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Let 4 be a unitary ring with involution and let LZ(A) denote the surgery
obstruction group in dimension n, defined by C. T. C. Wall in Chapters 5 and 6
of [13], for surgery to a homotopy equivalence. In this note a new local surgery
theory [8], [9] is used to produce a localization sequence for Wall’s L”-groups
(cf. Example 2 following Theorem 1). This sequence, together with a Mayer-
Vietoris sequence derived from Sharpe’s unitary periodicity for KU;, 0 <i <2,
can be used to make computations which include and extend many of the results
of Bak [1], Bass [2], Karoubi [6], and Wall [14]. The approach we outline to
the determination of surgery obstructions should be more accessible to topologists
than other recent treatments, because the analysis involves only two nontrivial
but essentially geometric tools: the localization sequence and the Mayer-Vietoris
sequence. The first can be realized geometrically in the case of group rings; the
second involves a formal construction in algebraic K-theory, together with Sharpe’s
study of the unitary Steinberg group, which can also be realized geometrically
[11].

The localization sequence. Let A be a ring with involution and 4 a classi-
cal ring of quotients with respect to a multiplicative subset * C 4. Five terms
(starting with Lg x+1(A4)) of the following localization sequence have been ob-
tained by Karoubi [6] independently.

THEOREM 1. Let A be a ring with involution, A a ring of quotients as
above. Then there exists a sequence of groups LY(A, ¥) and a long exact sequence

v LA () LA, 2) = Ly(A) = Ly(D) > Ly (4, Z)— -

ExaMPLES. Let 4 denote the injective hull of A. In the examples below,
A is a classical ring of quotients.

(1) If D is a Dedekind domain, D = F its fraction field, and the involution
is trivial, then Theorem 1 (modified to replace L”-groups with U-groups of [10,
§3]) gives the Milnor exact sequence of [5],

0 — WD) — WF) — LIw®/p),
p
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where W(A) is the Witt group of A [5]. In particular, this part of the sequence
answers a question raised by A. Durfee: the obstruction to lifting a form on a
D-torsion module back to W(F) lies in the group U, _,(D). (Durfee shows the
obstruction group is C/C?, where C is the class group of D, when D is the ring of
integers in a number field; in this case U, _,(D) = C/C%.) More generally D may
be an order in the semisimple algebra D.

(2) “Local Surgery”. If = is finite then Zr = Qm. In this example
L!(Zn, Z¥) (= L!(Zn) in [8], [9]) is a surgery obstruction group, Theorem 1 is
a formal consequence of Chapter 9 of [13], and the geometric analysis in [8]
provides the method of proof in Theorem 1. L:,(Zn, Z*) is the obstruction group
for completing surgery on a normal map f: M — X such that fis a rational
homology equivalence, where we require that the bordisms of f be rationally
homology-equivalent to X. Using the techniques of [13], modified for surgery
on Z,-manifolds instead of spheres, we obtain the following algebraic description.
Let I be the category of Zm-modules S admitting a short free Zn-resolution, to-
gether with nondegenerate e-hermitian linking and self-linking forms, b and g, as
in Theorem 5.2 of [12]. Then the groups L} (Zr) are the L-groups in the cate-
gory I in the style of [10].

(3) If A = ZZ (viewed as the ring of finite Laurent series) and £ =
{p(t) € ZZIp(1) = £1}, then L! | ,(4, ) is the knot group C,,.

This yields a new algebraic description of C,,. (A much more general result
on codimension two imbeddings has been obtained by Justin Smith.)

(4) By an elementary calculation (i.e. without using unitary stability theo-
rems or the solution of the congruence subgroup problem as in [7]) one may
show L3(ZZ,) = 0 by proving that L;(ZZP) = Lg(Z{) + LQ(Z) and applying
Theorem 1 (Z{ = cyclotomic integers). Here is a sample application.

THEOREM 2 [1]. L™(Zm) = 0 if Inl and n are odd.

The idea of the proof is to reduce to the case of odd order cyclic groups
using [3]. Then from Sharpe’s unitary periodicity theorem we derive a Mayer-
Vietoris sequence for cartesian squares satisfying certain conditions. Squares sat-
isfying the conditions appear in [4] for cyclic p-groups, p odd. One may tensor
these squares over Z with Zz', where 7' is cyclic, ('], p) = 1, and retain the
conditions. Thus we reduce to the case of rings of integers, which we can treat
with Theorem 1.

ADDED IN PROOF. A sequel to [6] has appeared (Ann. Sci. Ecole Norm
Sup., t.8, fasc. 1, 1975) in which Karoubi obtains more of Theorem 1, assuming
12 €A.
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