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ISOSPECTRAL FAMILIES OF
CONFORMALLY EQUIVALENT RIEMANNIAN METRICS

ROBERT BROOKS AND CAROLYN GORDON

Two Riemannian manifolds are said to be isospectral if their
associated Laplace operators have the same spectrum. Many ex-
amples of pairs and of continuous families of isospectral manifolds
have appeared in recent years; see [Ber] for a discussion. The first
examples of pairs of conformally equivalent isospectral manifolds
appeared in [BT], and a general construction was given by Brooks,
Perry, and Yang [BPY]. The purpose of this note is to construct
continuous families of isospectral conformally equivalent mani-
folds, using the method of [BPY].

We begin with an example:

Let F be the Lie group of all 7 x 7 matrices of the form

I x x, z

0 1 0 y

0 0 1 y

0 0 0 1
1 x,+x, z
0 1 Vs
0 0 1

We denote elements of F by

S =T(x0, X5 %y, Y15 V5 215 2y)-

Let I' be the integer lattice in F, that is, the set of f’s where
(X9 X1 > Xy, V5 Yy5 21> Z,) € Z, and let g be any left-invariant
metricon F. Let v be any smooth nonconstant periodic function
on R of period 1, and define, for each ¢, u, € C*(F) by the
formula

u,(f) =v(xy+1).
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Observe that each metric e - g, t € R, is invariant under left

translation by elements of I", and hence descends to a metric on
IN\F.

Theorem A. The metrics e“-g,t€R, on T'\F are isospectral but
not isometric.

The example in Theorem A is based on a theorem of Sunada [S],
which shows how to use finite group theory to construct isospec-
tral manifolds. His construction was generalized by DeTurck and
Gordon to infinite groups in the following way:

Theorem B [DG 2, Theorem 1.16). Suppose that a Lie group G
acts by isometries on a Riemannian manifold (M, g), so that T,
and T, are cocompact discrete subgroups of G which act freely
and properly discontinuously on M, and that T \M is compact
for i=1,2.

If for each h € G, we have

E Vol (C(y,, T)\C(7,, G))

[7|]rl C[h]G

= Y Vol(C(r,, TH)\C(r,, G)),

72}y, Clhlg
then (I''\M , g) is isospectral to (I';,\M , g).

Here, [y], denotes the conjugacy class of y in the group H,
and C(y, H) denotes the centralizer of y in H. The volumes
are computed relative to compatible Haar measures on the groups
C(y;, G); see [DG 2] for details.

Note that Sunada’s theorem [S] corresponds to the special case
G a finite group.

In order to obtain isospectral conformally equivalent metrics,
let (M, g,G,TI,,T,) satisfy the hypothesis of Theorem B. Sup-
pose incidentally that there exists an element 7 of Iso (M, g)\G
such that T', = rl“lr'l. Then 7 induces an isometry between
(T\M, g) and ([,\M, g).

Now let u be a smooth function on M which is G-invariant
(i.e., ¥*u = uo¥ = u forall ¥ € G) but not t-invariant. Observe
that (M, e"g, G, I',, I',) also satisfies the hypothesis of Theorem
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B, so that

spec(I',\M , e"g) = spec(I',\M, e"g)
= spec(T,\M, 7" ("))
= spec ([,\M, €°"g).

Hence e”g and ¢“°*g are isospectral conformally equivalent met-
rics.

To obtain Theorem A, we let G be the subgroup of F consist-
ing of {f:x,€Z},and welet t=1,=f(¢,0,0,0,0,0,0),
M=F.

We now turn to the question of whether (I')\M, e"g) and
(T,\\M, €“"g) are isometric, in the case of Theorem A. To that
end, we make use of a theorem of Milnor [Mi], which guarantees
that any left-invariant metric on a nonabelian nilpotent Lie group
has negative scalar curvature. Thus, (I',\F, g) has constant neg-
ative scalar curvature. By a well-known lemma (see [BPY]), it
follows that any conformal diffeomorphism 4 of (I')\F, g) is an
isometry.

Now suppose that # is a diffeomorphism of I'|\F which takes
e"g to e““g. h is obviously a conformal diffeomorphism for
the metric g, and so by the lemma must preserve g. It follows
that 4 is an isometry of the metric (I',\F, g) which takes u to
uo 7. But this last was shown to be impossible in the case at hand
in [DG 2, Example 3.3 (ii)].

We remark that Brooks [B] and DeTurck and Gordon [DG 2,
§3] showed under the same hypotheseson M, ¢, G, T',,I,, 7, u
that the Schrodinger operators A+u# and A+uot on I'\M are
isospectral. Each of the examples of isospectral Schrodinger op-
erators given in [B] and [DG 2] can be translated to the present
setting to give examples of isospectral conformally equivalent met-
rics. Some other examples:

(i) Given any hyperbolic surface, or more generally any hyper-
bolic manifold M whose fundamental group maps onto Z * Z,
there is a finite covering M of M which admits a pair of isospec-
tral conformally equivalent metrics e“'g and e“?g of negative
curvature, where g is the hyperbolic metric. Observe that e“g
has negative curvature when u is sufficiently close to the constant
zero function.

This example arises from the construction in [B, §3].
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(ii) There exist continuous families of isospectral, conformally
equivalent metrics on > x §° x R’ /ZS. (The metrics are not
conformally equivalent to the standard product metric.) To obtain
these examples, define an action of the group F of Theorem A on
S xS xR’ /Z5 (compare Example 4.6 of [DG 1]) and then apply
the construction of [DG 2, §3].
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