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WEIGHTED NORM INEQUALITIES FOR POTENTIALS
WITH APPLICATIONS TO SCHRODINGER OPERATORS,
FOURIER TRANSFORMS, AND CARLESON MEASURES

BY R. KERMAN! AND E. SAWYER?

I. Introduction. A new characterization of the trace inequality for po-
tential operators is given and used to sharpen recent results of C. L. Fefferman
and D. H. Phong on the distribution of eigenvalues of Schrodinger operators.
It is also used to study the domain and essential spectrum of Schrodinger
operators, to obtain weighted norm inequalities for Fourier transforms, and
to determine the Carleson measures for Dirichlet-type spaces.

THEOREM 1. Suppose K 1s a nonnegative, locally integrable, radial func-
tion ‘'on R™, which is decreasing as a function of |z|. For f in the class P(R™)
of nonnegative, measurable functions on R™ and x € R™, set

T1)@) = K+ Na) = [ Ka=nfwdy

provided this integral exists for almost all x € R™. Then given 1 < p < oo
and v € P(R™), there exists C > 0 so that the trace inequality

W [ @ner@dsc [ jwrda ferEn)
n R’rl.
holds if and only of C' > 0 exists with
(2) / T(XQv)(x)”l dz < C'/ v(z)dx < oo for all dyadic cubes Q,
Q Q

where, as usual, p' =p/(p—1).

Alternative characterizations of the trace inequality in terms of LP capac-
ities have been obtained in [1 and 4].

The trace inequality (1), for p = 2, and the potential kernel K*(z), with

K*(¢) = (a+|¢|2)~1/2, arises in estimating the eigenvalues3 of a Schrédinger
operator H. Let

(Bf)@) = [ le=uPrwdy

Received by the editors March 26, 1984 and, in revised form, August 15, 1984.
1980 Mathematics Subject Classtfication. Primary 26D10, 42B25.
Key words and phrases. Weighted norm inequality, potential operator, Schrédinger opera-
tor, Fourier transform, Carleson measure.
Research supported in part by N.S.E.R.C. grant A4021.
2Research supported in part by N.S.E.R.C. grant A5149.
3By eigenvalues we mean the numbers A\; < --- < Ay < ---, where Ay is the maximum
over all N — 1 tuples ¢1,...,¢6n—1 of the quantity inf(Hu, u)/(u,u), the infimum being
over allu € Q(H), u L ¢;, j=1,...,N — 1. Here Q(H) denotes the form domain of H.
See [10].
©1985 American Mathematical Society
0273-0979/85 $1.00 + $.25 per page
112



WEIGHTED NORM INEQUALITIES FOR POTENTIALS 113

denote the Newtonian potential of f. The following result refines the estimates
of the least eigenvalue of H given in Theorem 5 of [3].

THEOREM 2. Let H = —A — v, where v € P(R"),n > 3. Denote the
v measure of Q, fQ v(z)dz, by |Q|,. There are positive constants C and c,
depending only on the dimension n, such that the least eigenvalue, A1, of H
satisfies Esm < —A1 < Eyig, where

B sup{lQl-Z/"= QL / L(xu)v > C} ,
Q

Buig = sup {|Q|—2/"= @ [ Babxau > } .
Q

A similar refinement of Theorems 6 and 6’ in [3] is given in

THEOREM 3. Let H = —A — v, where v € P(R™), n > 3. There are
positive constants C and c, depending only on the dimension n, such that

(A) H has at least N eigenvalues < —X, X > 0, provided there ezists a
collection of N cubes Q1,...,Qn of side length at most A='/2 whose doubles
are pairwise disjoint, with |Q;|;? fQ] L(xq,v)v>C, 1<j<N.

Conversely,

(B) H having at least CN eigenvalues < —\ implies there is a collection
of N pairwise disjoint dyadic cubes Qy,...,Qn, of side length at most A\=1/2,
that satisfy

Q17 /Q Lixg,ov>e 1<j<N.

J

REMARKS. 1. Roughly speaking, Theorem 3 says that the negative eigen-
values of H are approximately given by —|Q|~2/" as Q ranges over all the
minimal dyadic cubes satisfying |Q|;? fQ Iy(xqv)v > C.

2. As an illustration of Theorem 2, consider Example V in [3]: a particle in
arectangular box B = By X By X - - - X B,, with side lengths §; < 6 < -+ < §,.
Let v = xp and zp denote the centre of B. Since

snép Q! / Iy(xqQu)v = Lv(zp) = 6% + 6162(1 + log 63/62)
Q

= 6162 log(1 + 63/62),
Theorem 2 yields the correct order of magnitude for the energy, Ecritical,
needed to trap a particle in B, namely
Ecritical =sup{E >0: — A — Ev > 0} = (6,62 log(1 + 53/62))—1.

3. The quantity |Q|;* [, I2(xq@v)v is, in a sense, intermediate between the
simpler ones used in [3] for the results corresponding to (A) and (B). Indeed,
it is possible to show that for p > 1,
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i/p *
@kt [ v<lQt [ ntwov< 6, s QP ([ )
Q Q QCcQ Q

The trace inequality also arises in questions concerning the domain and
essential spectrum of Schrodinger operators. For example, conditions like (2)
determine when the operator T in (1) is compact. This leads to conditions
sufficient for H to have the same essential spectrum as —A, that is, [0, 00).4

Another application of Theorem 1 is to weighted inequalities for Fourier
transforms on R.

