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The purpose of this note is to state the solution to the problem
of local integral representation of hermitian forms when the char-
acteristic is not 2. Hermitian and quadratic forms are two of the three
main types of reflexive forms (cf. [1]). Hermitian theory of forms
often follows quickly once the corresponding quadratic theory is
known. However, the local integral representation theory for quad-
ratic forms is still incomplete and finding a general solution there
appears to be very difficult.

Several results concerning these questions have been obtained over
rings and fields of arithmetic type. Questions of fractional equivalence
and representation as well as local integral equivalence have been
solved for both quadratic and hermitian forms (cf. [2], [3], [4], [7]).
Partial solutions to the problem of local integral representation of
quadratic forms have been obtained by O’Meara [6] and Riehm [8].
Global results on the equivalence of hermitian forms have been ob-
tained by Shimura [9].

The solution to the question of local integral representation of
hermitian forms is obtained through three cases. We are given a
local field E (of characteristic #2) with a nontrivial involution *. Let
F be the fixed field of *. Then the three cases considered are those
where the field extension E/F is (1) unramified, (2) ramified with E
nondyadic and (3) ramified with E dyadic. The solutions in the first
two cases are identical and can be stated quite easily. The third case
is more complicated and some added notation will be necessary. De-
tailed proofs of these results will appear elsewhere.

1. Notation. Let | | denote the valuation on E. Let O be the ring
of integers in E, 11 the group of units and p a prime element of E. The
norm and trace of an element of E are defined as usual; set 7= N(p).
It is possible to write E = F(+/0) where 6 has one of the following three
forms:

1+ 45,
6] 6 = {1 4 2+,

w3,
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for some positive integer k and some unit §. Depending on the above
form of 6, the field extension is called unramified (U), ramified unit
(R-U) or ramified prime (R-P) respectively.

Let V be an hermitian space, i.e. a finite dimensional vector space
V over E supplied with an hermitian form g. We denote the dis-
criminant of V by dV. A linear mapping of one O-lattice, in an her-
mitian space, into another is called a representation if it preserves the
hermitian form. The problem is then: given two lattices L and K,
determine necessary and sufficient conditions that L be represented
by K, i.e. that there exists a representation ¢: L—K. (Henceforth,
we shall use the notation L—K and EL—EK to denote integral and
fractional representation respectively.) By the usual method, we may
restrict ourselves to considering only regular lattices. The scale 8L
and norm nL of a lattice L are defined as usual, i.e. the O-ideals
generated by {g(x, y)lx, y&L} and {g(x, x)|*E€L} respectively.
Also the volume vL is defined to be the ©-ideal generated by the
discriminant of an ©O-base for L. L is called a modular lattice if
(8L)"=vL where # is the rank of L.

Every lattice has a Jordan splitting, i.e.

(2) L=L1_LL2J_"'J_L¢

where each L; is modular and 8L, D8L,D - - - D8L,. For a given
Jordan splitting (2) and for all 7, we write Ly =0 if p*OD8L and
otherwise

L(.')=L1_LL2_L' . '_LL“

where Ly, L, - « -, L,areall of the components of the splitting whose
scales contain piQ. For 1 <j=<¢, we write

L[j] ==L1_LL2_L' . '..LL,‘.

2. The unramified and ramified nondyadic cases. Here we assume

that the field extension E/F is either unramified, or ramified with E
nondyadic.

THEOREM 1. Let L=Ly 1Lyl - -+ 1L;and K=K, 1K,1 - - - 1K,

be two Jordan splittings. Then L—K if and only if ELy»H—EK ) for
all 1.

This reduces the problem of representation of lattices to one of
representation of spaces, which has already been solved (see [4] and
[7]). Note that this solution is identical to that of quadratic forms in
the nondyadic case, [6].

3. The ramified dyadic case. We now assume that E/F is a rami-
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fied extension and E is dyadic. The solution for two modular lattices
can be easily stated as follows.

THEOREM 2. Let L and K be two modular lattices with 8LC 8K,
nLCukK, and EL—EK. Then L—K if and only if dim K>dim L or
(8L)2(nL)*CS(8K)*(nK)1.

For any unit e€UNF, we consider representations of € in the form,
e=ff*+48 and write

b(e) = N&O;

the intersection being taken over all such representations. b(e) is
called the normic defect of e.

LeMMA 1. For every e€UWNF we have

(1) b(e) =0 or 4D in the (R-P) case,

(2) b(e) =0 or 4n—2—1Q 4n the (R-U) case,
where k is that integer appearing in (1). Moreover, there is a unit that
is not @ norm.

Because of this lemma, we can fix a unit Ay=1-p, that is not a
norm; where p, satisfies
45 in the (R-P) case,
o= {41r"2’°—16 in the (R-U) case,
for some 6CSUNF.

To every lattice L and every ©-ideal ¥, we can associate a sub-
lattice

It ={z€ L|g(x L) S U}

Given a Jordan splitting (2), we define the jth fundamental scale
and norm of L by 8;L=8(L*™) and u,L=n(L™) for 1<j=<t. If
K=K;1K;l - .. 1K, is another Jordan splitting with 8K D8L, we
define a map \: {1, 2, -, t}——»{l, 2, - .-, s} by setting

i = {s if 8K, D 8L;,

77 W where 8K, 2 8L; D 8Ky,
With this added notation, we can now state the main result.

THEOREM 3. Let L=L, 11,1 -+ 1L,and K=K;1K,1 .. 1K,
be two Jordan splittings; and suppose nLCnK and 8LC8K. Then
L—K if and only if:

(1) dim Lij; =dim Kp;) for 1<j<t,

(2) when dim Li;; =dim Kp;;, we have
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(2a) mLCnonaK (8o K)2(8;L)~n,L,
(2b) d(ELy;)) =d(EKn;j)) or nop+1K2pe(8;:K)*(m;K)™,
(2¢) (8;L)*(n;L) 1S (8, K)2(m;K) ™! or nojya K 2D (8;L)%(8:K)m K.

A cancellation theorem, of Witt type for hyperbolic planes under
representation, can be obtained from Theorem 3.

THEOREM 4. Let L and K be two lattices and H be a hyperbolic plane.
Then L—K if and only of L1 H—K 1 H.
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