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THE ASYMPTOTIC BEHAVIOR
OF NONLINEAR SCHRODINGER EQUATIONS

BY YOSHIO TSUTSUMI AND KENJI YAJIMA

We consider the nonlinear Schrodinger equation with power interactions

(NS) 10u/dt = —LAu+\ufP~lu

in R™, n > 2, with A\ > 0. Proposing a new method for studying the large time
behavior of the solutions of (NS), we prove the following theorem. Hp = —3A
is the free Hamiltonian and

@) £ = {u€ L} R");|lull2 + || Vull2 + [lzull2 < 0o},

where ||u||; denotes the LI-norm of .

THEOREM. Let 1+2/n < p < 1+4/(n—2). Then for any ug €
there ezists a unique u+ € L%(R™) such that the solution u(t) of (NS) with
u(0) = ug has the free asymptote u+ ast — too:

@ i [lu(t) ~ exp(—itHoJuxl2 = 0.

REMARK. Since it is shown by Glassey [4] and Strauss [6] that if 1 <p <
1+ 2/n any nontrivial solution u(t) of (NS) with u(0) € S never satisfies (2),
our theorem achieves the least possible exponent 1+ 2/n for this direction.

In the sequel we shall prove the theorem. Our proof is based on the follow-
ing observation: Since the asymptotic profile of the free evolution exp(—itHp)f
is given by (1/it)"/?exp(iz?/2t)f(z/t) and (NS) is transformed by the con-
jugation C,

(3) u(t, ) = (Cv)(t, z) = (1/it)"/ 2 exp(sz?/2t)(1/t, z]t),
into the new equation
(TNS) 19v/3t = —3 Av + \[t[PPD/2=2 |y Py,
the relation (2) is equivalent to the existence of
. — . 2/pn
(4) tll»nilo v(t) =v+(0) in L*(R™).

Here and hereafter f and f are the Fourier transform of f and the inverse
Fourier transform of f, respectively. The equation (TNS) has almost the same
form as (NS) and, for p > 1+ 2/n, t™P—1)/2-2 ig integrable near ¢t = 0. Thus
we expect the existence of the limit (4) for those p’s.

The equation (NS) has interested many authors and there is quite a body
of literature. Among them, we mention the following which are related to
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our result. For 1 <p <1+ 4/(n—2), the global existence of the solution u(t)
of (NS) with 4(0) € H(R™) is proved by Ginibre and Velo [1]. In [2] they
also show the above theorem for 1+ 4/n < p < 1+ 4/(n — 2) (see also Lin
and Strauss [5]). The lower exponent 1+ 4/n is subsequently decreased to
y(n) = (n+2++/n?+12n+4)/2n in Strauss [7], but the allowed u(0) are
restricted to be small in a certain norm.

ProoF. From [1] and [2] we already know that (NS) has a unique global
solution u(t,-) € C(R';X) with u(0) = u,. We note that the solution of (NS)
means the so-called mild solution of the integral equation associated with the
differential equation (NS) (see [1]). Then a direct computation shows that
v(t) = (C~u)(t) € C(R¥; T) is a unique solution of (TNS).

We prove the theorem for ¢ — 400 with 1+2/n <p<1+4/n only. The
other cases may be proved similarly. We first obtain two conservation laws
for (TNS). We multiply (TNS) by ¢>~"(»—1)/2375/3t and take the real part.
This leads us to

2-n(p—1)/2 2,4 f p+1
© t IVu(@)llz + i/ lv(ix)l dz
> Ao D2 Ve + = [ (s, )Pt de

for all 0 < s <t < +00. We note that this rather formal calculation can be
easily justified by the regularizing technique of Ginibre and Velo [1]. Next we
multiply (TNS) by 7 and take the imaginary part to obtain

(6) lo@llz =llv(s)ll2, 0 <8<t < +oo.
By (5) and (6) we conclude that
M PeDAVYE|2<Cr ol < Car I(Ol2 < Cs,

for all ¢ € (0,1], where C4, C2 and C3 depend only on ||[v(1)||g1 and ||v(1)]|p+1-
Let ¢ € HY(R™). By (TNS),

(v —v()0)= [ t(ag(:)m) dr

®) - -% / (Vo(r), Vo) tr

t
—i [ o022 o)t o(r), ) dr
8

for 0 < t,s < 400, where (-,-) is the inner product in L?(R™). Since
n(p—1)/2—2 > —1 for p > 1+2/n and H!(R™) is dense in L?(R™), (7) and
(8) show that the weak limit

9) gv;lirg v(t) = v(0)
exists in L(R™). Now choose ¢ = v(t) in (8). Then
¢
(00)— e o) <3 [ 1980 dr - 1000

t
+ / D22 (r)1B g dr - [oE)llp+1,

(10)



188 YOSHIO TSUTSUMI AND KENJI YAJIMA

for all 0 < s <t < +00. Applying (7) to (10), we have

|(0(2) = v(s), v(t))] < Ca| s {ERP=1)/2=1 _ gn(p—1)/4 gnip-1)/4-1y
(11) n(p—1)
+ ;(10_2—1)__—2{%0’-1)/2-1 _ snto-1/2-1y],
Let s — +0 and use (9) to obtain
(12) |(v(t) — v(0), v(8))] < Cstn@D/2~2

with Cs > 0 depending only on n, p, ||v(1)||p+1 and ||v(1)||z:. Therefore,
llv(®) = v(O)13 = (v() — (0), v(t)) — (v(t) — v(0), v(0))

(13) < Cst™P=/21 . [(u(t) - v(0), (0)|
=0 (t—+0).
Returning to (NS) we see that
(14) || exp(—itHo)5(0) —u(t)llz >0 (¢ — +o0),

as desired. 0O
The construction of wave operators and the asymptotic completeness prob-
lem will be discussed elsewhere.
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