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1. Introduction. This note is devoted to proof and application of
estimates of the form

> I D“u[2e2’4’dx = Klf | P(x, D)u|2e2’¢dx
laj<m

(1.1)
+ K. Z T2(m—|al)—1f 1 Dau|2ezwdx, u & C:(Q), T > T,

|a|<m—1

where P is a linear differential operator of order m in an open set Q
in R, and ¢ is a fixed function. (For all other notations we refer to
Hormander [4].) From the estimate (1.1) with K,=0 we obtain theo-
rems on uniqueness for the Cauchy problem for the operator P(x, D)
by means of a classical method of Carleman [2]. These extend the
results of Calderén [1]. Using the estimate (1.1) with an arbitrary
constant K, we can prove existence theorems for the differential equa-
tion P(x, D)u=f which improve those of Hérmander [3]. The esti-
mate (1.1) also implies results on unique continuation of singularities of
solutions of the differential equation P(x, D)u=0 such as have been
given by John [6] and Malgrange [8] for operators with constant
coefficients. For the importance of such results in connection with
existence theorems for the differential equation P(x, D)u=f when f is
an arbitrary distribution, as well as for all details of proof, we refer
the reader to Hérmander [5].

2. The a priori estimate (1.1). Let all coefficients of P be in L*®
and those of the principal part P,, be in C'. Also assume that ¢ is in
C? and write

P (5, §) = 0Pu(x, /08 Pmi(x, §) = 0Pu(x, /02,

THEOREM 2.1. Let N=grad ¢(x) where x&Q and let  =£-+10N, with
£E R, and 0520 E Ry, satisfy the characteristic equation

(2.1 Pn(, §) = 0.
If (1.1) is valid, it then follows that

1 This work was supported by NSF research grants G-14362 and G-10093 at
Madison, Wisconsin. A summary of the results was given at the AMS conference on
Functional Analysis at Stanford in August 1961.
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n 32 . -
|2 — Kao?(| £]2 + ot < m{ > 2 PO PP 0)
(2 2) Goke=1 E)xjaxk

F Qi)™ 3 (P, 9P (5, 0) — PP, ©) Pl r))} ,

when the left-hand side is positive.
This follows by applying (1.1) to functions of the form
u(x) = exp(irw(x) /o)y (xr!/?)

where w(x) = (x, §‘)+O(|x| ?) when x—0. When 7— o a differential
inequality for ¢ is obtained which leads to (2.2). (A similar but less
precise discussion occurs in Hérmander [4, pp. 216-217].)

Note that (2.2) is applicable for every ¢ satisfying (2.1) if K,=0,
but only for nearly real { if K, is large. An elementary algebraic dis-
cussion shows that Theorem 2.1 implies

COROLLARY 2.1. Let the assumptions of Theorem 2.1 be fulfilled and
assume that P, has real coefficients. If xSQ and 0£EEC R, is a solution
of the equations

0)

2.3) Pu(, ) = 3 PO (x, 06/02; = 0

but PP (x, £) #0 for some 7, it follows that

g™ < 2K1{ 3 0°e/0x0m P (x, §) P (x, &)

Jik=1

+ 3 PO 9P (5, 8) — Py, P (s, z))aqs/axk} .

Jik=1

The geometric significance of the positivity of the right-hand side
of (2.4) is that the restriction of ¢ to any real bicharacteristic curve
has a positive second derivative where the first derivative vanishes.

The conditions (2.2) and (2.4) are nearly sufficient for the validity
of (1.1). For simplicity in statements we limit ourselves here to the
case when P, has real coefficients;if P,, does not have real coefficients
and is not elliptic, we need the same additional hypothesis as in
Theorem 4.3 of Hormander [3].

THEOREM 2.2. Let Q be a bounded open set, ¢ a real valued function
in C(Q) with grad ¢(x) =0 when xEQ, and P(x, D) a differential
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operator of order m with bounded measurable coefficients such that the
principal part Pn(x, D) has real coefficients belonging to C*(Q). Assume
further that

> 8°6/0x0m Py (%, £) P (%, &)
k==l

(2.5)
+ 3 (PEx, P (5,8) — Puilw, PE (x, ) 9/d1 > 0

* okl

if x€Q and 0% EE R, satisfy the characteristic equation Pyn(x, £) =0 and
(2.6) > Py (%, §)od/dx; = 0.
1

Then there is a constant K such that when 7 is sufficiently large

Z T2(m-—lal)—1f l Daul2e2r¢dx

lal<m

2.7
= Kf {| P(x, D)u[2 + sz-1] u|2}e27¢dx, u & Cr(Q).

THEOREM 2.3. Assume that, in addition to the hypotheses of Theorem
2.2, we have

3 9°¢/0x0mPY (x, ) P (x, )

§ik=1

2.9) ) . .
4 2ir) X (P, O P (2,8) — P’ (%, ) Pra(, £) > 0

if t=f+ir grad ¢(x), with xEQ, EER, and 0=TER,, satisfies the
characteristic equation Pn(x, ) =0. Then there is a constant K such
that for sufficiently large v

D, rim—lah-1 f | Dou|%*dx < K f | P(x, D)u|erédz,
lal<m

(2.9)
% E Co(9Q).

