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1. Introduction. In this paper we apply the method of negative 
norms to arbitrary boundary problems. The method has proved very 
powerful in dealing with elliptic problems (cf. [9]). Here we show 
that it is just as successful in general, without reference to the type of 
equation or boundary condition. 

In the next section we define several negative norms and state two 
important representation theorems. Everything is done within the 
Lp framework, Kp< oo. In §3 we give necessary and sufficient con­
ditions for certain boundary problems to have solutions. In §4 it is 
noted that these theorems give new results even in the case of elliptic 
problems. In §5 it is shown how our methods can be employed to 
give complete aswers for the Visik-Sobolev problems. 

Proofs of all our theorems will appear elsewhere. 

2. Negative norms. Let G be a bounded domain in Euclidean 
w-space En with boundary dG of class2 C00. Let C™(G) denote the set 
of all complex valued functions infinitely differentiable on G, the 
closure of G, If /x = (jui, ju2, • • • , iin) is any multi-index of length 
|/x| = M I + M 2 + • • * +Vn, we set 

rV J M ! , . « M2 . M» 

D = 0 JdXi 0X2 • * * OXn . 

If 5 is any non-negative integer and p is any real number greater 
than one, we define 

INI.* = ( f E |D*N*V/>, 
(2.i) V « T , ' 

II II i u I ( # ' ^ l v * 
\\u\\-8,p = l .U.b. —77-r. ; p ' = 

for functions uÇzC^ifi), where (w, v)=fouvdx. Denote the comple­
tions of C^ifi) with respect to these norms by H8>*(G) and Hr^AÇ), 
respectively. They are obviously Banach spaces. Concerning them we 
state 

1 The work presented in this paper was supported by the Institute of Mathemati­
cal Sciences, New York University, under Contract AT(30-l)-480 with the U. S. 
Atomic Energy Commission. 

2 Some assumptions are made for convenience only. Our results hold under less 
restrictive hypotheses. 
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THEOREM 2.1. For every bounded linear functional F(w) on HS>P(G) 
there is an f£:H-8>p'(G) such that F(w) = (w, ƒ) for all wEH8>p(G). 
Conversely, every hounded linear functional G(u) on H~8>P(G) can be 
represented by (u, g), where gGH8>p'(G). 

Next, let CQ(G) denote the set of all uÇzC°°(G) which vanish near 
dG. Assume that there is given a linear space V of functions such that 
C0"(G!)CFCC00(G). Corresponding to V we can define the norm 

i . I («> f) I 
(2.2) * U * = Lu-b-veV \\v\\8tP> 

Complete C°°(G) with respect to this norm, and call the resulting 
Banach space H~8>P(G). 

THEOREM 2.2. Let V8>P(G) denote the closure of V in H8>P(G). Then 
every bounded linear functional F(w) on V8'P(G) can be represented in 
the form F(w)~(w, ƒ), where f(EH~8'p'(G). Conversely, every bounded 
linear functional G{u) on H~8'P(G) equals (u, g) for some gÇzV8>p'(G). 

3. Boundary problems. Assume that there is also given a partial 
differential operator of order m ̂  1 

with coefficients3 aM(x) in C^ÇG). The formal adjoint A' of A is 
defined by 

A'u= 2 (-1) , ' , ,Z> ,(^«) 

and it is easily checked that 

(3.1) (Au,v) = (u, A'v) 

whenever one of the functions u, v is in CQ(G). We define V' as the set 
of all those fl£C°°(G) which satisfy (3.1) whenever w £ F . Clearly, 
C£(G)QV'. Corresponding to (2.2) we set 

f* <>\ I I ' i k Ifatil 
(3.2) \u\-8tP = l.u.b. -TT-TJ 

'ZV' | |w | | , i P ' 

and denote the completion of C^{G) with respect to this norm by 
#'-••*(£). The closure of V' in H'"(G) is denoted by V*(G). 

By (2.1), (2.2), and (3.2) we have 

8 Cf. footnote 2. 
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(3.3) | («, v) | ^ M U , | M | . . p ' , u G C*(ö), v G C«(G), 

(3.4) \(u,v)\ S | « U J M I . , , ' , u G C«(ö), v G F, 

(3.5) I («, v)\ â | « | ' - * J 4 . P ' > « G C"(G), v G F' . 

