in the model Z'%". Finally, on L, () we have (VA)™' =(J — O)(J + Q)7 !,

A=(R—-LO)J - 0) " and AVA) ' =(R - LO)J + O0)~'. Now expand (J+ 0)"' as a
series to get the desired formulae. O

5. Construction of efficient estimators

In this section we construct least dispersed regular estimators for 3. We need a stronger
version of Assumption 2, namely continuous Hellinger differentiability of 7 — p; at 3.

Assumption 3. For T € ©, the invariant distribution 7w, has positive density p, with respect
to u. The function T — p, is Hellinger differentiable with derivative /' in a neighbourhood
of 9, and

w(/pl? = /ypP? — 0 fort— 9. (5.1

Also, m;/% >0.

By Theorem 1 and (2.10), an estimator 3, is least dispersed and regular for 9 if and
only if
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WG, = 9) = [ en] Y (Hea)(Xi 1, X+ op, (1) (5:2)
i=1

I

We will construct such an estimator as a one-step estimator, improving an initial estimator.
As usual, the initial estimator will be a discretized and n'/2-consistent estimator §n; see
Bickel ef al. (1993). Such a discretized estimator can be treated as a deterministic sequence
in the proof.

From Meyn and Tweedie (1993, Section 17.4) we obtain the following martingale
approximation, which goes back to Gordin (1969); see also Gordin and LifSic (1978). For
S € Ly(m),

n

S XD —af1= (AN X1, Xi) + (P )Xo) — (V)X ). (5.3)
i=1

i=1

In particular,
w2 ew(X) = 1723 (M)XKt X)) + o, (1). (5.4)
i=1 i=1

Our construction of the efficient estimator will therefore involve an estimator for ex, and not
for Aex.

We also rely on the sample splitting techniques of Schick (2001). For simplicity we use
his 2-split, which picks two blocks X; = (X, ..., X;,) and Xo = (Xy—m,, ..., Xp). We
need that

n—2m, — oo and nil/Z(n —2my) — 0.

With e, (x, g,,, Xo, ... X,) denoting an estimator of ex(x), our estimator has the form
1 & ~ ~
. 1 _ m_nz; emn(Xi» ‘9n: X2) - ngnemn(" '9}17 X2)
tgn - — tgn = = )
2 ﬂ,(;xn[emn('» 9"5 XZ)/gn]
1 2 ~ ~
| mi Z emn(Xia ‘(}na Xl) - n‘(jnemn('a 9719 Xl)
+- gn + i=n—my+1 _ (55)
2 Jtlg”[em,,('a ‘gnn Xl)/‘(jn]

Call a sequence 9, in © local if n'/?(%, — 9) is bounded.

Theorem 3. Let Assumptions 1 and 3 hold. Suppose that for every local sequence 3,,
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sup |e,(x, S, Xo, ..., X,)| = op, (n'/?), (5.6)

Jn(dx)[en(x, 9s Xoy -y X)) — ex(0)]* = op,(1). (5.7)

Then the one-step estimator g,, defined in (5.5) satisfies the stochastic expansion (5.2) and is
therefore a least dispersed regular estimator for 9.

Proof- Since the initial estimator 9, is discretized, it suffices to prove the stochastic
expansion (5.4) with local sequences 3, replacing 9, in the definition (5.5) of 3,. Fix a local
sequence J,. Because of the sample splitting, we only need to show expansion (5.4) for the
‘estimator’

1 n
=3 eu(X) — s, (@)
ni4

”:‘Jn(én/'%) ’

with &,(x) = e,(x, %,, X) and X an independent copy of (X, ..., X,); see Schick (2001). It
suffices to show that

3, +

7y,(€x”y,) = 7(ex/y) + op,(1), (5.8)

