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In this note all spaces are assumed to be uniformizable, and if P is a
space then BP denotes a Stone-Cech compactification of P. If P is a
discrete space we shall think of the points of P*=8P —P as the free
ultrafilters on P. The letter N denotes the discrete space of natural
numbers. The main results, Theorems A and C, read as follows:

THEOREM A. If M is a discrete space, f is a homeomorphism of BM
into itself, and if P, is the set of all k-periodic points of f, then

Py = Cl(P}, N M).
In particular

THEOREM B. If M is discrete, then no homeomorphism of BM into
M* has a fixed point.

TuEOREM C. If M is a discrete space, and if x is a fixed point of a
continuous mapping f of BM into itself, then each neighborhood of x
contains an f-invariant neighborhood V of x (that means, with f[V]C V).
In addition, V can be chosen of the form cl X, X C M.

REMARK 1. For M= N Theorem B reads: no type is a relative type
of itself, i.e. (¢, t)E® for no type ¢ (for terminology see [1]). Using the
continuum hypothesis W. Rudin proved in [5] that N* is not homo-
geneous. In [1] the present author proved the nonhomogeneity of
N* without using the continuum hypothesis. Theorem B gives an-
other, very simple, proof: if 4 is a homeomorphism of N* onto itself
and hx =1, then evidently the sets of all relative types of x and ¥ co-
incide. Thence, by Theorem B, if the type of a point x is a relative
type of y, then hx =7y for no homeomorphism % of N*. Note that this
proof establishes the existence of exp exp N, of orbits of the homeo-
morphism group of N*.

REMARK 2. Theorem B in the particular case M=N was an-
nounced in [2]. M. Kat&tov reproved that result in [3] (his proof
works for any M with f[M] an r-set, see Example 2 below). The
original proof, which works in the countable case only, is also given
below because it is of some interest in itself.

REMARK 3. It would be interesting to find an analogue of Theorem
B for any continuous mapping of M. The following examples suggest
that the entire orbit of M must be considered.
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ExaMPLE 1. There exists a continuous f: BN—N* such that:

(a) f: N—f[N] is one-to-one,

(b) f[N] is a countable union of discrete sets, and

(c) f2[N]is a singleton (x). (Thence, x is a unique fixed point of f.)

To exhibit such an f, choose discrete countable infinite sets ¥, C V¥,
n=1, with ¥Y,1Ccl ¥,— Y, and a point y in the intersection of all
cl V,. Next choose a decomposition {N,.} of N into infinite sets, and
then select x, in N, n=1, such that the relative type of x, coincides
with the type of y with respect to ¥,. Let X, be the set of all x,, and
choose a homeomorphism g of BN onto cl Xo. Put x=gy, X,=g[V.,].
Now we can choose a one-to-one mapping F of IV onto the union X
of all X, such that N, is mapped onto X,, and if f is the Cech-Stone
extension of F then fx,=x. Thus f[X,] = (x), and hence f2[N]=f[X]
= (x) by continuity of f.

ExampLE 2. If f: BM—M* is continuous, and M is discrete then
the following statements are equivalent: (a) f is a retraction, (b)
frm=fm for all m in M, and (c) fm € cl f-![fm] for all m in M. The
sets of the form f[M] with f a retraction are called 7-sets.

ExAMPLE 3. There exists a continuous f: BN—N* such that f[N]
is discrete, and f2[N] is a singleton disjoint to f[N]. Take a type ¢ and
a decomposition {N,} of N with N, infinite, pick . in Nj of type ¢,
and select any point x of the type ¢ with respect to the set X of all x,.
Finally, take f such that the restriction to any cl N, is a homeo-
morphism onto cl X with fx,=x.

Let Theorem A’ be the proposition obtained from Theorem A by
replacing “into” by “onto.” In the particular case M =N Theorem A’
is essentially due to R. Raimi [4]. Theorems A’ and B are particular
cases of Theorem A. On the other hand Theorem A is derived from A’
and B as follows:

It is enough to consider the case k=1. It follows from B that if x
is a fixed point of a homeomorphism f of BM into itself then
xEcl(MNf[M]). Then an application of 4’ to an appropriate homeo-
morphism & of BM onto itself gives the desired result (hm=fm for m
in MNf[M]).

For a proof of A’ we refer to [3] or [2] (in the particular case
M=N). Now C will be proved, then B will be derived from C, and
finally a simple proof of a generalization of B in the particular case
M= N will be given. In conclusion an extension of [1] to any cardinal
will be sketched.

Proor oF TuEOREM C. Let M be an infinite discrete space, f be a
continuous mapping of BN into itself, and let fx=x. If xE M, then
the statement is trivial. Assume x& M. Given a neighborhood U of ,
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choose an X C M such that cl X is neighborhood of x (i.e., xEcl X)
and cl X C U. We shall exhibit a YCX with f{¥]Ccl ¥, xEcl V. De-
fine by induction:

X,=Ely|lye X, fy g dx},
P, = U{X;| B < a, B isolated}, Qu = U{Xs| B < a},
Xo = E{yl ¥y E X — Qu fy € cl Qu} if a is isolated,
= E{y| y € X — Qa, fy € cl P} if @ is limit ordinal.
Consider the sets:
Ziimiv = U{ X3 B is a limit ordinal}, Zoaa = U{Xps| 8 is odd},
Zeoven = U{ Xg[ Bis even and isolated}, ¥ = X — (Ziimit \J Zoaa \J Zeven).