By completion, we have that (3.3) holds for wGi?-"*,p(G), 
vEH'>*(G), (3.4) holds for ^G#~*'P(G), vG.V'"(G), and (3.5) holds 
for w G â ' - ' ^ ( G ) , vEV"'*(G). 

Let N (resp. iV7) be the set of those ^ G V (resp. z/G F') satisfying 
Au = 0 (resp. -4'z; = 0) in G. We shall assume that both N and N' are 
finite dimensional.4 If L is any space of functions containing N (resp. 
N') we let L/JV (resp. L/N') denote the set of all uÇ±L satisfying 
(u> v)=0 for all vÇiN (resp. v(ENf). The letter 5 will denote an arbi­
trary non-negative integer, /, r, arbitrary integers, and p, q, real 
numbers greater than one, with p' =p/(p — l), g! = %/(& —1) • When 
t is positive, we set fl'^(G) = H't**>(G)=Ht>p(G). We write u&H"*(G) 
(resp. fi-°(G)f H'-«>(G)) when«GH*»«(G) (resp. fi*'«(G)f Ë'*'*(G)) for 
some £ and g. 

THEOREM 3.1. LetfGH'-°°(G) be given. Then there existsauGHr>*>(G) 
such that 

(3.6) («, A'v) = (ƒ, z>) > r all v G F ' 

if, and only if, 

(3.7) | ( / » | Û c\\A'v\\-rtP, for all v E V'. 

There exists a wG F*»P(G) satisfying (3.6), if, cwd <w/;y if, 

(3.8) | (ƒ, t>) | g c | A'v |_8,p, /or oK v G F ' . 

COROLLARY 3.1.-4 necessary and sufficient condition that f or each 
fE.Hft>«(G)/N' there exist a uEHr>*>(G) satisfying (3.6) is that 

(3.9) |H|_M, ^ c|M'*|U*>' ƒ " àtt v G F'/tf'. 

-4 necessary and sufficient condition that a uÇi Va>p(G) satisfy (3.6) for 
each such ƒ is that 

(3.10) \\4-t>«' ^c\A'v |_ IP , > r a// v G F'/iV'. 

COROLLARY 3.2. The following statements are equivalent. 
(a) For every fÇ:H*'v{G)/Nf there is a wG Fm+8'2)(G) awd a sequence 

{uk} G F such that \\uk — u\\m+StP—»0, ||i4wfc—/||,,p—»0 as fe-*co. 
(b) For everyf£:H8>p(G)/N' there is a wG FW+*»P(G) satisfying (3.6). 
(c) 1 M 1 - . P ' ^ C [ i l '» | -m- ,^ > r a// z;G F'/iV'. 
4 Infinite dimensional N and unbounded G will be considered elsewhere. 
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COROLLARY 3.3. Given f G S'"90 (G). The following statements are 
equivalent. 

(a) There is a uÇzH~s>p(G) satisfying (3.6). 
(b) fGH'-m-8'V(G)/N' and there is a uGH~s>v(G) and a sequence 

uk€zV such that ||«fc — ̂ ||—s.»—>0, \Auk — f\ Lm~8tP—>0 as k-*°o. 
(c) \(f,v)\gc\\A'v\\9tP>foraUvGV'. 

COROLLARY 3.4. For each fGH'-m~s>v(G)/'N' there is a U<EH-*>P{G) 

satisfying (a) or (b) of Corollary 3.3, if, and only if, 

(3.11) IMI.H-.P' ^ ^IM^lIa,^ for all v G V'/N'. 

4. Elliptic problems. We shall say that A is elliptic on V if 
(a) N and N' are finite dimensional. 
(b) For every 5 ^ 0 and p> 1 there is a constant cs,p such that 

|M|m+8,2> S £.,JM«||«fp for it G 7/iV, 

IMU,,*> ^ * iP | | il'vlUp for v G F'/tf'. 

(c) For every ƒ G C°°(G)/N' there is a ^ G F such that Au=f; for 
every gGC°°(G)/N there is a z>G V' such that ^4'fl = g. 

