ON THE SPECTRUM AND RESOLVENT OF HOMOGENEOUS
ELLIPTIC DIFFERENTIAL OPERATORS
WITH CONSTANT COEFFICIENTS!

BY R. S. FREEMAN
Communicated by F. John, November 24, 1965

As is well known, in recent years tremendous progress has been
made in the study of linear partial differential equations in general
and elliptic equations in particular. Powerful existence and regularity
theorems have been proved by a number of authors for example
Browder [3], [4], Agmon, Douglis, and Nirenberg [1], and Schechter
[5], [6], [7], [8). For general boundary value problems the existence
theory has been in the form of alternative theorems and has been
limited to relatively compact regions in Euclidean space. To the
present author’s knowledge there are no general results even for con-
stant coefficient operators in half spaces. It is the purpose of the
present paper to make a very small beginning in remedying this lack.

To be precise in the half space @= {xER": x,,>0} let us consider
the homogeneous elliptic differential operator with constant coeffi-
cients A= Y |aj=2m @D? and a family of m homogeneous, constant
coefficient “boundary operators” B;, 0<j=<m—1. If A\&EC, the com-
plex numbers, we ask for necessary and sufficient conditions on A
and the B,'s in order that the map u—(4 —N)u, Bou, * * +, Bt be
a topological isomorphism of H?"(Q) onto H(Q) X [ H*™ ™~V
where I'=0Q and m; <2m is the order of B;. Suppose that the { B;'s}
are such that the map u—(4u, Bou, - + +, Bn-1u) has closed graph
as a map of H(Q)—H(Q) X [[ ™ ™~YT i.e. such that the usual
a priori estimates are satisfied. Then we find that the necessary and
sufficient condition in order that the map #—(4 —N)u, B, - - -,
B, be an isomorphism is independent of the particular choice of
the { B;'s} so long as the above mentioned operator has closed graph.
As a by-product we find that under these conditions if the operator
in H?» defined by 4 and the null boundary conditions has closed
range it is an isomorphism of its domain onto H°(2Q).

We will use the following notation: R will denote the real num-
bers, C the complex numbers. Vectors in R” will be denoted by
x=(%1, +++, %,) or by E=(&, - - -, &) if we refer to the usual dual
space. The duality will merely be denoted by xt= >~ x&;. If a is
an n-tuple of nonnegative integers then |a| = Z}‘_l ajfe=£r. .. gm
and De=Dg . . . Di* where D;=(1/7)(8/9x;). For uE8 (the space
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of rapidly decreasing functions) we let # be the Fourier transform
A(E) = (2m) 2 fe~i=tu(x)dx. We use the same symbol for the Fourier-
Plancherel transform. D(Q) will denote as usual the space of in-
finitely differentiable functions with compact support in @ and D({)
the restrictions to @ of functions in D(R®). The completion of
DD (D(D)) in the norm

1/2
il = ([ 2 | Doulsas)
lalsm

will be denoted by Hy'(Q)(H™(Q)). An equivalent norm in R" is
llul|Z =S+ |&| ™| a(8)| 2dt. It has the added advantage of being
easily generalized to m real. If Q= R~ it is suppressed. Constants will
always be denoted by ¢ whether or not they are the same.

Let A= D |aj=2m @oD* the a.'s being possibly complex constants
and let A(E) = 2 jajmzm@at™.

1. DEFINITION: A is elliptic iff? the only £§ER" for which 4(§) =0
is £=0.

It follows that | 4(£)| Z¢|£| ™ where ¢ =maxy1 | 4(¢)| and from
this it follows that

2. LEMMA. If A() —N#0 for any EER™, \ some complex number,
then there is a ¢>0 such that | A() =\| Zc(1+| | 2)m.

Leté=(¢,7) where £ =(&, - + -, £,1) and for £ fixed consider the
polynomial in 7#4 (¢, ) —\. Suppose A& C and A4 (§) —A=0 for EER™.
Let 7;=7;(¢') be the 2m roots of A(&, 7) —A=0, m of the roots will
have positive imaginary part. Let them be 71, - - - , 7.

3. LEMMA. (i) There exists a constant ¢>0:
@] sct+ [ j=1,--, 2m
(ii) There exists a constant ¢>0:
@) ze+[g[D7, =1, 2m
(iii) There exits a constant ¢>0:
|Im® | 2+ |#]Dv, j=1,---,2m.

