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TORSION FREE SUBGROUPS OF FUCHSIAN GROUPS
AND TESSELLATIONS OF SURFACES!

BY ALLAN L. EDMONDS, JOHN H. EWING AND RAVI S. KULKARNI2

It has been known for many years that a finitely generated fuchsian group G
i.e. a finitely generated discrete subgroup of orientation-preserving isometries of
the hyperbolic plane contains a torsion free subgroup of finite index. The known
proofs are by representations in the symmetric groups cf. Fox [3] or by the
method of congruence subgroups cf. Mennicke [4]. The latter method extends
to all finitely generated matrix groups cf. Selberg [5]. There is no information
about the possible indices of subgroups in these proofs. Here we announce the
precise determination of the possible indices of torsion free subgroups of finite
index in terms of the torsion in G. Using the connection between fuchsian
groups and uniformization of Riemann surfaces the results may be interpreted as
a step in determining a class of intermediate uniformizations, or looked in a dif-
ferent way, a step towards a topological classification of holomorphic maps
between Riemann surfaces of finite type. Contained herein are some results of
a naive geometric interest. Namely they imply the existence of certain interesting
tessellations of surfaces which are natural generalizations of the tessellations of the
sphere determined by Platonic solids. We remark that we completely leave aside
the questions of normality of subgroups. Determining the indices of normal
torsion-free subgroups of finite index in fuchsian groups appears to involve deeper
number theoretic considerations which are probably yet to be understood.

To formulate our main result let G have a standard presentation with gener-

ators @y, by, .o . 8y, by Xy, X, Yy, .., Y and relationsx'l"1 ==
X" =1andabay byt - abar b txy ccxy cry =1 Letl=
LCM{m,, ..., m,}, and let I(;y denote the 2-primary part of . We say that G

has odd type if s = 0, 1(2) > 1, and the number of m;,’s such that 1(2)Imi is odd.
Otherwise G has even type.

THEOREM 1. The infinite fuchsian group G contains a torsion free subgroup
of index k if and only if k =0 modulo 2€1, where € = 0 if G has even type and
€ = 1 if G has odd type.
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An alternate formulation is the following. A torsion free subgroup of finite
index in a finitely generated fuchsian group is isomorphic to m, (M) where M is
an oriented surface of finite type. According to the theorem, conversely, given
H ~ (M), M an oriented surface of finite type and G = a finitely generated
fuchsian group H embeds in G as a subgroup of index k < oo iff the Riemann-
Hurwitz condition is fulfilled i.e. more succinctly x(H)/x(G) = k where x denotes
the Euler characteristic of a group in the sense of Wall.

The proof of this theorem is given in detail in [2]. In case G has positive
genus (g > 0) or G is not cocompact (s > 0), the result is easy. For one can
produce a homomorphism to an appropriate dihedral or cyclic group and realize
the asserted subgroup as the inverse image of a subgroup of order 2 or 1. The
remaining case of Dyck groups (g = 0 and s = 0) is much more subtle. For
example the (2, 3, 7) triangle groups admits no nontrivial homomorphism to a
finite solvable group.

Our approach to the theorem is to observe that the existence of a torsion
free subgroup of G is equivalent to a certain tessellation on a surface of finite
type. Precisely to take care of the Dyck groups we prove

THEOREM 2. Let M be a closed, orientable surface and let m,, m,, .
m,, R, E, V,,...,V, be positive integers satisfying

r
26=rR; 2mV,=R,i=1,...,r; and R—E+ Y V,=xM).

i=1

Then there is a tessellation of M into R r-gons with E edges and Z)_, V; vertices,
V; of valence 2M; (i = 1, . . . , r) such that each region has vertices of valence

2M,, . .., 2M, up to cyclic order.

The proof contains an involved sequence of explicit constructions of tessel-
lations coupled with inductions and branched covering arguments.

The case of (p, q, 2) triangle groups has especially nice geometric import.
In this situation the regions of the tessellation corresponding to a torsion free
subgroup of index k can be combined in groups of 2p to form a tessellation by
k/2p p-gons in which each vertex has valence q. Conversely, such a tessellation,
generalizing the Platonic solids, corresponds to a subgroup of the (p, g, 2) triangle
group. We have dealt with this special case of the general problem, including
here the more difficult nonorientable analogue, in [1].

ADDED IN ProOF. (1) The first and the third authors, in collaboration with
R. E. Stong have further obtained various results concerning inclusions of one
finitely generated fuchsian group into another as a subgroup of finite index. Be-
sides the obvious Riemann-Hurwitz condition and the “genus and cusp” condi-
tions there appears a new diophantine condition which is necessary but not in
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general sufficient for the existence of an associated branched covering of surfaces.
The existence of branched coverings is established by algebraic or tessellation
methods. The cases (1) genus > 0 or (2) the number of punctures > 0 or (3)
the number of elliptic branch points > 3 are relatively easy to handle. The re-
maining case — precisely that corresponding to subgroups of the Schwarz triangle
groups — is investigated by relating it to bicolorable triangulations of closed sur-
faces.

(2) The third author has further investigated the indices of normal subgroups
in finitely generated fuchsian groups. The following typical result illustrates the
connections of this problem to finite simple groups and distribution of primes in
arithmetic progressions. Fix primes p < q. Let Gp’ q,(x) be the number of primes
r < x such that the minimum index of a normal subgroup in the {p, g, r}-tri-
angle group with quotient ~ a known finite simple group # PSL, (F,) where F_
denotes a finite field with s elements. Let m(x) be the number of primes < x.

THEOREM. If the extended Riemann hypothesis is valid then

Lim 6, ,(x)/n(x) = 0.

Roughly speaking the theorem says that a quotient of minimum order of
the {p, q, r}-triangle group with torsion free kernel is “almost always” ~
PSL, (F,) for some s — the exceptions do occur, but they have “zero density”.
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