7y,(6n) — 7U(en) = (90 — D(exs y) + op,(n1?), (5.9)

no1/2 i[én(Xi) —m(é,)] = n1? zn:(Aén)(XH, X))+ op (1), (5.10)
i=1 i=1

12 Xn:(Aén)(X,-_l, X)=n? zn:(Ae*)(Xi_l, X))+ op,(1). (5.11)
i=1 i=1

It follows from (5.6) and Hellinger differentiability at 3 that
ulen(py? = py ™)1 = o, (1). (5.12)
We conclude from (5.7) and (5.12) that
w(@npy)! = expy”) = 2ulen(py)! = pyf P + 278, — ex)’ = 0p,(1).
It follows from this and (5.1) that
79,(8nl's,) = 1(Enpy /5,057 = ulex pil* /31y + 0, (1),
which yields (5.8). Similarly, one verifies that
u(en” 3 py) = ulex” g py) + op,(1).
Thus (5.9) follows if we show that

u{enlpy, — ps — (8u — N 9psl} = opn(nfl/Z).
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To see this, write the left-hand side as

wlen(py® + pypy> = py® =180 — 976py "1y + ulen(py” — py )80 — D40y 1.

Now apply the Cauchy—Schwarz inequality to both terms and then use (5.12) and Hellinger
differentiability at 3 to conclude the desired result.
To prove relation (5.10), note first that by (5.7),

a{(Ve,)'] — al(Vex)*].
Hence, for € >0, the conditional Markov inequality yields

1) o

max P(|(Ve,)(X;)| > en'/?) < E( 5
i ne

Relation (5.10) now follows from the martingale approximation (5.3).
We verify relation (5.11) with the aid of Theorem 3.2 in Schick (2001). We have

J&L@Mﬁﬂnw—MwWJNZO

and
7@ OQ(Aé, — dex)’ < ||A||* - w(é, — ex)* — 0

by (5.7) and since A4 is a bounded operator. Then by the remark immediately following the
proof of his Theorem 3.2 (Schick 2001, p. 42) the conditions of the theorem hold, and (5.11)
follows. O

Remark 2. Let e, be an estimator that satisfies condition (5.7) of Theorem 3. Then the est-
imator e, = (—B,)V e, N\ B, satisfies (5.7) for every sequence of positive numbers B,
tending to infinity. This truncated estimator also satisfies (5.6) if B, = o(n'/?). Consequently,
only condition (5.7) poses any difficulties.

6. Estimation of e,

The results of the previous section show that one can construct an efficient estimator of 3 if
one can construct an estimate e, of ex which satisfies (5.7). We shall now construct such an
estimator e, under the assumption that we can choose appropriate orthonormal bases for the
spaces L, o(7r;). More precisely, for each 7 € © let {1;,: j = 1} be an orthonormal basis for
Ly o(7t;). We require the following additional properties of these functions.

(Al) For every j =1,
ﬂ(l/’j,rpi/z - 1/1_/,91?};/2)2 — 0 for 7 — 9.

(A2) There are positive numbers a, § and C; such that, for all positive integers k and
all 7 close to 9,
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K
> e —wisll® < Crk“fe — 9.
=

(A3) There are positive numbers y and C, such that, for all positive integers &k and all
T close to 9,

k
> ) < Gk
Jj=1

Remark 3. Let us mention that such functions v ;. can easily be constructed if the state space
is the real line R and the dominating measure u is the Lebesgue measure. In this case, each
7, possesses a continuous distribution function F;. This allows us to choose ¥, = ¢; o F7,
where {¢;: j =1} is an orthonormal basis for L,((4), with A the Lebesgue measure on
[0, 1]. We may choose the trigonometric basis

Pri—1(x) = V2 sin[2kn(x — )],
$21(x) = V2 cos[2km(x — )], for0<x<1land k= 1.

Since |¢;| < /2 for all j = 1, condition (A3) holds with C, = 4 and y = 1, while condition
(A1) follows from Hellinger differentiability of the map t — p, at 7 = 3. It follows from the
Cauchy—Schwarz inequality and from Hellinger differentiability at 9 that

|Felw) = Fy)| < | pe = pol) < 20| py” = p* P2 = O = 9))  ast— 9.
Since |¢j| < v/8mj for j = 1, condition (A2) holds with a =3 and 8= 1.
Let 7; denote the k X k identity matrix, and introduce vectors

lpk,r = (1/}1,1, ey wk,r)T and bk,r = ﬂz(/rlpk,r)'

