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ON UNIQUENESS IN CAUCHY’S PROBLEM FOR
ELLIPTIC OPERATORS WITH CHARACTERISTICS OF
MULTIPLICITY GREATER THAN TWO!
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The question of uniqueness in Cauchy’s problem for elliptic partial
differential operators has been reduced to the proof of certain integral estimates
of Carleman type, viz.,

Ole(x, D)u(x)l2e2‘r¢p(x) dx <CflA(x, D)u(x)lze2-npp(x) dx
or, in brief,
@ ollB(x, D) u(x)|*> < CllA(x, D)u(x)II> Yu € Cg (Ix| < §/2)

where x € R?, o, = (x; = 8)? + 8727 ,x7,1<p<2,0—>=asd —0
or 1 — o, C is a constant independent of the parameters §, 7. Such an
inequality is incompatible with the assumption that there is a solution v(x)
of the differential inequality |4(x, D)v(x)| < C|B(x, D)v(x)| and an € > 0
such that v =0 for x; <eZ7_, x,? unless there is a full neighborhood of x =
0 on which v = 0. Examples of such inequalities may be found in Hérmander
[2], Pederson [3], Goorjian [1], and Watanabe [5], to mention only a few.
The purpose of this note is to show how such inequalities may be obtained
from simple assumptions involving the polynomial 4A(x, ¢).

We depart from custom and return to the classical notion of a multi-
index  as a multiple of integers & = (¢, . .., ), 1 < o <nj=1,2,
..,k and |o| = k. We write D; = (1/i) (0/ox)), DT = (1/i) (3/3%), D, =
Dy Dq, . .. Dy, and D® is defined similarly. We write P(%)(x, {) =
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D*P(x, §) and Pg)(¥, §) = DoP, ). Wiite § = 5,8, ' € C™LL If
P(x, {) can be factored as a polynomial in {, as

J r,
Pix, ) = [T G, —pjx, £
=1

then we write the Lagrange interpolation polynomials

P9 = P, §)
n B1 Y
(PRl R D) B (PRl TN R 9))

where we restrict § so that 1 < B < J and no entry j is repeated more than
r; times. If F({) is differentiable, we write VF({) € C” as the vector whose
components are D’F(i'). If ¥ CR" is an open cone containing the vector
(-1,0,...,0) then we write E(V) = { €EC™: ¢ =¢+itN, §ER", 7> 0,
N € V}. Finally, we use the letter C to denote constants independent of
parameters such as p, 7, 6, and the function &, and which may not be the
same in different usages.

DEFINITION. The homogeneous elliptic differential operator A(x, D)
is said to have nontangential characteristics of multiplicity r at a point
(%, $o) €ER™ x C" if its symbol A(x, {) has the factorization in a neighbor-
hood of (x4, &)

J r
A, ) = Hl ¢y = o, £
j=

with p; € c™lj=1,...,J where the r; are positive integers whose sum
ism, K <J is an integer such that r, +7r, + ...+ rg =rand

I E §o) = pz(xo, 5'2)) =...= PK(xo, f;)) 9&Pj(-"'oa g':))’
j=K+1,...,J,
and the set of vectors {y,, ..., v} C C", is linearly independent, where
7 =V(E, - p;), evaluated at (xg> $o)- We say that an operator has non-

tangential characteristics of multiplicity at most r in a set if it has nontangential
characteristics of multiplicity no greater than r at every point in that set.

THEOREM. Suppose that r is an odd integer, V a cone, and either

() A(x, $) = P(x, ¢) is a homogeneous elliptic polynomial of degree m
whose roots with respect to ¢, are locally C” in E(V) and which are of mul-
tiplicity no greater than r; or
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(b) A(x, §) = P(x, §) + Q(x, {), where P is homogeneous of degree m
and has nontangential characteristics of multiplicity no greater than r in E(V),
and Q is of degree m — (r + 1)/2 and has Lipschitz continuous coefficients.
Then there are constants 0 <p <2,0<36,,0 <7, so that
@ Y (@d2yn—lelmrem=lelin w12 < CllA(x, D) u(x)|?

lal<m
Jorall 0 <3 <8y, 72>1y/6%, u€Cy (x| <8/2).

REMARK 1. Estimate (2) has the form of (1) when the summation is
restricted to |a| <m — (r + 1)/2.

REMARK 2. When r = 3, (b) implies that the operator (P(x, D) +
Q(x, D)) + B(x, D), with Q of degree m — 1 and where B is of degree no
greater than m — 2 and has bounded, measurable coefficients, satisfies unique-
ness in Cauchy’s problem.

REMARK 3. When P(x, D) = P,(x, D) ° P,(x, D) ° P4(x, D) is the
composition of homogeneous elliptic operators with simple characteristics and
smooth coefficients, (b) is satisfied whenever { VP, (0, {), VP, (0, £),VP5(0, {)}
is linearly independent for ¢ € E(V).

The proof of the Theorem is based on the inequality

® (182) 1 1P (9, D) ull* < CllACx,, D)ull®
for 1 < || <7 — 1, since the remainder of the proof is along lines used by

Pederson [3] and Watanabe [S]. In the case (a), it is possible to derive (3)
directly from the inequalities

@) P& DP<C T NP O, 1<lel<r-1,

1BI< |l
for { € E(V) for some cone V C R” containing (-1, 0, . . ., 0). This inequal-
ity was first proved for |a| = 1 by Pederson [3]. In the case (b), (3) follows
from the inequality

B) Py HE<C T WNPIPOR, HE,  1<l<r-1,
1BI< el

for ¢ € E(V), and (5) can be shown by coupling (4) with the inequalities
® ¥ P OI2<C ¥ PP% 012 k=1,2...,¢-D,

18l=k 18l=k
which are conscquences of the nontangential assumption. The proof of (6)
involves the consideration of many cases and will be published in full elsewhere.
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