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Over the past several years there has been considerable activity in the 
topics of Buchsbaum rings and arithmetically Buchsbaum projective curves, 
some of which was described in the book [3]. Recall that a local (resp. graded) 
ring A is Buchsbaum if the difference IA{A/-KA) — e(x,^4) is independent of 
the (homogeneous) system of parameters x, where I A and e are the length 
and multiplicity respectively. A subvariety Y in P n is called arithmetically 
Buchsbaum if its homogeneous coordinate ring 0 H°(Oj>n (k))/ 0 H°(IY (&)) 
is Buchsbaum. This in particular implies 

(1) the multiplication map Hp{IY(k)) A Hp{IY(k + 1)) is 0 
for all x e H°{Opn(l)) andl<p< dim Y. 

Conversely, if we have (1) and 

(2) whenever Hp{IY{k)) £ 0 £ H*{IY{h)) for 1 < p < q < 
dimy, then (p + k)-(q + h)^ 1, 

then Y is arithmetically Buchsbaum (cf. [3]). (Note that (2) is vacuous if 
n = 3.) 

The purpose of this note is to announce a structure theorem for arithmeti­
cally Buchsbaum subvarieties of codimension 2 satisfying (2). We also give 
several applications of this theorem, including some inequalities among the 
number and the degree of the generators of the homogeneous ideal IY and 
the degree of Y, nonexistence of nonsingular codimension 2 Buchsbaum sub-
varieties satisfying (2), in P n for n > 6, and classification of the nonsingular 
ones for n < 5. 
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Our structure theorem is as follows: 

THEOREM 1. If Y is a locally Cohen-Macaulay, codimension 2 subvari-
ety in Pw , having properties (1) and (2), then the ideal sheaf Iy admits the 
following exact sequence, called an Q-resolution: 

(3) 0^00(-ai) -t 0 IjW {-hi) 0 0(-e.) - IY - 0, 
i j s 

where hPj(Iy(kj)) = lj are the only nonzero cohomologies for 1 < p3 < n — 2. 

REMARK 1.1. From (3) one can easily construct a free (maybe nonminimal) 
resolution of Iy 

0 "> 0 ' i C n W - P i - n - * , • ) - ••• - 0 i > ( ^ Î O t - P i - 3 - M 

i 

REMARK 1.2. Note that property (1) is not inherited by a hyperplane 
section of Y ; however, together (1) + (2) are. Moreover, to see that property 
(2) is essential for the theorem, one can easily construct an example by taking 
F to be a dependency locus of the dual of a vector bundle which is the quotient 
o fQ 2 (3 )onP 4 . 

Motivated by Theorem 1, we make the following 
DEFINITION 2. A locally Cohen-Macaulay subvariety Y in P n is called 

geometrically Buchsbaum, if Y has an fi-resolution (3). 
QUESTION 2.1. What is the relation between the arithmetically Buchs­

baum and geometrically Buchsbaum properties? It is easy to see that the 
latter implies the former. From Theorem 1, we know that the latter is also 
between properties (l)+(2) and (1). In P 3 , they are the same. 

In the rest of this note, we will describe what we can say about geomet­
rically Buchsbaum subvarieties of codimension 2. The following is an easy 
observation. 

PROPOSITION 3. Let Y be a geometrically Buchsbaum subvariety of codi­
mension 2 in P n . If Y is the zero set of a rank 2 vector bundle E onPn, 
then E is the null-correlation bundle on P 3 . 

COROLLARY 3 .1 . There is no nonsingular geometrically Buchsbaum sub-
variety of codimension 2 in P n for n > 6. 

The following result allows us to construct many nonsingular geometrically 
Buchsbaum subvarieties of codimension 2 in P n for n < 6. 

THEOREM 4. Suppose Y has an Q-resolution (3) and \j) is sufficiently 
general, and a\ <>- <ar. We replace each copy ofttp(—k) by (jj) copies of 
0(—p — 1 — k), and denote the new direct sum of line bundles by ® 0{—bi) 
with b\ < • • • < 6r+i. Then 

(a) If di > 6̂ +1 for all i, then Y is of codimension 2. 
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(b) If ai > bi+a, for all i, then Y is nonsingular except for a subset of 
codimension > min{2a — 1,4}. 

REMARK 4.1. We believe that in (a) and (b) 'if ' can be replaced by 'if and 
only if', when n < 6. 

Some trivial consequences in P 3 are, e.g., 
(i) If a Buchsbaum curve Y in P 3 with only one nonzero /i1(Jy(fc)) = n 

(i.e. in the class Ln, cf. [1]) is nonsingular and of maximal rank, then 

2n2 + 2/n + /(/ - l ) /2 < degF < 2n2 + 2ln + /2, 

where I = k + 2 — 2n. Conversely, for any d in the range above, there is a Y, 
with all the properties above, of degree d. [Remark k + 1 = I + 2n — 1 is <r, 
the length of the numerical character of Y: cf. [1].) 

(ii) Given a set of ordered pairs of nonnegative integers {(ki, rii) \ ki < 
- • • < km}, a necessary and sufficient condition for the existence of a (nonsin­
gular) Buchsbaum curve Y in P 3 having ft1(Jy (^)) = rii as the only nonzero 
intermediate cohomologies is k\ > 2 J2T ^ t~2 (resp. 2ki — km > 2 Yl™ rii—2). 
Similar conclusions can be drawn for P n for n > 3. 

From the f2-resolution, we can easily compute Chern numbers and other 
numerical characters of Y, and hence study the abstract model as well as the 
embedding of Y in P 4 and P 5 . All Y are of general type except a finite list, 
which we have classified. 

Another use of the Q-resolution is to obtain various inequalities involving 
the invariants of Y C P n . Some examples of what we can get are (cf. [2]): 

( V 8 ( n - l ) 2 d + ( n - 3 ) 2 + n - 3 ) n 

,...* M 4 ( n - l ) + 1 ' 
(m) , 

(y/8(n-l)*d+{n-W+n-S) 
2(n - l ) 2 

where /x is the number of generators of I{Y), d — degY, and 

3 

The bounds are obtained when, in resolution (3), p3: = 1, ai = kj + 2 for all z 
and y, and there are no line bundles 0(—c3) in the middle. 

(iv) a < d — (n2 — 3n -I- 4)/2, where d = deg F and a = the maximal degree 
of minimal generators of / (F ) , assuming 

•*(w)/' 
for simplicity. This bound is obtained for y with the resolution 

0 - » 0 ( - 2 n + l ) - > . . . -^ ( n ^ M o ( - n - l ) e O ( - a - l ) 

w2 — « + 2 . , 
-» x 0(-n) e 0 ( - a ) -» J y -» 0. 
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REMARK. If Y is protectively Cohen-Macaulay, then fi < i/2d + 1 / 4 + \ 
and a < d — 1. 

Other bounds of a (as defined in (iv)) in terms of degy and J2 /i*(Iy(A;)) 
(resp. the minimal degree of the generators) can be computed in a similar 
manner, as can the dimensions of the families. 
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ADDED IN PROOF. In response to Question 2.1, it is now known that 
the notions of arithmetically Buchsbaum and geometrically Buchsbaum are 
equivalent in codimension 2. See a forthcoming paper by the author. 
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