Theorem 4. Suppose that Assumptions 1 and 3 hold, and that conditions (A1)—(A3) are
satisfied for certain a, 3, y. Let k, be a sequence of positive integers such that

kn — o0, knf =0, kvt 0.
Then condition (5.7) holds for the sequence of estimators
en(x, 9 Xo, oy Xo) = by g (i, — AUk, = And) ™ (Tr, = A) Wy,

with
R T
An=- Z Wy 0, (XDWL 4 (X))
i=1

To prove this theorem, we shall rely on the following two approximation results.
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Proposition 1. Let {y;: j =1} be an orthonormal basis of Lo(w). Let T denote the
projection in L o(7) onto the linear span of {1, ..., Yi}, and set QO =T 0, Or =T;0,

ek =Y TulJ = OQkQTu(J — Ow/s, k=1,
j=0
Then

ey —ex| — 0 as k — oo. 6.1)

Proof. Keep in mind that Q and Q, viewed as operators on L,(7), have norms equal to
||O — II|| which is less than 1 by Assumption 1, and that ||a — I'ta|| — 0 as k — oo, for
every a € Lyo(). Thus the desired result follows from the identity

ex — e,k = —Tex + Y Tw(J — OUOQY — (%)) — O)/s
=1
+ 3 TuJ — OXOL0'(J — T — O)
j=0

+ ) TuJ — 0N T — O)J —To)/
j=0

and the expansion

D 09 — (0:0)1 = (0xQ'(Q — 0Q + Ok(Q — Q0] > _(00Y,
j=1 i=0 j=0

valid on L, (;r). Here we have used C/ — D/ = S/_} DI(C — D)C/~~" for operators C and
D and positive integers j. O

Proposition 2. Suppose that conditions (A1) and (A2) hold for certain a, 5. For k = 1 and
T € O, define

ey =bp (I — A )k — Az Ap ) Ui — Ae) P i
with A =1(Q% 7 - Wy,) and OWir = (OYiz, ..., OPir)". Then
ey .k,.9, — exll =0
for all local sequences 3,, and for every sequence k, of positive integers satisfying

k, — oo, kKn? —o0. (6.2)

Proof. Fix a sequence k, satisfying (6.2), and a local sequence 3,. We shall first show that
||e>k,kn,9n — Cykns ‘9” — 0. (6.3)
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Write |v|, for the Euclidean norm of a vector v, and |M|, for the spectral norm of a matrix
M. Then |M |i is the largest eigenvalue of MTM. It is now easy to see that (6.3) follows if
we show that

sup bk,lg 2 < 00, bkn,Sy, —
! |brsl | (6.4)
sup [Aigls <1, [di,9, = Akl — 0, (6.5)
k
a(|W,s, — Pk (6.6)

Of course, relation (6.6) follows from condition (A2) and assumption (6.2). From assumption
(5.1) we obtain that J'[,gn(/‘%”) — ng(/i). This is equivalent to

> [, (79,5907 = Y [ 59T

=1 =

Moreover, by condition (Al) and assumption (5.1) we have my, (79,9 ;9,) — Ta(/ 9y ;9) for
all j = 1. Hence

> T, (79, 59,) — 75 53 19)) — 0.
j=1

Relation (6.4) follows from this and |bk53
can be expressed as

n(/ ). The spectral norm of a k£ X &k matrix M

|M|y = sup{|u"Mv| : u, v € R, |u|, = |v], = 1}.

This representation is particularly helpful when dealing with a matrix of the form
M = 7(Q® - W) with ® and ¥ in Lé"o(n). In this case one finds, with the aid of the
Cauchy—Schwarz inequality, that

u"7(QP - W] = |7(Qu" @) - v"W)| < ||Q — IO [|u" ||| v" W,
[u" ((QD - D) — QW - W] < [[u"(® — )| 0T @ + |u" W ||o" (P — W)|.

From the first inequality we obtain |4y |y < ||Q — II| <1 and hence the first part of relation
(6.5). The second inequality and relation (6.6) imply the second part of relation (6.5). This
concludes the proof of (6.3).

Now we show that e, ;g coincides with e, ; of Proposition 1 if we take ¥; = ;3.
Indeed, for this choice of orthonormal basis, we find that T'/y = bL gllfk 9, and that for
each a € R*¥ we have Qk(aTll’kg) = aTAk31Pk9 and Qk(aTlpkg) =a Ak,glka In the last
step we have used the fact that m(QW;, - IPH) (Wi 9(O%rs9) ]_AT9 Using the
above and the fact that |4, g|, <1, it is now easy to see that

ey k= Z bro(l — Ay (AisAy Y (I — Arg)Wis.

