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As is well known, in recent years tremendous progress has been 
made in the study of linear partial differential equations in general 
and elliptic equations in particular. Powerful existence and regularity 
theorems have been proved by a number of authors for example 
Browder [3], [4], Agmon, Douglis, and Nirenberg [ l ] , and Schechter 
[5]» [ö], [7], [8]. For general boundary value problems the existence 
theory has been in the form of alternative theorems and has been 
limited to relatively compact regions in Euclidean space. To the 
present author's knowledge there are no general results even for con­
stant coefficient operators in half spaces. I t is the purpose of the 
present paper to make a very small beginning in remedying this lack. 

To be precise in the half space û = j x G i ? n : x n > 0 } let us consider 
the homogeneous elliptic differential operator with constant coeffi­
cients A = ^2\a\^2m a,aD

a and a family of m homogeneous, constant 
coefficient "boundary operators" Bj, O ^ j ^ w — l. If X £ C , the com­
plex numbers, we ask for necessary and sufficient conditions on X 
and the B/s in order that the map u—*(A —X)u, B0uy • • • , Bm-\u be 
a topological isomorphism of H2™(ù) onto ff°(Q) X ife",,1 H2^^'1^ 
where V =d£2 and nij<2m is the order of Bj. Suppose that the {S / s} 
are such that the map u—>(Au> BQU, • • • , Bm-iu) has closed graph 
as a map of H°(Q)-».ff°(Q) X IÎTo 1 H2m"m^l/2T i.e. such that the usual 
a priori estimates are satisfied. Then we find that the necessary and 
sufficient condition in order that the map u—>(A — \)uy B0uy • • • , 
Bm-iu be an isomorphism is independent of the particular choice of 
the {B/s} so long as the above mentioned operator has closed graph. 
As a by-product we find that under these conditions if the operator 
in H2m defined by A and the null boundary conditions has closed 
range it is an isomorphism of its domain onto H°(Q). 

We will use the following notation: R will denote the real num­
bers, C the complex numbers. Vectors in Rn will be denoted by 
x = (#i, • • • , xn) or by £ = (£i, • • • , £n) if we refer to the usual dual 
space. The duality will merely be denoted by x%= ]C?-i xÂr W a is 
an w-tupleof nonnegativeintegers then \a\ = ^"„x (Xj1^

a = ̂ 1 • • • ££n 

and P« = D?1 • • • D%> where Dj=(l/i)(d/dxj). For u& (the space 
1 This work was supported by NSF grant NSF GP 1834. 
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of rapidly decreasing functions) we let Û be the Fourier transform 
Û(Ç) = (2Tr)-nl2fe-ixtu(x)dx. We use the same symbol for the Fourier-
Plancherel transform. 30(0) will denote as usual the space of in­
finitely differentiable functions with compact support in Q and £)(5) 
the restrictions to Î2 of functions in £>(Rn). The completion of 
£>(Q) (£>(0)) in the norm 

will be denoted by H£(Q)(Hm(Q)). An equivalent norm in Rn is 
lhl l^=/( l + UI2)mk(S) |24. It has the added advantage of being 
easily generalized to m real. If B = f2n it is suppressed. Constants will 
always be denoted by c whether or not they are the same. 

Let A = X)|«i-2w daDa the aa's being possibly complex constants 
and let A (£) = X)l«l-2m^a. 

1. DEFINITION: A is elliptic iff2 the only £&Rn for which A(£) = 0 
is£ = 0. 

It follows that |-4(£) | g£c|£|2m where c = max|{|„i |4.(£)| and from 
this it follows that 

2. LEMMA. If Afâ—XyéO for any ££i£n, X some complex number, 
then there is a c>0 such that \ A(§) — X| ^c( l +1£|2)w. 

Let Ç = (£', r) where £' = (£i, • • • , £n-i) and for £' fixed consider the 
polynomial in r#4(£', r) —X. Suppose X£C and -4(£) — XT^O for ££,RW. 
Let Tj=Tj(%) be the 2w roots of -4(£', r )—\ = 0, m of the roots will 
have positive imaginary part. Let them be n , • • • , TOT. 

3. LEMMA, (i) There exists a constant c>0: 

I rytto I ^ C(i + I r I2)1", i - 1 , • • •, 2». 
(ii) There exists a constant c>0: 

\rtf)\ àc(i + |rh1", y - i , • • - , 2» . 
(iii) r/^ere exi/s a constant c>0: 

l l m r ^ ö l fcc(l+ U'l2)1 '2, J — 1, • - -, 2». 

