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1. Introduction. We consider the second order linear parabolic 
differential operator in divergence form 

du d ( du) 
Lu s < a,ij(%, t) > 

dt d%j \ dxj 
for (x, 0 G ö r = ï2X(0, r ] , where Q is a bounded open simply con­
nected region in En (n^2), T an arbitrary positive number, and the 
da are assumed only to be bounded and measurable in QT. The pur­
pose of this note is to report results concerning the existence and 
certain properties of the generalized Green's function g(x0, Jo; x, t) 
for L subject to homogeneous boundary conditions. Our results are 
largely based on the maximum principle for the problem 

Lu = div/(a, J) ~f(%,t) in QT; 

u(x, t) = f(x, 0 o n r = 5 U ( f l X { / = 0}), 

where 5=^30X(0, T] a n d / , /, \f/ are given functions. This maximum 
principle, which we discuss in §2, is a generalization of the maximum 
principle proved by Ladyzenskaja and Ural'ceva [3] since we make 
less restrictive assumptions on the inhomogeneous terms in (1.1). 
In §3 we introduce the corresponding generalizations of the Holder 
continuity, existence and uniqueness theorems of [3]. Our main re­
sults on the existence and properties of the Green's function are given 
in §§4, 5 and 6. The proofs of the theorems which we state below, as 
well as extensions of our results to equations with lower order terms 
and to the case of nonzero boundary conditions will be given else­
where. The author is indebted to Professor Guido Stampacchia who 
first introduced him to many of the ideas embodied in this work, and 
to Professor Hans Weinberger for many stimulating discussions in the 
course of its preparation. 

2. The maximum principle. We shall always assume that the coeffi­
cients ay of L are measurable in QT and that there exists a constant 

1 This work was supported in part by the Office of Naval Research under Contract 
Nonr-710(16), (NR 043 041). 
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v>0 such that 

(2.1) v"1 | $ |» S «</(*, Ö&& S H £ I2 a.e. in (>r 

for all real vectors £. I f / (x )eL a (Q) we shall write ||/||« for the L«(Q)-
norm o f / a n d if2ƒ(*, 0 G I ^ [ 0 , T; L«(Q)] we shall write ||/||«(0 for the 
Z/*(ö)-norm of ƒ and 

\\fU-{fjftmt}w. 
THEOREM 1. Let u be a smooth solution of (1.1) in QTJ where 

fGL°[0, T; 1/(0)] for n/2r+l/s<l and f=(fh • • , fn) with 
f%EL*[Ot T; L*(Q)]for n/2p + l/q<l/2.z There exists a constant K>0 
which depends only on ny p, q> r, s, v and \ Q\ such that 

(2.2) min ^ - KF S u(x, t) ^ max^ + KF 
r r 

in QT, where ^ = | | / | | r . . + Z<||/<||p.«. Iff=f(*)€L'(Q)for r>n/2 and 
ƒ*=ƒ<(*)£I>(0) for p>n then (2.2) holds with F= \\f\\r+ Z * ||/<||p and 
K depending only on n, p, r, v and | Q|. 

The proof of Theorem 1 is based on the differential inequality 

I{® + C\Ak(t)\-**Ik(t) 
(2-3) s c{ i A*® r%\ut)+1 AM r/p E iwiico}, 
where l / r* = l/r — l/n, -4*^) = {# |#EO, «(#, /)>&} and 

ƒ*(/) = f (u - Jfe)2<Z*. 

Here and for the remainder of this paper we adopt the convention 
that C denotes any constant which depends only on n, p, q, r, s, v 
and | Q | . The inequality (2.3) holds at all t for which I * ( 0 ^ 0 and 
for all fee max \[/. Integrating (2.3) and using the fact that Ik(0) = 0 , 
we obtain the estimate Ik(t) g C ( J o + ] C * Jut where, for example, 

/„ = ƒ ' | AM Ti/ICO,) exp [-C ƒ ' | Ak(y) fV, ] dr, 

for some T £ [0, t). From this we deduce the estimate 

8 I.e., ƒ is a function on (0, T) to La(Q) which belongs to Z/*(0, T). 
8 In [3] only the case s=*g=»-f 00 is considered. 
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k(f) ̂  CF*imzx\Ak(v)\\
a, 

\ [0,2-1 ) 

where 

( 2 2 / 2 \ 2 2 / 2Y> 
« = m i n { l - — + — ( l - — ) , 1 1 ( l )> > 1. 

I s n \ r*/ p n \ q/) 

The proof of the right-hand side of (2.4) is now completed by noting 
that (h — k)2\Ah(t)\ £Ik(t) for h>k and applying a lemma due to 
Stampacchia [7]. 

3. Holder continuity and existence. The next theorem is a general­
ization of the corresponding result in [3]. The proof of our result is 
similar to the proof presented in [3] with suitable modifications to 
accommodate our broader assumptions on ƒ and /. 

