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1. Introduction. In this note £ will denote a fixed integer >1. Let
Qi denote the sequence of k-free integers, that is, the integers whose
prime factors are all of multiplicity <k. Also, let {(k) denote the
sum of the series, Y m., n7*.

In this paper we prove the identity,

=/ u(r) g itneq,
@ §1<Jk(r)>°"("’ N = {o it 1 & O,

where u(r) is the inversion function of number theory, J(») the
Jordan totient of order %, and cx(n, r) is the generalized Ramanujan
sum defined by (3) below. This is a special case of a much more
general result proved in [4, Theorem 6]. In view of the intrinsic
interest of the relation (1), an independent proof of its validity seems
justified.

As a consequence of (1), we prove, without resorting to remainder
estimates of series, the following asymptotic formula for the number
Qi (x) of integers of Qx not exceeding x:

2 Qu(x) = x/¢(k) + O(x1/*+9),

for all €>0 (see Remark 2, §3). If one assumes an estimate for the
remainder of the series D ., #~%, s>1, (2) can be shown easily to
hold with e=0 (see for example, [7, §18.6; 3, §2]).

The method employed in the proof of (2) is essentially a generaliza-
tion and refinement of a method introduced by Carmichael [1].
Carmichael obtained approximations for the average order of certain
arithmetical functions using Ramanujan’s trigonometric series ex-
pansions, in connection with an estimate involving Ramanujan’s
sum, ¢(n, r) =c1(n, 7). The present discussion employs the more gen-
eral sum c¢;(n, ) introduced by the author [2] and an appraisal for
ce(n, r) which is sharper than the corresponding estimate of Car-
michael (see (9) below).

2. Proof of (1). The function ci(n, 7) is defined by
3) cr(n, r) = > exp(2mian/r¥),

a(mod r); (a,rk) =1

1 This research was supported in part by the National Science Foundation grant
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where the summation is over all ¢ (mod r), whose greatest common
kth power divisor with 7* is 1. The expansion (2) can be obtained
most readily by applying the arithmetical evaluation of (3), [2,
2.9],

4) alm,r) = >, deu(r/d).

dlr,d¥|n

Let ¢,(n) denote the sum of the sth powers of the divisors of #,
og1(n)=0c(n). It is noted that the series in (2) converges absolutely
for each #n, by virtue of the estimate, I cx(n, r)] =o(n) (deducible from
(4)), and the simple property,

5) Je(n) Xnt as n— o,

which is a consequence of the evaluation, J(r)/r*= D a1, u(d)/d*.
Denoting the series in (2) by Z, we have

] o ul) ] _ dru(d) © u2(d)
(6) 2= ,2_:1 Ji(r) dss:ékm Fuld) d"zl; Ji(d@) -y (ﬁ%)-l Ji(9) ’

by the multiplicative properties of u(r) and Ji(r). Letting p designate
primes, we have the Euler product factorization,

IHa+ @ -1

% had "2(”) __r - $(k) .
et Gry=t J(71) III A+ @ =D /0
Combination of (6) and (7) yields then (cf. [5, §17.8])
2, w() _ B
® > (= =) = 1) T @ = ae@),

where ¢,(n) denotes the characteristic function of Qi. This completes
the proof of (1).

3. Proof of (2). The following estimate for cx(%, 7) is basic for our
discussion.

LeEMMA. If 0<a <1, then for all ¢>0,

{x + O(x%) ifr=1,

9) 2 alnn) = O(xerkG—a)te)  ffy > 1,

nsz
uniformly in r.

REMARK 1. This result and its proof are also valid in case k=1.
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Proor. If [x] denotes the largest integer =<, then evidently
[x]=x+0(x%) for x>0; hence by (4),

Samn) =2 X dul) = 2 dule) [ﬁ]

nse nsz des=r; dkd=n de=r dk

- dz.:, Pu(e) {f,; +0 ( ;)}

=z dz: p(e) + O(x%ora—w(r)).

&=y

But it is a known elementary fact that o,(r) =0(r**) if s>0 (see
Remark 2). Thus the lemma results by the characteristic property
of u(n).

To estimate Qx(x), we have by (1) and (9),

1 = r
Ou(®) = 25 qi(n) = —— > (“( )> 2 ciln, 1)

nsx f(k) r=l Jk(") nsz
1 © rk(l—a)+e
=§—(5(x+0(x))+0 xg o ),

where 0 <a<1. In particular, with a=1/k ¢, it follows by (5) that

Ox(x) = r 4 O(arw+e) 4 O(x1/k+e }o.: __1_>
0] - )’
from which one obtains (2) for all > 0.

REMARK 2. The property of the J-function used in §2 and that of
the o-function used in this section can be deduced, assuming simply
the convergence of »_1/n* for s>1 (cf. [7, §18.4]).

ADDITIONAL REMARKS. Insofar as the method of this section makes
no appeal to the calculus, either finite or infinitesimal, it can be
described as essentially algebraic in nature. Additional applications
of this method will be made in a longer paper to appear later [5].

To paraphrase Hardy [6], the formula (1) suggests “in a very strik-
ing way” a harmonic pattern in the behavior of the sequence Q.
Hardy’s comment related to Ramanujan’s trigonometric series de-
velopment of ¢(n). For a theory of “mean even” arithmetical func-
tions, including both o(#) and g¢x(n), the reader is referred to the
paper [4], which is to appear elsewhere.
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