I t has been shown that when A is a properly elliptic operator, 
these conditions are satisfied for a wide variety of spaces V (cf. 
[2; 3; 8]). Here we shall be concerned with conclusions which can be 
drawn from (a)-(c) without further assumptions. 

THEOREM 4.1. If A is elliptic on V, then 

|| «H-*,* Û c9tP\ Au\^8tP for u G V/N, 

I M U , è cStP j A'v 1-^.p /or v G F'/tf'. 

THEOREM 4.2. For each fGHr^m~8>v{G)/Nf there is a uGH~*'p(G) 
and a sequence {uk} G V such that \\uk — u\\-ttP—*0 and \Auk—f\ '-m-s,p 
—>0 as k—> oo. 

THEOREM 4.3. If uGH~°°(G) and \(u, A'v)\ ^c||v||m+, tp' for all 
vG V', then uGH-*>v{G). If \ (u, A'v) | ^c||*>||_s,P', vG Vf, then actually 
uEVm+s>*>(G). 

5. Visik-Sobolev problems. Let CQ(EU) be the space of infinitely 
difïerentiable functions with compact support in En and let H8'p(En) 
be the closure of CQ (En) with respect to the norm 

\J En \fi\es / 

We can introduce a negative norm on En as follows: Set 

file:///fi/es
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I IJI*" l u I <*> *> 1 
0 L , p = l.u.b. —n—H ' 

Imi *ec;m M\fr 
where (<j>, ^ ) = /#n<£$dx. Denote the completion of C£(En) with re­
spect to || ||?si2, by H"-8>v(En). This space may be denned in other 
ways (cf. [4; ó]). 

For any 0£Co°CEw), let <J>G be the restriction of <t> to G. An element 
ue.H-8>v(En) is said to be in H?" if (u, </>)== 0 for all 4>EC£(E) such 
that 0^ = 0. Such functions (distributions) u are said to have their 
support contained in G. It can be shown that H$s,p is isomorphic to 

We set M~s'p equal to the space of all h^H~8'p(En) which satisfy 
(h, 0> = O whenever cj>E.Co(En) and 0 G G F ' . Clearly jlf-«.* is a sub-
space of £Tg*,2\ Now assume that the coefficients5 of A are in C£(En). 
For every hGH~8>p(En) there is an element g£:H-m~a>p(En) such that 

(5.1) <*,;!'*> = <&*> 

for all <f>EC£(En). We define il A to be g. Now suppose ƒ G # g m ~ ^ and 
uGHës,p satisfy 

(5.2) <«,4'*> = (ƒ,0) 

for all 0GCo°°(Ew) such that 0 G G 7 ' . Then by (5.1) (Au-f, 0> = O for 
all such 0. Hence Au—fGM~m~s'p. Conversely, if Au—fE:M-m~8'p, 
then (5.2) holds. Thus, given fQH^m~s,p, the problem of finding a 
uGHSs,p such that (5.2) holds when <t><EQ(En) and 0 G G F ' is equiv­
alent to finding a u<EH^s'p such that Au-~fÇ.M~m~8'p. Following 
Lions we call this a Visik-Sobolev problem. For previous results on 
such problems we refer to Lions [4; 5] and Visik-Sobolev [ l0] . 

THEOREM 5.1. Given fGH^m~8tV
f there is a # £ 2 7 B * , P such that 

Au-fGM~m~8'p if, and only if, 

(5.3) I <ƒ,*>! 1kc\\A'4tP, 

for all (j>GCo(En) such that <£<?G F' . 

THEOREM 5.2. For every* fEH^m~s'p/Nr there is a uEH£8tP such 
that Au—fGM^m~s,p if, and only if, 

(5.4) IM|m+S)p' ^ ^m^ | | s , y for all v G V'. 

COROLLARY 5.1. If A is elliptic on V, then the ViUk-Sobolev prob­
lem considered has a solution f or each f^H^m"s,v/'N'. 

5 Cf. footnote 2. 
6 By this we mean that (ƒ, tf>} = 0 for all « Ê G ^ C E » ) such that <f>GCzN'. 
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