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1. Introduction. This note is to report the main results in the paper, 
Attainability of systems of identities on semigroups, which will be pub­
lished elsewhere with detailed proof. 

Let ƒ and g be words, i.e., finite sequences of letters. By an identity 
we mean an equality ƒ=g of two words ƒ and g. Let 3 be a system of 
identities T\, 

3 = {r x ; X G A} where Tx is l% = gx," 

for example, {xyz = xzy} x = x2}, {xy — yxf x = x2} and so on. 
Let 5 be a semigroup. For a fixed S and a fixed 3, consider the set 

6 of all congruences p on 5 such that S/p satisfies 3, in other words, 3 
identically holds if all letters are replaced by elements of S/p. There 
is the smallest element p0 in 6 in the sense that poQo for all p £ 6 
[ l ] , [4], [7], [8], [9], [ l l ] . Then p0 is called the smallest 3-congru-
ence, and the partition of 5 due to p0 is called the greatest 3-decom-
position. Of course, such a decomposition of S is unique. If the 
cardinal number |S/po| of S/po is greater than 1, then S is called 
3-decomposable ; if |.S/po| = 1 , then 5 is 3-indecomposable. In parti­
cular, if 3 is a semilattice, that is, 3 = {x = x2, xy = yx}, then p0 is 
called the smallest semilattice-congruence or, simply, s-congruence. 
The author proved in his papers [8], [lO] the following theorem, and 
also Petrich recently proved the equivalent statement [6]. 
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THEOREM 1. In the greatest s-decotnposition of a semigroup, each con­
gruence class, which is therefore a sub semigroup, is s-indecomposable. 

Thus any semigroup is a semilattice of s-indecomposable semi­
groups, namely, the set union of disjoint subsemigroups of special 
type, "s-indecomposable," and the factor semigroup is a semilattice. 
Completely (o-) simple semigroups (with zero-divisor), their direct 
products, and nilpotent semigroups are examples of s-indecomposa­
ble semigroups. This theorem actually contributes much to the 
study of structure and construction theory of semigroups. However, 
the theorem is based on s-decomposition. There might exist a 3-
decomposition which is different from an s-decomposition such that 
a congruence class—if it is a subsemigroup—is 3-indecomposable. If 
this assumption were true, we could study the construction theory of 
semigroups from a different point of view. 

Does there exist such a 3 besides a semilattice? Professor A. H. 
Clifford proposed this question in his letter to the author in 1963. In 
this note the author gives a negative answer to this question as far 
as the systems 3 of identities are concerned. 

2. Definitions and theorems. Let 3 be a system of identities, © be 
a family of semigroups, and let %s be the smallest 3-congruence on 
S G © . 3 is called attainable on all semigroups of © (or simply "on ©") 
if, for each »SG©, the following condition is satisfied: 

If a congruence class of 5 modulo %s is a 
subsemigroup, then it is 3-indecomposable. 

In particular, if © is the family of all semigroups (without restriction) 
and if 3 is attainable on ©, 3 is called attainable (on all semigroups). 
If 3 is attainable on © and if © consists of a semigroup 5 alone, we 
say that 3 is attainable on a semigroup 5. 

Two systems 3 and S of identities are called equivalent on all semi­
groups of © if 3 implies S and S implies 3 under the condition that 
all the letters are elements of any semigroup of ©, where, if © is the 
family of all semigroups, we say that 3 and S are equivalent. 

As the special cases, if 3 is equality, that is, equivalent to {# = # } , 
or if 3 is universality, that is, equivalent to {x = ;y}, then 3 is attain­
able on all semigroups. 3 is called trivial if 3 is either equality or 
universality. If 3 is equivalent to equality or universality on all semi­
groups of ©, 3 is called equality or universality on ©. 

In the previous paper [8], it was shown that neither {# = #2} nor 
{xy = yx} is attainable on all semigroups. In the present note we have 
the following main theorems: Let 3 be nontrivial through the theorems 
below. 
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THEOREM 2. 3 is attainable on all semigroups if and only if 3 is 
equivalent to {x = x2, xy = yx}. 

THEOREM 3. 3 is attainable on all commutative semigroups if and 
only if 3 is equivalent to {x — x2}. 

THEOREM 4. 3 is attainable on all bands if and only if 3 is equivalent 
to {xy = yx} on all bands. 

THEOREM 5. No nontrivial system of identities is attainable on all 
groups, nor on all abelian groups. 

3. Remark and problems. A groupoid is a system with a binary 
operation. Let 3 be a system of identities T\ where the concept of 
words/x and g\ must be modified a little, for example, a word (xy)(xy) 
is different from x{(yx)x\, and so on. I t is still true that there is a 
smallest 3-congruence on any groupoid [ l ] , [4], [9]; in particular, 
any groupoid has a smallest s-congruence. 

We can show the following results by simple counterexamples. 
(5) |xy = 3/x} is not attainable on all idempotent groupoids. 
(6) | x = x2} is not attainable on all commutative groupoids. 
(7) ix = x2, xy = yx} is not attainable on all groupoids. 
(8) {(xy)z = x(yz)} is not attainable on all groupoids. 
The following problem is still open. 
PROBLEM 1. Is there any nontrivial attainable system of identities 

on all groupoids? 
So far all the letters in each identity are regarded as variables. 
PROBLEM 2. If an identity admits constant elements, what about 

the problem of attainability of a system of identities on all semi­
groups? In this case the sense of attainability has to be modified. 

We can consider identities f\ = g\ on algebraic systems with more 
than one binary operation. In such a case, the words/x, g\ are inter­
preted as sequences of letters such that they are connected by the 
operations and parentheses. 

PROBLEM 3. Find attainable systems of identities on all rings or 
lattices. 

From another point of view, the following problems are raised : 
PROBLEM 4. Let S be a system of implications: 

hn = &w, M G M, =» h = fa, X G A, 

where/xM, gx/*, h\ and k\ are words which may contain a constant ele­
ment. Under what condition on S is S attainable on all semigroups? 

Of course, in the case where constant elements are contained, we 
need the same consideration as in Problem 2. The condition "weak 
reductivity" [ l ] is attainable. 
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In this note we have studied the condition on a fixed system 3 of 
identities under which 3 is attainable on all semigroups. On the other 
hand: 

PROBLEM 5. Let a system 3 and a semigroup S be fixed. Under 
what condition on 3 and S is 3 attainable on the semigroup S? 
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