THEOREM 2. Let Q be such that QQQT and let 5 be the distance from 
Q to T. Under the hypothesis of Theorem 1, there exist constants a £ ( 0 , 1) 
and CV,$>0 such that 

. | u(x, t) — u(x', t') I 
(3.1) u\a,Q = max-n— : r— —— ^ C**h 

where a depends on 8, F, n, p, q, r, s, v and | Q|. /ƒ 3Q satisfies condition 
(A) of [3] and | ^ | ^ , r ^ 7 , then 

(3.10 \u\a,QT£C, 

where C and a depend on /3, 7 and ÔQ as well as F, n, p, q, r, 5, v and | 0 | . 

We shall now restrict our attention to the case \{/ = 0 on 5. We shall 
say that u = u(x, t) is a generalized solution of problem (1.1) in QT if 
uEL-[0, T; L 2(a)]f \L 2[0, T; #o ,2(Û)] and satisfies 

(3.2) 
/

u(x, t)<t>(x, t)dx + I dr I { —ufa + aijUXi<l>Xi +ƒ<**, + f<t>)dx 
Q J 0 J 0 

= I ^(#)<K#, 0)d# 
«J Q 

for all J£ (0 , T] and for all 0EC'((>r) with compact support in Q 
(test functions). 

THEOREM 3. If ^ £ L 2 ( B ) awd i / /Ae inhomogeneous terms satisfy the 
hypothesis of Theorem 1, then there exists a generalized solution u~u(x,t) 
of (1.1) {with \l/^0onS) which is Holder continuous on every compact 
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interior subset of QT. Moreover, u is unique in the class L00 [0, T; L2(0) ] 
P\L2[0, T\ HQ2(Q)]. If if/ is bounded on Ô, then the maximum principle 
(2.2) holds f or u. If ^ G C Q ( O ) and dQ, satisfies condition (A), then u is 
Holder continuous in QT-

We note that even in the case/ , ƒ* = () the class of generalized solu­
tions which we defined above does not always coincide with the class 
of generalized solutions studied in [3]. In particular, the solutions 
in [3] belong to Z/»[0, T\ L2(Ö)]HL2[0, T; W1 •*(&)] and satisfy (3.2) 
for all 4>E.Wl*(QT) such that 0 = 0 on S. I t is not difficult to give 
sufficient conditions for the coincidence of these two classes of solu­
tions. 

4. Existence of the Green's function. Let n — (r, S> P> Q) and 
/x' = (r', s', p', q')t where l / r + l / r ' = l, etc. We shall say that ju is 
admissible if n/2r+l/s<l and n/2p + l/q<l/2. Let 

&\Qr) = Lê%TiLr\Q)]®L*%T;LP\Q)]® • • • @L«'[0} T;L*>'(Q)]. 

If h=(fto, fa, • • • , hn) G <CM' (Ör) we define 

IIAIIM' = ll*o||r',t' + 5 3 I | A » I U ' . « ' . 
i 

With this norm £"'((?r) is a Banach space. Moreover {#*'(Qr)}* 
= JB"(Çr) and {£*'(<2r)} ** = <C'(ôr) UL Let flJ,M'(Qr) be the closure 
in £M'((?zO of vectors of the form (0, grad* <j>)t where 0 is a test func­
tion. Define JET-1'"'(Gr) = {J3o,M'(Or)} *. Then H~l^{QT) is equivalent 
to £,1(QT)/W1(QT), where 91" (Qr) is the class of all fiG£M((?r) which 
satisfy 

ƒ'*ƒ• 
•J 0 J Q 

h-(<t>, grad* <f>)dx = 0 

for all test functions 0. 
Consider (1.1) f or ;/> == 0 and h = ( — ƒ, f)G<£M((?r) f or an admissible/x. 

Let (#o, Jo) be a fixed point in Qr. It follows from the maximum prin­
ciple and (3.2) that the value of the generalized solution of (1.1) at 
(xo, h) is a bounded linear functional on fl'~1'''/(0r), i-e., u(xo, to) 
= g(h) , where 9G{fl-1- | | ,(Qr)}**flo , | , ' (Ör). This, together with 
similar considerations in the case h independent of t lead to 

THEOREM 4. Let h = ( — ƒ, ƒ)G«CM(Qr) jfor aw admissible ix and ^ = 0 . 
-For awy (x0, fo) G Or ^ generalized solution of (1.1) caw &£ written in the 
form 

u(x0,to) = I <Ö I à(xo,to'9%}t)'h(x,t)dx9 



, - è c 
l,p' — 

HQ (O) 

1963] GREEN'S FUNCTION 845 

where £ = ( g , grad» g) ÇZHI^XQT) as a function of (x, t). Moreover, the 
generalized Green's function g is unique and 

||*(*o,*o; -, OlU ^ C 

in QT for every admissible fi. If h is independent of t then 

u(x0, to) = 1 ) 1 É(%o,to;x,t)dt> 'h(x)dx 

where 

ƒ> T 11 h / • T J 

g(*o , /o ;* ,0* , + I «(*<>,/o;-,Ö<ö| 
• - 0 llLr (0) 1 1 ^ 0 

/or a// r>n/2 and p>n. 
If we approximate 0 by an increasing sequence of smooth domains 

{flw} for m = 1, 2, • • • and mollify the coefficients and data in (1.1), 
it follows from results of Pogorzelski [ó] that the solutions of the 
resulting smooth problem can be written in the form 

dt I gm(x0j t0; x} t) -h
m(x, t)dx. 

