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Consider the sequence of polynomials {u,(x)} that satisfy the
recurrence

(M Uni1(2) = (2 + a(n))un(x) + b(n)tn-1(x),

where a(n), b(n) are polynomials in # (and possibly some additional
indeterminates) with integral coefficients. Moreover it is assumed
that

2 (@) =1, ) =a0), 50) =0.

The sequence {un(x)} is uniquely determined by (1) and (2).
The writer [1, Theorem 1] has proved that if m=1, r=1, then
u,(x) satisfies the congruence

”r

(3) 2 (=1)e ( :) Untsm(X) U r—sym(%) = 0 (mod mn),

8=0
for all =1, where
4 rn=[(r+1)/2],
the greatest integer =<(r-+1)/2. In the present paper it is proved
that u,.(x) satisfies the simpler congruence

T

©®) 2 (=1 ( Z) Unyom(%)thm (%) = 0 (mod m""),

8=0
where again r; is defined by (4). Also it is shown that (5) implies
Z 4
(6) Z (_ 1)’ ( s ) un+sm(x)uk+(r—:)m(x) =0 (mod m’l),

8=0



1960] ARITHMETIC PROPERTIES OF CERTAIN POLYNOMIAL SEQUENCES 203

forall 20, k=0; for k=0, (6) evidently reduces to (3). Indeed if we
put

r!

k
(r) (r) 81 sk
Ue™ = Unj,e o yni(®) = Z AL N H unj+8jm(x),
syt Hsp=r 51! L S/c! j=1
where Ny, * - -, Ay are rational numbers that are integral (mod m) and
such that

M+ -4 N =0 (modm),
then it is shown that

) U =0 (mod m")
for all ny, - - -, n,=0.

We remark that the congruence (7) was suggested by certain con-
gruences for the Bernoulli numbers that were obtained by Van-
diver [2].

There are numerous applications of (5). In particular we mention
the following which is related to elliptic functions. The Stieltjes
formula [3, p. 374]

® 1 1-22.3k2  3-42.5k2
f sn(u, k%) e =vdu =
0

x4+ a— x?4 3%— x? 4 5% — '

..
?

where a =14 k2, suggests the consideration of the polynomials f,(x)
defined by

(&) farr(®) = (2 + (2n + D*a)fa(x) — (27 — 1)(2n)*(2n + DEYpa(x),

together with fo(x) =1, fi(x) =x-+a. Since (8) is of the form (1), it
follows that these polynomials satisfy (5). Similar results hold for
the polynomials associated in like manner with the integrals

x f sn?(u, k2)e=udu, f cn(u, k?)e*du, f dn(u, k%) e 4du.
0 0 0
We remark that (8) implies

gfn(x2) (2n + 1)! - x

We show also that if p=2w-+1 is an odd prime then f(x) =7(x) (mod
p), where

9 To(x) = x{xw - Cp(k2)}2

and

sn2ntly sinh xu
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(10) Co(k?) = (—1)» YW:(Z’) B,

Thus (5) reduces to

(11) > (-1’ ( . )f,,+.,,(x)f;“°<x> =0 (mod ),
8=0 §

where f,(x) is defined by (9) and (10).
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