THEOREM 4. Suppose u(zx) is an even, locally integrable function on R
which s convex and decreases to 0 on (0,00). Then for arbitrary v(zx) > 0,

(3) /oo |f(z)u(z)|? dz < C/_oo |f(2)v(z)|?dz  for all f € L'(R)

if and only if

/]\71()@1)_2)(15)2 dr < C' [ v(z)~2dz  for all intervals I,
I I

where

- (-t
(V1)) = sup [ | uw dy} [ 11w)dy
zel |Jo I

For earlier conditions guaranteeing (3) see [5, 6, and 7).

Our final application is to Carleson measures for the Dirichlet-type spaces
hY introduced in [9]. The space h%; consists of the Poisson integrals, u, of
potentials K * f, f € LP(R™). A positive measure p on R} is said to be a
Carleson measure for hi if ||u|zr(u) < C| fl|p for all f € LP(R™).

THEOREM 5. Suppose K(z) ts nonnegative and radial on R™ and is de-
creasing as a function of |z|. Then for 1 < p < 0o, a positive Borel measure
W on Rﬁ“ 15 a Carleson measure for hi if and only of

/ M(xr()p)(a)? dz < C/ dp < oo for all cubes Q.
Q T(Q)

Here, Q is a cube in R™ and T(Q) denotes the cube in RT+' having Q as a
face. The Carleson mazimal function, Mv, is given at x € R™ by

Mu(z) = -1 d dv.
e =sp o [ s [

A characterization of Carleson measures in terms of LP capacities can be
found in {9 and 12].

4We wish to thank M. Wilson for communicating to us an alternative proof of the
connection between Theorem 1 and the results of {3].
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II. Sketch of proofs.
PROOF OF THEOREM 1 By duality, (1) is equivalent to

(4) [rer <c [¢'s ger@n.

Extensions of theorems in [8] show that (4) amounts to the same inequality
with T replaced by the dyadic maximal operator

(M)(z) = sup [th- /llel/nK(y)dy] L @dvadc

The methods of [11] now yield (2), with M instead of T', as necessary and suffi-
cient for the latter inequality. Finally, as above, M and T are interchangeable,
so the proof is complete.

PROOF OF THEOREM 2. We have

_)\1 = sup _M
weQ(H)  (U,u)
where C, is the least constant such that [p.(Iff)%v < Cqo [ f2 for all f €
P(R™), and I{ has kernel K@ with K@ (¢) = (a + |¢|?)~%/2. This is so since
H 2, 2
() _ o [19u

sup — -——= =
weQ(H) (WU ueq(H) Slul?

=inf{a >0 /|u|2v < /(a|u|2+ Vuf?) = /(a+ |g|2)|a(g)|2dg}
=inf{a > 0: C, < 1}.

=inf{a > 0: C, < 1},

Theorem 1 now yields Cq = supg |Q|;* [ If*(xqu)?. Standard estimates on
Bessel kernels show it suffices to take this supremum over cubes of side length
at most o~ 1/2, so Theorem 2 follows readily, since

[ 12x00 - /Q I8 (xqu)v = /Q L(xqu)

for such cubes.

PROOF OF THEOREM 3. (A) As in [3], it suffices to construct an N-
dimensional subspace S of Q(H) such that [(|Vu|?+ Aul?) < [|ul?v, u € S.
With some computation, one verifies this inequality for

S = Spa‘n{HJIZI\(XQJU)}évzla
the 0, being dilates and translates of a fixed C*° function 6 with 6, = 1 on
3Q,, suppb, C2Q,, j=1,...,N.

(B) We sketch the case A = 0, following the line of proof in [3]. Thus,
we prove (B) by showing that if Q;,...,Qn are all the minimal dyadic
cubes satisfying |Q|;! fQ Iy(xQu)v > ¢, then H has at most CN nega-
tive eigenvalues. This is done by constructing a subspace S of codimen-
sion CN in L? such that [|ul>v < [|Vul?, v € SNQ(H). We define
additional cubes Qn41,...,Qm, M < CN, and sets E;, 0 < 53 < M, in
analogy with those in [3]. A modification of arguments in [3] shows that if
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v, = XE,v, then |Q[7! [, I2(xQu,)v; < c for all dyadic cubes @ and, thus,
J(I1f)%v; < [ f2, f € P(R"), 0<j <M, by Theorem 1.

It is possible to find cubes Q;- (not necessarily dyadic or pairwise disjoint)
such that |J; Q) = E, for 0 < j < M and such that the total number of @,
does not exceed C, M. Let S = {u € L?: le u =0 for all 4,5}. Lemma 1.4
of [2] shows ’

lu(z)] < CLi(xq; IVul)(2) < CLi(xg,|Vul)(z)

for z € Q%,u € S, and so

M M
/ 0 = go / ful?v; < CZ; / Ty (xs, |Vul) 2o
M
2 _ 2
s;)/E Vuf? = [ 1vu

for u e SN Q(H), as required.
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