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1. A problem in control theory. Many classical coefficient problems in the
theory of univalent functions can be stated as the following control problem.
Consider a first order differential system

dx/dt = f(x, u(?)),

where x = (x;,...,x,),u =y, ...,u,)and f(x, u) = (fi(x, u), .. .,
f,,(x, u)) are real valued vectors. Assume that f is continuous on R” x R™ and
for fixed u, f € C'(R™). The values of u(f) are in a compact domain U C R™.
Denote by F the class of all piecewise continuous functions u(¢) for ¢ = 0 with
the values in (/. Let x(¢) satisfy a fixed initial condition x(0) = £. Denote by
x(t, u) the solution of the system above for a given u(¢) in F. Let F(x) =
F(x,, ... ,x,)belong to C1(R").

THEOREM 1. Let u* = u*(t) be a solution of the problem supFF(x(T, u))
= F(x(T, u*)), for T > 0. Consider the system

dx[dt = f(x, u*(t)), x(r) = n
for 0< 7 <T. Define a function F_ by the equality F_(n) = F(x(T)). Then
x(7, u*) solves the problem sup F,(x(r, u)) = F,(x(7, u*)).

The proof of the theorem follows by considering the functions u(¢) such
that u(?) = u*(¢) for r < ¢ < T. In case where f(x, u) = A(u)x and F(x) =
Ao* Theorem 1 has a very simple form. Here A(u) = (2;/w))} and a,.j(u) €
C(R™). By A" and \' we denote the corresponding transposed matrix and vector.

THEOREM 2. Consider a control system dx[dt = A(u(t))x. Let u*(r)
solve the linear problem

sup, NoX(T,, u) = Nox(T, u*).
Then x(7, u*) solves the linear problem

sup, N'(1)x(r, u) = N(7)x(7, u*),
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0 <7< T, where \(¢) is the solution of d\ldt = — A'(u*\, NT) = A,.

2. Univalent functions. Denote by S the set of all analytic univalent func-
tions f(z) = z + T5_,a,z" in the unit disc D. Let f be a slit function, i.. f
maps D onto a slit domain. According to Loewner [1] f can be embedded in a
semigroup of univalent functions g(z, ¢) = e*(z + 2,':°___2ak(t)zk ) which satisfies
the equation ot
p 1o(2
E_ BLYeZ i 0)=10).
1 - e,
Here o(t) is a real piecewise continuous function for £ > 0. Denote by A, the
set of vectors ¢ = @y, .. .,a,), (@, =1) which are the first n coefficients of
some fin S. Let f(z, ) =e g(z, =z + Z:=2ak(t)zk . Then a‘™(¢) satisfies
the system

da\™(t)/dt = "*(Gn4g ne—iw(t)G

"a(")(t), a(")(O) = g,

Here 4, = (ay;)] and G, = (dy8y;)] are the matrices: a;; = 0 for j > k, a5 =
k- l,akj =2forj<kd,=k-1,k j=1,...,n. The following result is
basic for applications of the method of control theory to coefficient problems
for univalent functions.

THEOREM 3. Let ¢(t) be a real measurable function for t = 0. Consider
the system da"™/dt = - ei"(t)G"Ane"i‘o(t)G"a(") fort = 0.
Then (i) A,, is invariant under the flow defined by the system above. That is,
if a"™(0) € A, then a"@) e A, forany t > 0.

(i) Let o™ € A,, and consider the set of all possible paths a™M (@) start-
ing from the point o™ for all choices of . Then this set is dense in A,.

Let a{” = (a%, . . ., a*) be a boundary point of A,. According to [2],
the corresponding function f*(z) = z + E,°c°=2a,";z" is a slit function. So f*(z)
generates the corresponding ¢*(¢) which appears in the Loewner equation. Using
Theorems 2 and 3, we obtain

THEOREM 4. Let a{™ solve the problem

n n
max Re§ 3 xg::,,% = Re% > xga;g%
1 k=1

A, k=

subject to m constraints a; = a}f, k=1,...,m, (m<n-1). Let a"™(¢) be
generated by the Loewner equation

da(n)/dt - ei&P*(t)GnAne—-i&p*(t)Gna(n)’ a(")(O) = ain)_

Define \™(t) to be

—ip* (DG, . ip*()G _
d\™/dt = - "4l e M, M) =,
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Then a\™(¢) solves the problem

n
max Re! 3~ A (f)a,
A k=1

n

= Re

3 xk(r)ak(r)i
k=1

a =a),k=1,...,m, fort>0.

In particular we obtain that if afk”) is a supporting point of A, so is
a™(¢) for t >0 [2,103]. Let & =(0,...,0,1, ¢ ,,...,&)and n* =
(ﬂ’fs- .. ,"72, 1’ 0’ L 0)’ k = Oa N O 1’ Where

r+k 2k + 2
g=c1F = C1 T
r—k-1 k+1\k-r+1
THEOERM 5. Assume that the Koebe function K(z) = z/(1 — z)? solves
a linear problem

Tax Re{)\(")'a(")} = Re {)\(")'e(”)}
n
where e = (1, 2, , ).
Then the Koebe functzon also satisfies max An Re {)\(”)(x) aMy =
Re {)\(”)(x) MY, for 0 <x < 1, where A\ (x) = E":olx ()\(") £W'. In partic-
ular, if Re{a,} <n, then

Re ;"f c 1)’x’< " >[<n’)’a<">1f
r=0 n—r—1

n—l n+r ,
<Re{ Y (1)yx (e,  foro<x<1.
r=0 n—r-1

Thus, from Re{z,} < 4 we obtain the inequality
Re{x?a, + 6x(1 — x)az + 2(7x% ~ 12x + 5),}
< 14x% - 30x + 20
for 0 <x < 1. The full details and the proofs will appear elsewhere.
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