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1. Introduction. Let M be a connected Riemannian manifold of
dimension n, Co(M) the largest connected group of conformal trans-
formations of M and I,(M) the largest connected group of isometries
of M. In a previous paper [1], the authors have shown

A. A compact homogeneous Riemannian manifold for which Co(M)
#“Io(M) is a rational homology sphere.

The purpose of the present paper is to establish the following
stronger statement:

THEOREM. Let M be a compact homogeneous Riemannian manifold
of dimension n>3. Then, if Co(M)=I(M), M is isometric with a
sphere.

We list several results in the same direction.

B. Let M be a complete Einstein space of dimension n>2. If Co(M)
#“Io(M), then M is isometric with a sphere (Yano-Nagano [5]).

Making use of this fact, Nagano [4] proved

C. Let M be a complete Riemannian manifold of dimension n>2 with
parallel Ricci tensor. Then, if Co(M)=I(M), M is isometric with a
sphere.

This generalizes (B).

Let M be a Riemannian manifold with metric tensor g. A trans-
formation ¢ of M is said to be conformal if ¢*g=pg where p is a posi-
tive function on M. If p is a constant function, ¢ is called a homothetic
transformation. If p is identically equal to 1, ¢ is an isometry.

2. Notation and formulae. Let X =£i(d/dx%) be an infinitesimal
transformation and £=¢§,dx? the 1-form associated with X by means
of the duality defined by the metric tensor g=g;dxidx?, i.e., £;i=g;&
where repeated indices imply summation. Let 6(X) be the operator
of Lie derivation with respect to X, An infinitesimal transformation
X is conformal, if and only if

0(X)g = Mg

1 The first named author was supported by the Air Force Office of Scientific Re-
search.
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where N\ is a function on M. It is homothetic, if and only if X is a con-
stant function, and it is isometric, if and only if A\=0. For a 1-form &,
we have

o= — Vi

where & is the co-differential operator and V; denotes covariant der-
ivation in the “direction” of d/9x%. Hence, since

0(X)g = (V& + ViEpdaidad,

we obtain —28f=#n\. Thus, for an infinitesimal conformal trans-
formation X,

2
1) 0(X)g = — -~ 8t-g.

Consider a Riemannian manifold M with metric g and let g* be a
conformally related locally flat metric (if it exists). Under the cir-
cumstances, M is called (locally) conformally flat. As a consequence,
the Weyl conformal curvature tensor C with components

t T

1 ‘ ¢ i i
Citn = R jun — w2 (Rjxdn — Rjndr + giR n — ginR x)

e (gubh — g
., = ikOh — 8ih0k
n— 1)(n — 2) 8 4
(relative to the given system of local coordinates) vanishes where the
first term on the right hand side denotes the components of the
Riemannian curvature tensor, R;z= R%y, is the Ricci curvature, and
ot is the Kronecker delta. Indeed, the tensor C remains invariant
under a conformal change of metric. Conversely, if C=0 and >3,
M is conformally flat.

3. Proof of theorem. In the sequel, let G=1I(M) and M=G/K.
The subgroup K need not be connected.

ProrosITION 1. Let M be a compact homogeneous Riemannian mani-
fold. Then, if Co(M)#Iy(M), the fundamental group m(M) of M is
finite.

ProoF. Assume that K is connected and consider the exact
homotopy sequence

— 11(K) = m1(G) = (M) — 0.

Since m1(G) is abelian, so is m1(M). Hence
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H(M, Z) =~ m(M)/[m(M), m(M)] =~ m(M).

On the other hand, by (A), the first Betti number of M is zero. Conse-
quently, H,(M, Z) is a finite group since it is a finitely generated
torsion group. We may therefore conclude that m (M) is a finite
group.

If K is not connected, let Ky be the connected component of the
identity in K and consider the exact homotopy sequence.

0— 71(G/Ko) — 71(G/K) = K/Ko,— 0.

Since K is compact, K/K, is finite. Hence, since 71(G/K) is an exten-
sion of m1(G/K,) by K/K,, it is finite.

ProrosITION 2. The Riemannian manifold M is conformally flat
provided n>3 (cf. [6, p. 275)).

To see this, set (C, C)=girgitghrgh* C,13,Cpers Where Cijun=g:C"jkn
Then, with respect to an infinitesimal conformal transformation X,

8(X)(C, C) = (B(X)C, C) + i:— 8(C, C)
= -4— 8£(C, C).
n

This is an immediate consequence of formula (1) and the fact that
0(X)C=0. The manifold M being homogeneous, and the tensor C
being invariant by I,(M), (C, C) is a constant. Therefore, if X is not
an infinitesimal isometry, 650, from which (C, C)=0, that is C
must vanish. Hence, if #>3, M is conformally flat.

ProposiTION 3. (KUIPER [2]). A compact, simply connected, con-
formally flat Riemannian manifold is conformal to an ordinary sphere.

Now, let M be the universal covering space of M. Then, by Proposi-
tion 1, M is compact. Let 7 be the projection of M onto M. Then, the
induced metric 7*g is conformally flat. Applying Proposition 3, we
see that M is conformal to an ordinary sphere, that is, there exists a
Riemannian metric & on M such that

(1) The Riemannian manifold (M, &) is isometric with a sphere;

(2) m*g=ph where p is a positive function on M.

Let Co(M, k) be the largest connected group of conformal trans-
formations of (M, k). Let Io(M, h) and Io(M, 7*g) be the largest con-
nected groups of isometries of (M, k) and (M, 7*g) respectively.
Since 7*g and & are conformally related, both Io(M, k) and Io(M, 7*g)
are (compact) subgroups of Co(#, h). Since I,(#, k) is a maximal



1962] A COMPACT HOMOGENEOUS RIEMANNIAN MANIFOLD 381

compact subgroup of Co(M, k), there exists an element ¢ of Co(H, k)
such that

Io(M, w*g) C ¢-Io(M, h)-¢~L.

Then the Riemannian metric ¢*k is invariant by Io(M, 7w*g). Since
both ¢*h and 7w*g are conformally related to the same metric k%, there
exists a positive function u on M such that
T*g = p-d*h.

Since both ¢*k and 7*g are invariant by Io(#M, 7*g) which is transi-
tive on M, u is a constant function. Since (M, k) is a space of constant
curvature, so is (M, ¢*h). Hence, (M, m*g) is a space of constant
curvature.

The manifold M is consequently an Einstein space, and so, by (B),
it is isometric with a sphere.

REMARK 1. The statement (B) is required only in the final step of
the proof. Without it (but with the help of (A)) we may conclude
that the universal covering space of a compact homogeneous Rie-
mannian manifold, admitting a vector field generating a global 1-
parameter group of non-isometric conformal transformations, is
isometric with a sphere.

REMARK 2. In view of the results B and C and our theorem, we
pose the following question. Let M be a compact Riemannian mani-
fold with constant (positive) scalar curvature such that Co(M) = I(M).
Is M isometric with a sphere? It is known that if M is a compact
Riemannian manifold of constant negative scalar curvature, then
Co(M) =Io(M) (see, for instance, [3, p. 134]).
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