This simplifies to e, ;9. Thus the desired result follows from (6.3) and Proposition 1. [
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Proof of Theorem 4. Note that E(A,,) = Ay, 9, It follows from the arguments in Proposition
2 that it suffices to show that |A — E(A ,,)|* = op,(1). We shall prove the stronger property
E‘A - E(An)|2 — 0.

By Assumption 1, there exists a finite constant ¢ such that, for all & € Ly(m® Q),

2

1< c

E{—Z h(Xi_1, X;) — E[A(X,, Xl)]} < —E[*(Xo, X1)].

né= n

From this, the Cauchy—Schwarz inequality, condition (A3) and the properties of k,,
ky, ky

E|d, — E(d,)} < ;ZZEW,J OV . Loty 0

=1 j= i=1

O

Remark 4. In the reversible case we have 4y = A{. This allows us to replace A, by the
symmetrized estimate (4, + A},).

7. Comparison with parametric results

Our results apply in particular to the situation in which we have a parametric model for the
transition distributions, say {Q;: T € ®}. The estimator in Section 5 does not use the model
except through the associated family of invariant distributions {7z;: 7 € ®}. In this section,
we compare known results for such parametric models with our results. For the sake of
brevity, we keep the discussion heuristic and do not reproduce the regularity conditions given
in the literature.

As before, we assume that © is one-dimensional and that the 7; have positive densities
p. with respect to u. Then O, (x, dy) has density, g.(x, y), say, with respect to u(dy), for
(7r-almost) all x in the state space S.

Write m.(x, y) = ¢.(x, ¥)/q-(x, y) for the logarithmic derivative, with respect to the
parameter 7, of g.(x, y). As before, we will omit the parameter if it equals the true par-
ameter 3. A perturbation of the transition distribution at 7 =9 is of the form

Oy n vy dy) = OCx, dY)[L + 1™ Pum(x, y)]. (7.1)
Hence the local parameter space at 9 is the linear span, say Hpqr, of m. Here par stands for
‘parametric’.
The perturbation expansion (3.8), applied to O, = Qy, 112, With approximation (7.1),
gives
nl/z(‘né\Jrn*‘/zuf - J'L'f) - un(Vm : f)
Comparing with (3.9), we obtain
/= Vm. (7.2)
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The canonical gradient for the parameter, viewed as a functional #(Q;) =t of the
transition distribution, is of the form gp. = upa,m, with u determined by (2.8),

12Oy, i) — HO)] = 028+ n U — 9) = u= upett - 7@ Om?.
Hence
Gpar = (T® Om*) ' m,
and the lower bound for the asymptotic variance of regular estimators is
TR 0gr, = (@© Om)~".

An efficient estimator for the parameter is the maximum likelihood estimator. This is a
solution in 7 of the estimating equation

> mi(Xi, Xp) = 0.
i=1

Of course, the canonical gradient gp, is also obtained as projection onto Hp, of the
gradient g, = [71(/ex)]” ' dex, with ex = (VA)~!/, which is canonical for the larger model
O of all transition distributions with invariant distribution in {7z; : 7 € ©®}; see Theorem
1. To show that the projection of gy is gpar, We note first that (3.7) and (7.2) imply

AR Q(m- dex) = a(Vm - ex) = (/ ex),

so that 7® Q(mgy)=1. We also have 7® Q(mg,,)=1 and therefore 7 ®
Olm(gy — gpar)l =, 1.€. gpar is the projection of gy onto Hpg,.

The last orthogonality property implies that, as expected, the asymptotic variance of the
maximum likelihood estimator is never larger than that of the efficient estimator in the
larger model x. The variance reduction can be considerable. An extreme case would be
that the transition distributions Q; all have the same invariant distribution. Then the
invariant distribution contains no information at all about the parameter. We had to exclude
this case in Sections 3—6, through the assumption that 7z/2 > 0.