4. Proor. (i) follows from a result of Walsh [9], (ii) follows
from (i) and Lemma 2, and (iii) follows from (i), (ii) and Lemma 2.

Now let B;, 0=j=<m—1, be m homogeneous differential operators
with constant coefficients and orders m; <2m. Let Q= {xGR”: x,.>0}
and I'= {xER": x,=0}.

* iff is used to mean if and only if.
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5. LEMMA. B;is a continuous linear map of H*™(Q) into Hm—mi—U2(T),

6. THEOREM. A mnecessary and sufficient condition that the map
u—>{(A —Nu, Bou, + - -, Bm_lu} be a topological isomorphism of
H(Q) onto HY(Q)x [[7o H*™ ™27 is that A(§) —A#0 for EER*
and the polynomials { B i} are linearly independent modulo A3 If the
condition is satisfied then there exists a ¢ >0 such that for all u & H*™(Q)

(6.1) 4] 2m = c[”(A — 4o +"io ”Bju”m—mj—l/z]

Proor. The sufficiency follows by taking Fourier transforms in the
tangential variables and studying the system of ordinary differential
equations thus obtained. The necessity follows by a counterexample
almost identical to the one used in Agmon, Douglis, and Nirenberg
[1] and the following

7. LEMMA. The map u—(4 —\)u of HZ™(Q) into H°(Q) has a con-
tinuous inverse if and only if 4 (£) —\50 for £ER,.

If A(¢¥) —\s#0 for EER,, but the {B j} are not linearly independent
it follows from the proof that not only is (6.1) not satisfied but not
even the weaker in equality.

m—1
[[]2m < c[”Au“o o+ S ||Bju||2m%,_1,2] is satisfied.
3=0

Now it is well known [1] that a necessary and sufficient condition
that the latter inequality be satisfied is that 4 is properly elliptic and
the B;'s are linearly independent modulo A+. When this condition is
satisfied we shall say that (4, By, * + -, Bm—) =(4, B) is closeable
elliptic. We can now state

8. THEOREM. Let (4, B) be closeable elliptic. Then a necessary and
sufficient condition that the map u—(A—N\, Bou, - - +, Bpant) is @
topological isomor phism of H*m(Q) onto HY(Q)x [[7og H*™ ™~V2 T and
that (6.1) be true is that A(E) —\s£0 for EER™.

9. DEFINITION. Let V3(Q) = {«€D(Q): Bu=0,7=0, - - - ,m—1}
and V% (Q) be the closure of Vz(Q) in H?m(Q). Let the domain of
Ap(D(43r)) be V¥(Q) and Apu=Au for u& D(45).

10. DeFINITION. If T is a closed linear operator in a Banach space
X, the resolvent set of T'(p(T)) is the set of A& C: T'—AI has a densely
defined continuous inverse. The set C~pr is called the spectrum of

SAVE, ) =Tjalr—ri(E)), A*=4;.
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T(o(T)). If T—\I has a densely defined but not a continuous inverse
then \ is said to be in the continuous spectrum of T, o.(T).

11. TaeoreM. Let (4, B) be closeable elliptic, B a normal set of
boundary operators in the sense of Aronszajn-Milgram [2]. Then

p(4p) = (AE C: A(®) — A =0 for ¢ € R*}.

If )\EEp(AB) then NEoc(4d35).
Using interpolation theory in Hilbert Space we have the result

12. TueoreM. If (4, B) is closeable elliptic and B 1is nor-
mal, then for N & C such that AE) — N =0, £ E R*, the map
— {(4 — Nu, B, - - -, Bnau} is a topolog'ical isomorphism
of the completion H*(A — N\, Q) of D) in the norm |u| .
=(|(A =Nu||?om+]||4|D) V2 onto H—m(Q)x ]2t He—mi—u2 T for
0<s<2m. Here for u€ D(Q) ||4||-s=supser* | (%, v)|/||¢||, for s>0.
The norms || [ s for s real can be defined either by interpolation or by for
u€ D(Q)| | —mf{HuH A€ D and 4|a=u}. Then H*(Q) is the com-
pletion of H* in the norm so defined.
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