A NOTE ON THE JACOBI THETA FORMULA

BY L. CARLITZ!
Communicated by Walter Rudin, June 8, 1962
In this note we show that Jacobi’s identity [1, p. 280]

M ILA- @I+ e+ g = 3 g

ne=l n=-—c0

implies relations between various partition functions of two argu-
ments, namely (5), (7) and (8) below.
In (1) take
g% = wxy, = xy7l, l xy‘ < 1.
Then (1) becomes

) JT QA =amy) (1 + arym (1 + arlyn) = D an@HDIZyne-D/2,

n=1 n=—c0

Let a(n, m) denote the number of partitions of (%, ) into distinct
parts

(aia_l)’ (b_lib) (d,b=1,2,3,"'),

so that we have the generating function

0

3 > aln,myeryn = T1 (1 + (1 + av-iym).

n,m=0 n=1

Then by (2) and (3)

@ X alnmarym = [ (1 — eyt X wrerniyenn,

n,m=0 n=1 r==—00

Since

11—yt = 37 p(m)anym,

n=1 n=0

where p(n) is the number of unrestricted partitions of %, it follows
from (4) that

1
) a(%,m)=p<n——2—(n—m)(n~m+1)>-
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It is understood in this formula that p(—m) =0 for m>0.
Thus the relation (5) is equivalent to Jacobi’s identity (1).
In (2) replace x, y by —x, —y, respectively, so that

1101 — =1 = a1 = =)
© "

0
= Z (—1)”x"(”+1)/2y"<”*1)12_

N=—00

Now let B(n, m) denote the number of partitions of (%, m) into (not
necessarily distinct) parts

(a,a),(b,b—l),(c—l,c) ((l,b,C=1,2,3,"').
Then (6) implies
E (= 1)rar D 2yrr=1)/2 > B, m)ary™ = 1.
y=—oc0 n,m=0

Consequently

1 1
) Z (—1)’;3(% - —é-r(r—|— 1), m — —Z—r(r — 1)) =0 (n+m>0),
where the summation is over all » such that

1 1
7r(r—|—1)§n, ?r(r——l)§m.

If we put

H (1 - x”y”“l)_l(l - xﬂglyn)—l = Z ‘Y(”) m)x"ym,

n=1 n,m=0

so that vy(#n, m) is the number of partitions of (#, m) into (not neces-
sarily distinct) parts
(a,a—1), (b—1,0) (a,6=1,2,3,--.),

it is evident that

min (n,m)

(®) Bn,m) = 25 py(n —r,m —1).

r=0
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