The maximum likelihood estimator is only feasible if the transition distributions Q; are
tractable. Kessler (2000) restricts attention to estimators which are solutions 7 = 9-,’: of
estimating equations of the form

> fXx) =0, (7.3)
i—1
with f; € Ly o(7r;). A Taylor expansion shows that 9-,’; admits a stochastic expansion
n' 290 =9 = —@f) 2D (XD + op,(1). (7.4)
i—1

For regularity conditions we refer to Serensen (1999). Here f is the derivative, with respect
to the parameter, of f; at T = 3; we suppress the index 3. Differentiating 7, f; = 0 under the
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integral, we obtain —x f = (7 f). Together with the martingale approximation (5.3), we can
write the stochastic expansion as

n' 28 = 9) = [/ N n ' i(Af)(Xi_l, X3) + op,(1). (7.5)
i=1

Hence .9-5 has asymptotic variance

[2(/ 72 7@ QAf). (7.6)

The asymptotic variance is minimized for the estimator 99" obtained from the estimating
equation (7.3) with

f=ex= A /.
To prove this, we note first that by (7.6) and (3.12), the asymptotic variance of 97" is
[T(/ex)]* -t @ O(dex)* = [7(/ex)] .
Now write
a(/f)=a(VAex - f) =@ Q(Aex - Af). (7.7)

The Cauchy—Schwarz inequality and (3.12) give

[/ )T < 7® O(dex) -1 ® Q(AfY = a(/ ex) - 0 O(AS V.
We arrive at the inequality between the asymptotic variances of 9-5 and 3%

[/ 17 7@ QUAf Y = [/ ex)] .

A different characterization of the optimal influence function is given in Kessler (2000):
the corresponding influence function is closest to the influence function (7 ®
Om?)"'m = gy of the maximum likelihood estimator among all influence functions
[(/ "' Af of estimators .9-,’: with f7 € Lyo(r;). We have just shown that the optimal
influence function is Aex. Indeed, Aex 1is the projection of m into the space
{Af: f € Ly(m)}. This follows from (7.7) and

AR Q(m-Af)y=a(Vm- )= a(/f).

The estimating equations (7.3) contain the estimator which would be the maximum
likelihood estimator if the observations were independent, the solution &, of

zn://r(Xz) =0.
i=1

The asymptotic variance of 92 is, using (3.7),
@72 m@ QA = /P72 (s - VAL).

This is larger than the asymptotic variance of 39" since by the Cauchy—Schwarz inequality
and (3.12),

@2 =[n(/ - VAex)P <a® Q(A/) - 1@ O(dex)? =@ Q(AL)? - 71(/ ex).
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To calculate the maximum likelihood estimator, the logarithmic derivative m,; of the
transition distribution O, must be tractable. To calculate the estimator 9¢*, the function
ex = (VA)~'/ must be tractable. The estimator 9; requires only the logarithmic derivative
/¢ of the invariant distribution ;.

The estimator 9, introduced in Theorem 3 has the same asymptotic variance as 9%°. It
does not however, require knowledge of Q;. Hence it is adaptive in the sense that whatever
the model for the transition distributions, it is asymptotically as good as the estimator 3%,
which, in turn, is optimal among solutions of estimating equations >, fz(X;) = 0 in the
model {Q;: T € ®}. To put it another way, even though 3" requires knowledge of O, it
does not exploit any of the information about 7 in the model {Q;: T € ©}.

(Analogous results hold for quasi-likelihood models, which are defined by parametric
models for the conditional mean and variance of a Markov chain. The maximum quasi-
likelihood estimator requires knowledge of the conditional variance but does not extract any
information from it. Furthermore, one can construct an estimator which is asymptotically as
good but does not use the model for the conditional variance; see Wefelmeyer 1996. This
estimator thus has an adaptivity property analogous to L‘in.)

8. Discretely observed diffusions

Consider a stationary version of the diffusion process X defined by the stochastic differential
equation

dX, = by(X )dt + 04(X )dB,, 8.1)
where B is Brownian motion. For simplicity, we assume again that 9 is one-dimensional.
Suppose we observe the process at n equidistant time points 7 =0, ..., ¢, = nA. The
observations X, ..., X, form a stationary and reversible Markov chain. Its transition
distribution Qy(x, dy) is difficult to calculate, in general, but its invariant distribution 7g(dx)
is that of the diffusion process and can be given explicitly: the Lebesgue density of sy is
Ppa(x) = [Cysg(x)ag(x)’]",
with

b
sg(x) = exp [—ZL 05(())/;)2 d }

and norming constant
Co = [0y e

Estimation of § was first studied for the case when A tends to zero with » tending to infinity;
see Le Breton (1976), Florens-Zmirou (1989), Genon-Catalot and Jacod (1993) and Kessler
(1997). For comparison with our results we must assume that A is fixed. For fixed A, a
computer-intensive approximate maximum likelihood estimator based on numerical
approximation of the transition density was developed in Pedersen (1995a; 1995b). By
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now there is a considerable literature on simpler, inefficient, estimators. Here we restrict
attention to estimators for which the asymptotic variance can be calculated explicitly. These
are based on two types of estimating equation:

> faX)=0 (82)
i=1
with 7y fy = 0, see (7.3); and martingale estimating equations
> fo(Xi X)) =0 (8.3)
i=1

with Qyfy = 0.

The first type was discussed in Section 7 in the context of general parametric Markov
chain models. For fy(x) = /9(x) = py(x)/ps(x), we obtain what would be the maximum
likelihood estimator if the observations were i.i.d. This estimator is not efficient. Kessler
(2000) shows that the estimator 9¢* based on fy = ex defined in Theorem 2 is optimal
among solutions of (8.2). If the diffusion model is correct, the estimator 3, introduced in
Theorem 3 is asymptotically as good as 3¢°. By Theorem 2, the asymptotic variance of 3,
(and hence of 9¢) is [my(/gex)]~!, with

[o.¢]
Ty gex) = T/ gt +2 Y (1L - Q).
j=1

However, 3¢ depends on Qy through VA. Hence, if the diffusion model is misspecified, then
32+ will, in general, be inconsistent, while our estimator remains consistent as long as the
model for sy is correct.

For solutions 9-,’: of the second type of estimating equation, (8.3), we obtain a stochastic
approximation similar to (7.4),

(9] =9 = (15 ® Osf) 102 fo(Xo, s X)) + op,(1). (8:4)

i=1

Hence 9»; is asymptotically normal with variance

(715 ® Oyfs) 2y @ Qs f 3. (8.5)

If we take fy(x, y) = my(x, y), the logarithmic derivative of the transition density, then
(8.3) gives the maximum likelihood estimator, which is efficient if the diffusion model is
correct, and in general better than our estimator §n. But, as noted, my is often not tractable.

The maximum likelihood estimator exploits the parametric diffusion model fully. Other
choices of fy use less information about the model. A simple class of estimating equation
are the quasi-likelihood estimating equations, based on parametric models for certain
conditional moments. These are also called polynomial estimating equations. The simplest
is the linear estimating equation, with

S9(x, y) = wa()[y — as(x)], (8.6)
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where wg(x) is some weight function, and ag(x) = ng(X, dy)y is the conditional mean of
X, given X; , =x. In many cases the conditional mean cannot be written explicitly and
must be calculated numerically. This is, however, easier than calculating the maximum
likelihood estimator. The asymptotic variance (8.5) with fy as in (8.6) is minimized for
wy(x) = dg(x)/vy(x), where vy(x) = fQ,g(x, dy)ly — ag(x)]2 is the conditional variance of
X, given X, , = x. For this choice of wy, the asymptotic variance is [.7'[9(d92 / vg)]~!. We
refer to Bibby and Serensen (1995), and for generalizations to polynomial estimating
equations to Kessler (1995) and Bibby and Serensen (1996), and to the reviews of Bibby and
Serensen (1997) and Serensen (1997). For quasi-likelihood models, see also Wefelmeyer
(1996).

Another class of martingale estimating equations is introduced by Kessler and Serensen
(1999). The generator of the diffusion process (8.1) is

2

Ly = l0.9«(96)2 % + bs(x)%~

2
An eigenfunction @g(x) with eigenvalue Ay solves Lgpg(x) = —Agpg(x). We have
(0303)(x) = e 2 g(x) and obtain martingale estimating equations (8.3) with
fo(x, ¥) = ws@)[@a(y) — e L py(x)]. (8.7)

Kessler and Serensen (1999) obtain optimal linear combinations of a finite number of such
estimating equations.

From the form of the asymptotic variances we see that none of the estimators in this
section, excepting the (intractable) maximum likelihood estimator, is always superior to our
estimator. Some are simpler to calculate than ours, though none is straightforward. Unlike
our estimator, they break down if certain features of the diffusion model are misspecified.
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