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Let a be an automorphism of a von Neumann algebra ¥ such that 2 has
a faithful a-invariant normal state p. FordinY andn =1, 2, ..., write

$4) =1 [4 + o) + P(A) + - - + "N A)].
The result referred to in the title is the following.

THEOREM 1. For each A in YW and € > 0 there exist an o-invariant element
Aanda projection E in % such that p(F) > 1 — € and

(s, (4) - AElI —0 asn— oo

We describe the convergence by saying that s,(4) — A “almost uniformly””

Consider the case where U is commutative. Then there is a probability
measure space (X, S, u) such that 2 is isomorphic to L= (X, ) in such a way
that p corresponds to the functional f +> [y fdu. Also, a corresponds to an
automorphism of L™ (X, u) which is induced by an invertible measure-preserving
transformation of X. It is easy to see (using Egorov’s theorem) that almost uni-
form convergence in 2 corresponds to almost everywhere convergence on X. So
in this setting the above theorem reduces to the classical pointwise ergodic theo-
rem of G. D. Birkhoff [1] (for a bounded function f).

The first ingredient in the proof of Theorem 1 is the theorem of Kovdcs
and Sziics [2], which establishes the existence of the conditional expectation
mapping A —> A, and can be adapted to show that $5,(4) — A strongly. This
result can be regarded as a noncommutative version of the mean ergodic theorem.
Next, it is necessary to show the existence of a large set of elements 4 in U for
which we can take the projection E to be the identity.

THEOREM 2. Let ¥, = {A € U: ls,(4) - Al — 0}. Forany A in %
there is a bounded sequence (A,) in U, which converges strongly to A.

The proof of Theorem 2 involves some Fourier analysis and the spectral
theorem for a unitary operator. If we write B, = A4 — A, then B, — 0 strongly
and so s,(B;) — O strongly as k —> oo, for each n. If we knew that this conver-
gence was, in a suitable sense, uniform in n, we could complete the proof of The-
orem 1 by von Neumann algebra techniques. The desired uniformity is provided
by the following theorem.
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THEOREM 3. If A is a positive element in the unit ball of ¥ and p(4) = &
then there is a positive element C of U with |Cll < 2 such that p(C) < 46" and
$,(4) < C for all n.

The intuitive content of Theorem 3 is that if 4 is positive and its expected
value p(4) is sufficiently small, then all its averages s,,(4) are fairly small. In
the commutative case, this is more or less the content of the maximal ergodic
theorem, which appears to be an essential ingredient in the proof of the point-
wise ergodic theorem. To prove Theorem 3, we reduce it (using the correspon-
dence between the ideal structure of a C*-algebra and the facial structure of its
state space) to a statement about the state space of a C*-algebra which is a spe-
cial case of the following result about compact convex sets.

THEOREM 4. Let K be a compact convex set in a real locally convex space, o.a
bicontinuous affine automorphism of K, f a continuous real-valued affine function
on K, z a point of K with a(z) = z and n a positive integer. Then either f(z) =
0 or there exist a face F of K and points z, in F, z, in K such that z is a convex
combination Az, + (1 = Nz,, (1 =N f(z,) =0and s5,(f)<Oon Ffor1<m
<n

In the above, s, () =[f+of + -+ + o™ 1f] /m, where of is the affine
function given by af(x) = f(a(x)) (x € X). The proof of Theorem 4 involves
some Choquet theory and an adaptation of one of the standard proofs of the
maximal ergodic theorem.

Detailed proofs of these results will be published elsewhere.
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