0 J nw 

Using Theorem 3 we conclude that um—>u and we obtain 

THEOREM 5. Let Q be such that QCQT. For all (x0, 2o)£(5, gm-*g 
weakly in HQ^XQT) for any admissible /*, fogmdt—±f0

Tgdt weakly in 
HQP'(Q) for p>n, and fogmdt-^fogdt strongly in La(î2) for any 
a<n/(n — 2). If dQ, satisfies condition (A) we can take Q^QTt 

From Theorem 5 we conclude that g ^ 0 and g(x0, to; x, t)=0 for 
t>h. 

5. Properties of the Green's function. Using known properties of 
the Green's function in the smooth case [6] and a slight modification 
of an estimate due to Nash [5] we obtain 

THEOREM 6. Let Q' be such that S ' C ^ and letî>0. As a function of 
(x, t) the Green's function g(x, t; £, 0) of L is Holder continuous in 
f2' X [?, T] and satisfies 

/
g(x, t\ $, 0)4>(x, t)dx + j^dr J { -gfc + a^g^} dx 

= f «(*, h t, 0)*(*, î)dx 
J a 
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for all test functions $. Moreover, g is the uniform limit of {gm} in 
S'X [t, r ] , the weak limit {g™} in L2[î, T; Hj'2(fl)], and 

f g2(x, t\ *, 0)dx + — f dr f | grad* g | 2 ^ g Ctn'\ 
J u v J Î J u 

If dQ satisfies condition (A) we can take Q' = ö. 

From Theorems S and 6 we can prove 

THEOREM 7. Letf, f^0,xl/^0onS and ^e i , 2 (Û)- Then for (pc, t) GOr 
tóe generalized solution of (1 A) is given by 

•J (2 

In particular, it follows from Theorems 4 and 7 that the usual 
representation formula holds for the generalized solution of (1.1) in 
the case ^ = 0 on 5. 

6. Asymptotic behavior. Consider the problem 

Lu = div f(x) in O X {t > 0} ; 

« = 0 o n ( ^ x { / a 0 } ) U ( f i x { / = 0J) 

where / i £Z>(0) for £>w, a#(x, t)—>öij(x) as /—>oo uniformly for 
x £ Ö , and (2.1) holds a.e. in Ü X [0, oo ]. I t follows from the results of 
Littman, Stampacchia and Weinberger [4] that the corresponding 
steady state problem 

{âij(x)vXl}Xj = — div ƒ(#) in 12; v = 0 on dû 

has a unique generalized solution which is given by 

v(xo) = I grada.G(#o, x)*f(x)dx, 

where GGffj , p (Û) for any p>n. Combining this with our results 
and a result of Friedman's [2 ] on the steady state behavior of solu­
tions of parabolic equations in the smooth case we obtain 

THEOREM 8. Let Q' be such that Ü' C & Then u(x, t)—>v(x) as 2—»<x> 
uniformly for x G 5 ' , /og(#o, t; x, T)dr—»G(#0, #) #s /—»<*> weakly in 
H\v (0) as a function of xfor #0£Œ, <md flgdr—>G as t—>oo strongly in 
La(ti) for any a<n/(n — 2). 
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ON APPROXIMATE SOLUTIONS TO THE CONVOLUTION 
EQUATION ON THE HALF-LINE 

BY T. K. BOEHME 

Communicated by R. C. Buck, July 24, 1963 

1. We will call a complex-valued function on the half-line t>0 
locally integrable if it is integrable on each interval [O, T], T>0. 
Let £ be the ring of locally integrable functions (functions which are 
equal up to a set of measure zero will be identified with each other) 
with the usual pointwise addition, and with convolution for the prod­
uct operation. Thus kx = r if and only if fôk(t — u)x(u)du = r(t) for al­
most every />0. Give £ the topology defined by the seminorms 
IMIr==/o]H(w)^> T>0. Thus a sequence xn, w = l, 2, • • • in £ con­
verges to 0 in £ if and only if xn—»0 in L [O, T] for each T> 0 as n—> 00. 
The equation kx = r is an important integral equation; however, solu­
tions and the existence of solutions are in general difficult to obtain. 
M. I. Fenyö and C. Foias [ l ]1 have shown that if k and r are in £ 
and if k vanishes on no neighborhood of the origin (i.e. ||&||r>0 for 
each T>0) there is always an approximate solution to the equation 

1 The author thanks the referee for calling this article to his attention. 