It is sufficient to prove these theorems locally assuming that ¢ is
a linear function, ¢(x) = (x, N) with a constant N. We then start with
the trivial estimate, where v(x) = u(x)e™=M,
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f | Pu(x, D)u|2%e2%=N)dx = f | Pu(x, D + irN)v|2dx
> f {| Pu(z, D + irN)o|* — | Pu(w, D — irN)o|?}da.

In the right-hand side it is possible to make an integration by parts
so that only derivatives of v of order =<m —1 occur afterwards. The
error committed in fixing the argument in the coefficients of this form
can then be estimated by means of derivatives of v of order Sm—1
and the estimate (1.1) can thus be obtained by means of Fourier
transforms in a way similar to the standard estimates for elliptic
operators.

3. Uniqueness of the Cauchy problem. From Theorem 2.3 and the
usual argument of Carleman [2] we obtain

THEOREM 3.1. Let P(x, D) be a differential operator of order m with
bounded measurable coefficients in some open neighbourhood Q of a point
x° and assume that the coefficients of Pn are in C* and are real. Let ¢
be a real-valued function in C?* such that N°=grad ¢(x°) 0 and

> 9°/0w0m P (x, ) Pn (2, §)
@™
(k)

+ @207 Paa(w, OPY (1,8) — P (#, ) P, £)) > 0
1
if x=x% and 05%{ =§£+4irN° with EER, and TE R, is a solution of
3.2 Pa, ) =0, X PR, ON] = 0.
1

If u€C™(Q) satisfies the equation P(x, D)u=0 and u=0 when ¢(x)
>¢(x°), it then follows that w=0 in a neighbourhood of x°.

Note that the left hand side of (3.1) is a polynomial in £ and 7 since
the coefficients of P,, are real. Hence it makes sense also if 7=0.

The hypothesis of Calderén [1] is that (3.2) has no solution { 0.
Counterexamples due to P. Cohen show that the convexity assump-
tion (3.1) is vital at least as far as real solutions { of (3.2) are con-
cerned.

4. Existence theorems. Let H(, be the space of all distributions
uE8'(R,) such that

@ o = e [ la@Pa+ e < o,
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The methods of §6 in Hérmander [3] can be used to show that it is
possible to pass from the L2 norms in (1.1) to H) norms for an arbi-
tary real s. (The possibility to choose the parameter 7 large is very
important here.) We thus obtain the following theorem where the
existence statement follows by duality.

THEOREM 4.1. Let P be a differential operator of order m with C*
coefficients and let ¢ be a C* function such that (1.1) is valid, at least for
all u with support in fixed compact subsets of Q. If u is a distribution
with compact support in Q such that P(x, D)u=0, it then follows that
uECy (). The set of such functions u with support in a fixed compact
subset of Q is finite dimensional. Let V' be a relatively compact open sub-
set of Q and fEH,. If

f) =0

for every v&Cq (Q) with support in Q' such that P(x, D)v=0, it then
follows that one can find w & H (sym—1y) such that *P(x, D)u=fin Q'. Here
tP is the adjoint of P.

Thus we have a local existence theorem for every P satisfying the
assumptions of Theorem 2.2 for some ¢. In view of the methods of
Malgrange [7], Theorems 3.1 and 4.1 together give global existence
theorems for the differential equation ‘P(x, D)u=f if f is an arbitrary
distribution of finite order and the boundary of Q satisfies the con-
dition in Theorem 3.1.

5. Unique continuation of singularities. From the estimate (1.1)
we can also obtain the following result.

THEOREM 5.1. Let P be a differential operator of order m with C®
coefficients and real coefficients in the principal part, defined in an open
neighbourhood Q of a point x°. Let ¢ be o function in C*(Q) such that
grad ¢(x%) #0 and (2.5) is valid when x=x° for every real £%0 satisfy-
ing the characteristic equation Pn(x, £) =0 and (2.6). If u&S D'(Q) and

@) u & C*(QY) where QF = {x; x € Q, ¢(x) > ¢>(x°)}
(i) P(x, D)u = f € C=(D),
it then follows that u< C*(Q') in a neighbourhood Q' of x°.

If P has constant coefficients and ¢ is strictly convex, this result is
due to Malgrange [8] and John [6], but for other functions ¢ the re-
sult is new even for the wave equation. That the convexity of ¢ along
bicharacteristics which is assumed in Theorem 5.1 is essential follows
from an example of Zerner [9] (which can also easily be extended).
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The fairly technical proof of Theorem 5.1 proceeds as follows. We
may assume that ¢(x) =x,. Using the methods of §§5-6 in Hérman-
der [3] we can then replace the L? norms in (1.1) by norms of the
kind

f H u(xn) H iaz,,—}-b)dxn

where ¢ and b are constants and ||u(x,,)l|(.) is the norm (4.1) of the
function u of x; + - - x,—1 when x, is fixed. If we apply these estimates
to the function % in Theorem 5.1, after multiplication by a function
in Cy (Q), the desired result follows.
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