4. PROOF, (i) follows from a result of Walsh [9], (ii) follows 
from (i) and Lemma 2, and (iii) follows from (i), (ii) and Lemma 2. 

Now let By, 0 ^ j | w - l , b e w homogeneous differential operators 
with constant coefficients and orders m, < 2m. Let 0 = {x £ R n ' %n > 0} 
and T= {xERn- *n = 0}. 

iff is used to mean if and only if. 



540 R. S. FREEMAN [May 

5. LEMMA. BJ is a continuous linear map ofH2m(Q) into H2m^m^ll2(T). 

6. THEOREM. A necessary and sufficient condition that the map 
u—>{(A — \)u, Bou, • • • , Bm-iu} be a topological isomorphism of 
H2m(ti) onto H«(Ü)xUy-0

l H2m~mi-1/2T is that A(£)-\9*0 for £ERn 

and the polynomials {Bj} are linearly independent modulo A*.z If the 
condition is satisfied then there exists a c>0 such that for all uÇzH2m(Q) 

(6.1) N k ^ c ||U-X)«||o+EI|5 
jU\ J 2m—mj —1/2 1 

L j«o J 
PROOF. The sufficiency follows by taking Fourier transforms in the 

tangential variables and studying the system of ordinary differential 
equations thus obtained. The necessity follows by a counterexample 
almost identical to the one used in Agmon, Douglis, and Nirenberg 
[ l ] and the following 

7. LEMMA. The map u-*(A ~\)u of üom(^) into H°(Q) has a con­
tinuous inverse if and only it A (g) —XT^O for £€zjRn. 

If A(Ç) — X^O for %ÇzRn but the {B3} are not linearly independent 
it follows from the proof that not only is (6.1) not satisfied but not 
even the weaker in equality. 

r- mr-l - i 

||«||a» £ c\ ||-4«||o + | |« | |o+ Z) | |^| |2m-m^i/2 is satisfied. 

Now it is well known [ l ] tha t a necessary and sufficient condition 
that the latter inequality be satisfied is that A is properly elliptic and 
the B/s are linearly independent modulo A+. When this condition is 
satisfied we shall say that (A, B0, • • • , Bm-i) — {A, B) is closeable 
elliptic. We can now state 

8. THEOREM. Let (A, B) be closeable elliptic. Then a necessary and 
sufficient condition that the map u—>(A—\, B$u, • • • , Bm-\u) is a 
topological isomorphism of H2m(ti) onto H°(Q)xJ]j^o iï2m-m>""1/2 T and 
that (6.1) be true is that A(Ç) - X ^ O for £G#W . 

9. DEFINITION. Let FB(Î2) = { « G SD(S): 5 ^ = 0,^ = 0, • • • ,m —l} 

and TiP(£2) be the closure of 7B(Q) in H2m(ti). Let the domain of 
AB{$>(AB)) be V3P(Q) and ABu = Au for w G 2 ) ( i 5 ) , 

10. DEFINITION. If T is a closed linear operator in a Banach space 
X, the resolvent set of T(p(T)) is the set of XGC: T~\I has a densely 
defined continuous inverse. The set C~pr is called the spectrum of 

Mx+(?,r)^(r-T,(fi),il + < 
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T(<T(T)). If T—XJ has a densely defined but not a continuous inverse 
then X is said to be in the continuous spectrum of T, <re(T). 

11. THEOREM. Let (A, B) be closeable elliptic, B a normal set of 
boundary operators in the sense of Aronszajn-Milgram [2]. Then 

p(AB) = {X G C: ii(Ö - X ^ o for £ G # w } . 

If X $ P G 4 B ) then XGO-C(-4B). 

Using interpolation theory in Hubert Space we have the result 

12. THEOREM. If (A, B) is closeable elliptic and B is nor­
mal, then for \ £ C such that A{£) — X ^ 0, £ G -Rn, tóe ma/? 
w —» {(A — X)u, Bou, • • • , Bm-iu} is a topological isomorphism 
of the completion H8(A — X, ft) of 3D(5) in tóe worw ||W||A-X,« 

= ( | | ( ^ ~ X ) ^ | | ^ 2 w + | | ^ | | s
2 ) 1 / ^ o ^ ff-^CQ^nr-To1 #«—'- 1 ' 2 r for 

0^s^2m. Here for uE£>(Ü) \\u\\-.8 = supveH
9 \ (u,v)\ /\\v\\8 for s>0. 

The norms \\ •||8 for s real can be defined either by interpolation or by for 
#G5)(Ö)||w||, = inf {||#||«: #G3D and ü\a~u}. Then H*(Q) is the com­
pletion of H* in the norm so defined. 
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