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1. Let Q be a set, @ a g-algebra of subsets of @, and P a probability
measure defined on @, i.e. P is a nonnegative completely additive set
function defined on @, with P(Q)=1. If p is a number with 1 £p <
we shall denote as is usual the Banach space of measurable functions
f for which

f'f[de<°° byLP(Q)@,P)-
Q

Let T be a transformation mapping @ onto € which is 1-1 and bi-
measurable, i.e. if A& @ then

TA = {y|y=TxforsomexE A}E@

and
T-4 = {y| Ty € 4} € a.

With these assumptions we have 7™ defined for every integer # as a
1-1, onto, bimeasurable transformation. Henceforth we shall assume
that every set considered is measurable, i.e. an element of @. We
shall say that P is invariant if P(4)=P(TA) for every set 4, P is
ergodic if P is invariant and if P(U,;-_, T"A4) =1 for every set 4 for
which P(4)>0, and finally P is strongly mixing if P is invariant and

lim P[(T4) N B] = P(4)P(B)

for every pair of sets 4, B. It is a consequence of the individual
ergodic theorem that if P is invariant then P is ergodic if and only if

n—1
lim 1 > P[(Ti4) N B] = P(4)P(B)
n N =0
for every pair of sets A, B. Thus every strongly mixing measure is
ergodic.

It is the object of this paper to show that the strong mixing condi-
tion is equivalent to the validity of the mean ergodic theorem for
every L, space and every subsequence { %} of the sequence {7*}.
More precisely let p be a number with 1 £p< =, let fEL,(Q, @, P)
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and let {k.} be a sequence of distinct integers with lim, k,= o.
Then we shall show that if P is strongly mixing we have

n
lim——l— 3 f(Thix) = f fdP
n N =1 Q
in L, norm. Conversely it is also true that this conclusion implies

that P is strongly mixing.

The main interest of this result lies in the fact that in previous
ergodic theorems, both of the individual and the mean type, it is as-
sumed that the sequence of operators over which one averages forms
a semigroup. This property can be dispensed with if one is willing
to assume the strong mixing property.

2. We shall need several lemmas before proving the main result.
LemMMA 1. Let {C.i,,-; 1, j= 1} be a bounded sequence of numbers such
that limli__j[_.w C@'_j=0. Then

1
lim — E Cii=0.

n n? 2,j=1

p j| and let e be a positive number. Choose
i—j| > M. Then for n> M we have

eM+1nCc 1
n

Proor. Let C=sup;,;
M so that IC,- j| Sefor

Zcu =

n 7,J=1

+— X |Cisl

n® iZi>u

and the lemma follows.
LEMMA 2. Let P be strongly mixing and let f4(x) be the set character-
istic function of a set A. Then

hm Z fa(Trix) — P(A) 2dP =0

n =1

Q
for every strictly increasing sequence {kn} of integers.
Proo¥. Let {k.} be such a sequence. Then

]+ i:mrkfx) -

n =1

2
aP

= [ s — Plla(r) — pealap
1

2

{P[(T*4) N (T%4)] — P¥(4)}

'-Ms “ M:

S
-
<,

I
-
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since P is invariant. The conclusion now follows from the hypothesis
and Lemma 1 by letting C;;=P[(T*4A)N\(T*A)]—P?(4). Note
that

P[(T*A) N (T%A)] = P[(T**il 4) N A].
LEMMA 3. Lemma 2 remains valid if we replace fa(x) by a simple
function and P(A) by [of(x)dP.

Proor. The proof is accomplished by simple algebraic manipula-
tions and the application of Lemma 2.

LeMMA 4. Lemma 3 remains valid if we replace Ly convergence by L,
convergence where p is any number with 1 Sp< .,

Proor. For p=1 the lemma follows from Lemma 3 and the Hélder
inequality. Let p>1 and let g(x) be a bounded measurable function
with bound M. Then

f|g(x)|"dP§f |g]dP+MPf iP
2 {llgls1) {lgl>1}
s+ [ | ap.
Q

The lemma now follows from the fact that it holds for p=1, and if f
is a simple function then

1 n
— 3 o) - [ ap

N iml Q

is bounded uniformly in #.

THEOREM. P is strongly mixing if and only if for every number p with
1=5p< o, every strictly increasing sequence of imtegers, and every
FfEL,Q, @, P) we have

lim
n Ja

LS srmay — f fdP|#dP = 0.
Q

n =1

PRroOOF. Assume that P is strongly mixing. Let fEL,(Q, @, P) for
some p, and let {&.} be a strictly increasing sequence of integers. It
is clearly sufficient to prove the conclusion when f is nonnegative
and we shall assume this is the case. Then there exists a nondecreas-
ing sequence {fs} of simple functions such that lim, |f.—f] =0 al-
most everywhere. Let ||g||, be the L, norm of the function g. Then


file:///g/dP

1960] ON THE MEAN ERGODIC THEOREM FOR SUBSEQUENCES 311

1 2 )
— 3 (1) f Jip

N =1

5| S - S|

i=1 t=1

12 )
— 3 fulT¥) fnfmdP +

n =1

dP —ffdP
Q »

and each of the last three terms can be made small by choosing 7
and #» sufficiently large, from Lemma 4 and the monotone converg-
ence theorem.

Conversely suppose the second condition of the theorem holds. Let
A and B be sets with set characteristic functions f4 and fz and sup-
pose P[(T-*A)NB]—P(4)P(B)=¢>0 for a sequence of integers
{k,.} . (A similar argument applies if P[(T-*4)N\B]—P(4)P(B)
=< —€<0.) Then

L i P[(T*4) N\ B] — P(4)P(B) 2 ¢

1=l

for all #. But

i > P[(T-%4) N B] — P(4)P(B)

t=1

- [ fB<x>[ > fa(T¥) — P(A)]dPél

i=1

E Ja(Thix) —

i=1

which approaches zero. The theorem is proved.

It is likely that the theorem may be generalized in the same direc-
tion that the mean ergodic theorem has been generalized, i.e. by con-
sidering more general operators. More interestingly, while the authors
have partial results for the individual ergodic theorem, the question
of whether the individual ergodic theorem holds for all subsequences
in the case of strong mixing measures remains open.
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