First, let us prove that f[¥]Ccl Y. There exists an isolated a=0
with X,= because {X;s} is a disjoint family and, if Xz=& for
some isolated 8, then X, = & for all A= 8. By definition of X, (and X;)

E{y|yE X — Qu fy & (X = Qu)} = (Xa U (X — Q) N X)) = .

Thus ¥ =X —Q., and hence F[Y]Ccl Y. It remains to show that
cl Y is a neighborhood of x, i.e. x&cl Y. It suffices to show that the
closure of none of the Z's is a neighborhood of x. If WC M and cl W
is a neighborhood of x, then necessarily the closure of the set

oW = Efy|yE W, fy € AW}

is also a neighborhood of x because of the continuity of f and fx=x.
So, it is enough toshow that pZoda =pZeven =pZ1imis =&, and this fol-
lows easily from the following relations and the fact that the sets
N—2X, Zodd, Zoven and Ziimis are disjoint:

f[Zlimit] C CI [Zodd U Zeven], f[zeveu] C cl Zodda
f[Zodd] C Cl(N - X) v Zeven \V Zlimit)o

The verification is routine.

Proor oF THEOREM B. Assume that x is a fixed point of a homeo-
morphism f: BM— M*. Consider the collection 9 of all subsets X of
M which admits a disjoint decomposition X = X;\UX,\JXj, such that
fIX:]Cel (X JXy) for i=j=Ek. Clearly, the union of any disjoint
subcollection of 9N belongs to 9N, and x belongs to the closure of no X
in 9. Let X be the union of a maximal disjoint subcollection % of 9.
We shall exhibit a nonvoid YE I disjoint to X'; this will contradict
the maximality of X and conclude the proof. Since cl(M—X) is a
neighborhood of x, by Theorem C there exists a VC M — X such that
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cl Vis an f-invariant neighborhood of x. Choose any infinite subset ¥,
of V such that f[V¥3]Ncl Y3 = &. Pick Z; CV — ¥; such that
d Z\Nf[M]=f[Ys], and by induction Z, CV—(YaJU{Z:|k=<n},
nEN, such that cl Z\Nf[M]=F[Ys],

flZ.] — A Ve = fM] N Zpya.

To justify this, we need the facts that f[M] is normally embedded in
BM (and this follows from the fact that cl f[M] is a Stone-Cech com-
pactification of f[M]), and f is one-to-one on M. If ¥; is the union of
Z, with # odd, and if Y, is the union of all the other Z,’s, then f[V3]
Ccl ZiCcl Vi, and f[Y:]Ccl(YJ V) for 5], 4, j=1, 2. Conse-
quently, the set Y=Y,\UY\UY; belongs to M, and clearly &=V
CM-X.

For M =N Theorem B is an immediate consequence of the fol-
lowing

PROPOSITION. If f is a continuous mapping of BN into itself such that
dfH[N]NfIN] = &
for all n, then f has no fixed point.

Proor. Put N,=f+[N]. If XCU{N.,}, and XN\ N, is finite for all
n, then X is discrete. Choose sets X and Y such that XNV =, the
orbit of each nE N intersects both X and Y, and the sets XNN,,
YNN, are finite for all » (if f is a homeomorphism, we can take
E{ft} for X and E{fa+'} for ). By Theorem C, x belongs to the
closure of X as well as that of ¥, and this contradicts the fact that
X\UY is discrete.

REMARK 4. It is clear that the theory of types of ultrafilters on
countable sets developed in [1] carries over to any ultrafilters if we
restrict ourselves to the relative types with respect to r-sets (cf.
Example 2). Every r-set is a discrete normally embedded set, and I
do not know whether the converse is true or not. However, Theorem
B says that the type of any point is distinct from all relative types,
even from those with respect to the normally embedded discrete sets.

REMARK 5. Theorem A can be extended to compact extremally
disconnected spaces (the statement is modified as follows: the set of
all k-periodic points is both closed and open). Theorem C extends to
any extremally disconnected space. The details will appear elsewhere
in connection with homogeneity problems.
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1. Introduction. Let X be a real or complex Banach space and
@(X) the Banach algebra of endomorphisms of X. Let { T'(w); =0}
be an equibounded semigroup of operators of class (€;) in €(X) with
infinitesimal generator 4. 4 is a closed linear operator with domain
D(A4) dense in X. For these concepts see e.g. E. Hille-R. S. Phillips
[5, Chapters X-XII].

One purpose of this note is to give a representation for the frac-
tional power (—4)7, ¥>0, of the operator (—4). The result obtained
will be a generalization of one due to J. L. Lions-]J. Peetre [7, Chapter
V11,82]: Lety be a positiveinteger. An element fE X belongs to D((—A))
if and only if the integral

1 e[l — T@W]f .
2 Cyr ‘]: ulty du (¢ > 05 r any inleger >7).
converges in norm as e—0+, the constant C, ., being given by
°°<1 — e—u)r
(2) Cyw = fo et .

The limit is then equal to (—A)f.
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