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Let G be a locally compact group, C(G) the space of bounded complex-
valued continuous functions on G with the sup norm and UC(G) the
closed subspace of C(G) consisting of uniformly continuous functions.
If fe C(G) and x € G the left {right} translation of f by x, L, f {r,f}, is
given by (L)(»)=f(xy) {(r.)(»)=f(yx)}. f€ C(G) is said to be weakly
almost periodic (w.a.p.) if the set {/,f:x € G} is relatively compact with
respect to the weak topology of C(G). The set of all w.a.p. functions on
G, designated by W(G), is a closed subalgebra of UC(G) and is closed under
translations. Moreover, it has a unique invariant mean m:m € W(G)*,
Imll=1, m=0 and m(l f)=m(r,f)=m(f) for x € G and f€ W(G). (This
is the well-known Ryll-Nardzewski fixed point theorem. Burckel’s mono-
graph [1] is a convenient reference for this and other facts concerning
w.a.p. functions.) Let Wy(G)={fe W(G):m(|f[)=0}. Then Wy(G) is a
closed subalgebra of W(G) and W(G)=Wy(G)®A(G) where A(G)=
{f € C(G):f almost periodic}, cf. [1]. Therefore the study of W(G) is
somehow reduced to the study of 4(G) and Wy(G). For almost periodic
functions there are useful characterization theorems and a deep approxi-
mation theorem; cf. [4]. But little is known about functions in W(G).
One well-known fact is that Co(G)< Wy(G) if G is noncompact. Here
Cy(G)={f e C(G):f vanishing at infinity}. Burckel [1, Theorem 4.17]
proved that if G is abelian and noncompact then Cy(G) & W,(G). His proof
is short but some quite deep results in harmonic analysis on abelian groups
are used. He conjectured that the abelian hypothesis is inessential. Even
though the abelian hypothesis can be weakened considerably, there exists
a noncompact solvable group G with Cy(G)=W,(G).

Let C be the set of complex numbers, T the unit circle in C and R the
set of real numbers.
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THEOREM 1. Let I'=CX T with the product topology and with multi-
plication given by

(z, exp(i0))(z', exp(i0')) = (z + exp(if)z’, exp(i(6 + 0))).
Then Wy(I")=Cy(I).

The proof depends, among other things, on the fact that each w.a.p.
function is uniformly continuous and that if f is uniformly continuous
on I', then given £>0 there exists >0 such that

| /(z exp(ig), exp(it)) — f(z, exp(i))| < &

if (z, exp(i8)) € I" and |exp(ip)—1|<9.

REMARK. In [S] deLeeuw and Glicksberg proved that if G is abelian
and if H is a closed subgroup of G then W(H)= W(G)[H. It is not hard
to see that their theorem does not hold for the nonabelian solvable group
I" and its closed normal subgroup C. In fact, W(C) is not even contained
in uc(I)|C.

For further discussions we need the following.

DEerFINITION. Let G be a locally compact group. G is said to have
property (E) if either G is compact or there exists a set X< G such that
(i) cl X is noncompact, (ii) given a neighborhood U of the identity e,
the set (N {xUx~1:x € XUX~1} is again a neighborhood of e.

The main reason for us to consider groups with property (E) is that we
have the following: Suppose that X satisfies (ii) above and that V' is a
neighborhood of e with xVNx'V=g if x, x' € X, x#x". Pick h € C(G)
with its support contained in V. Then 2 {/,-1f:x € X} € UC(G).

Example 1. Each of the following groups has property (E): (a) a group
with equivalent right and left uniform structures, e.g., an abelian group
or a discrete group; (b) a group with noncompact center, e.g., GL(n, R)
or the subgroup of GL(n, R) consisting of upper triangular matrices
(x;;) with x;;=1,i=1,2,--- ,n.

Example 2. Each of the following groups fails to have property (E):
(a) SL(2, R), (b) the group I' in Theorem 1 and (c) the group RXRX T
with multiplication defined by

(x, y, exp(0))(x', y', exp(8)) = (x + x', y + ¥, exp i(6 + 6" + xy")).

THEOREM 2. Let G be a noncompact locally compact group with
property (E). Then there exists a linear isometry from [® into the quotient
Banach space Wy(G)/Cy(G).

The proof uses a generalization of Lemma 1 in [2] and some ideas in
Rudin [7].

Example 2(c) tells us that a nilpotent group may fail to have property
(E). But it is not hard to derive the following from Theorem 2.
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CoROLLARY. Let G be a noncompact locally compact nilpotent group.
Then there exists a linear isometry from I™ into Wo(G)|Co(G).

By Theorem 1, we know that in the above corollary the condition
“nilpotent” cannot be replaced by “solvable”.

u € UC(G)* is called a left {right} invariant mean if [[u[=1, =0 and
w(l, N=p(f) {pur.f)=u(f)} for x € G and fe UC(G). Denote the set
of all left {right} invariant means on UC(G) by ML(G) {MR(G)}. If
ML(G)# & then G is said to be amenable. It is known that solvable
groups and compact groups are amenable. The reader is referred to [6]
for a quite complete account of the theory of amenable groups and in-
variant means. If G is amenable it is natural to consider the space Fy(G)=
{fe UC(G):u(]f])=0 as u runs through ML(G)UMR(G)}. It is known
that Fy(G) = Wy(G); cf. [1]. In [1, Theorem 3.19], Burckel proved that
Fy(R)2 Wy(R) where R is the additive group of reals with the usual
topology. We have the following stronger resulits.

THEOREM 3. If G is a locally compact amenable group with noncom-
pact center, then there is a linear isometry from 1% into Fy(G)]Wy(G).

THEOREM 4. Let G be an almost connected noncompact locally compact
solvable group. Then there is a linear isometry from 1” into Fo(G)[Wo(G).

The ideas in [1, Theorem 3.19] are used in the proof of Theorem 3.
To prove Theorem 4 it is enough to consider the special case that
G=R? x, T*, the topological semidirect product of R? and T* where 7 is
a continuous homomorphism of T* into GL(2, R).

The results announced in this paper will be among those presented
in detail in [3].
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