A CONVEX METRIC FOR A LOCALLY
CONNECTED CONTINUUM

R. H. BING

A topological space is metrizable if there is a distance function
D(x, y) such that if x, v, z are points, then

)] D(x, y) = 0, the equality holding only if x = 1y,
(2) D(x, y) = D(y, x) (symmetry),
3) D(x, y) + D(y, z) = D(x, 2) (triangle condition),
4) D(z, y) preserves limit points.

By (4) we mean that x is a limit point of the set T if and only if for
each positive number e there is a point of T at a positive distance from
x of less than e. We say that the metric D(x, ) is convex if for each
pair of points x, ¥ there is a point % such that

() D(x, u) = D(u, y) = D(x, )/2.

A subset M of a topological space S is said to have a convex metric
(even though S may have no metric) if the subspace M of S has a
convex metric.

It is known [5]! that a compact continuum is locally connected if it
has a convex metric. The question has been raised [5] as to whether or
not a compact locally connected continuum M can be assigned a con-
vex metric. Menger showed [5] that M is convexifiable if it possesses a
metric D such that for each point p of M and each positive number ¢
there is an open subset R of M containing p such that each point of
R can be joined in M to p by a rectifiable arc of length (under D) less
than e. Kuratowski and Whyburn proved [4] that M has a convex
metric if each of its cyclic elements does. Beer considered [1] the
case where M is one-dimensional. Harrold found [3] M to be con-
vexifiable if it has the additional property of being a plane continuum
with only a finite number of complementary domains.

We shall show that if M,; and M, are two intersecting compact con-
tinua with convex metrics D; and D, respectively, then there is a
convex metric D3 on M;+ M, that preserves D; on M; (Theorem 1).
Using this result, we show that any compact #-dimensional locally
connected continuum has a convex metric (Theorem 6). We do not
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answer the question: Does each compact locally connecied continuum
have a convex metric??

In my paper Extending a metric it is shown [2, Theorem 5] that if
K is a closed subset of the metrizable space S and D, is a metric on
K, then there is a metric D; on S that preserves D; on K. The fol-
lowing result is a modification of that result.

THEOREM 1. If My and M, are two intersecting compact continua with
convex meirics Dy and Ds respectively, there is a convex metric D3 on
Mi+ M, that preserves D, on M.

Proor. Let G(x) be the least upper bound of Dy(p, q) for all points
9, g of My- M, such that Ds(p, g) <x. Then

(6) G[D:(p, 9] = Di(p, 9 (p, q elements of M- My).

Since G(x) is a monotone nondecreasing function of x that approaches
zero as x approaches zero, there is a function F(x) (x>0) such that
F(x) approaches zero as x approaches zero, F(x)=G(x), and the
derivative of F(x) with respect to x is a continuous monotone non-
increasing function greater than one.

If C is an arc which lies except for possibly its end points in
M,— M- M, and [¢ F'[Dy(p, My)]ds exists, where F'(x) represents
the derivative of F(x) with respect to x, p is a variable point of C, s is
the length along C under D,, and D,(p, M) is the greatest lower bound
of Dy(p, q) for all points g of My, we define the length Lo(C) of C under
Dy tobe Lo(C) = [¢F'[Dy(p, M;)]ds. We note that Lo(C) is not defined
for all arcs C. However, if » and g are two points which lie on an arc
C with such a length Ly(C), then we call Dy(r, q) the greatest lower
bound of Lq(C) for all such arcs C from 7 to g. Since F’(x) > 1, Do(7, @)
202(15» g)

If » and g are two points of M; and Dy(r, ¢) is defined, then

(7) Do(f, Q) = D1(7’, q)

because for each positive number € there is a curve C from 7 to ¢
whose interior lies in M;— M;- M, such that

Dy(r, q) + ¢ > ch’ [Da(p, M) ]ds = fCF'(s)ds

= F(length C under Dy) = G[D:(r, )] = Di(r, q)-
The first “ = ” relationship in (8) follows from the facts that F'(x) is a

8

2 Since this paper was submitted, both E. E. Moise [8] and the author [9], working
independently, have answered this question in the affirmative.
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nonincreasing function and s=D,y(p, M,;) since the end points of C
lie on M;y; the second =7 results from the facts that F(x) =G(x),
length C under Dy= Dy(r, ¢), and G(x) is a monotone nondecreasing
function; the third “=" is a consequence of (6).

If g is a point of My— M;- M. and C is a shortest arc from ¢ to M,
under D,, then

Lo(C) = ch'[Dxp, M) ds = ch'<s)ds = F[Da(g, M),

Hence, if pi, p2, - - - is a sequence of points of My— M;- M, such
that Di(p;, M,) approaches zero as ¢ increases without limit, then
Do(pi, M;) approaches zero as ¢ increases without limit.

If p and ¢ are two points of M;, we define D;(p, ) to be Di(p, q);
if p is a point of M; and ¢ is a point of M.— M, - M,, we define
D;(p, ) to be the greatest lower bound of Di(p, @)+ Do(a, q) for all
points a of M;y; if both p and ¢ are points of My— M;- M,, we define
D;(p, g) to be the minimum of Dy(p, ¢) and the greatest lower bound
of Do(p, a)+Di(a, b)+Dy(b, q), where a is a point of M; and so is
b. If p=gq, we define D;(p, q) to be equal to zero.

The above definition of D;3(p, q) is equivalent to defining Ds(p, q)
to be the greatest lower bound of the lengths of all arcs C from p to
¢ where length in M, is measured under D; and length in Me— M- M,
is measured under D,. It follows from (7) that we need only consider
those arcs C which intersect M; in a connected piece if at all.

Now the function D;(p, ¢) may be shown to satisfy conditions (1),
(2), (3), (4), and (5). Hence, it is a convex metric for M;+ M, that
preserves D; on M.

THEOREM 2. If D, and D, are convex meirics for the intersecting com-
pact continua My and M, respectively and Dy= Dy on M- M, then for
each positive number € there is a convex meiric D3 for My M, such that
D3=D, on My, D3;=< Dy on M,, and the diameter under D3 of each com-
ponent of My— M- M. is less than € plus twice the diameter under D, of
the boundary with respect to M1+ M. of this component.

Proor. Define E(p, q) to be the greatest lower bound of all sums
of the type f(p, p1) +f(p1, p2)+ + + -+ +f(Pn, @) where adjacent points
of p, b1, * + +, pa, ¢ belong to the same one of the continua M, M,
and f(pi, p;) is Di(ps, p;) or Da(ps, p;) according as p;+p; is or is not
a subset of M;. Since Dy = D, on M;- M;, n need be no larger than 2 for
E(p, q) to attain this greatest lower bound. The convex metric E on
Mi+ M, preserves D; on M; and E=<D, on M,.

Let X be the set of all points p of My— M;- M, such that the
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distance from p to M; under E is greater than one-half the diameter
under E of the boundary with respect to M;+ M, of the component
of My— M,- M, containing p.

Let »# be a positive number so small that ¢/ is greater than twice
the diameter of M, under E. If C is a rectifiable (under E) arc in
M+ M, from p to g, define L(C) to be the greatest lower bound of all
sums of the type f(p, P1) +f (P2 p3)+ - - - +f(pr, @ where py, P, - - -,
P are points of C and f(p;, p;) is either # times or 1 times the length
under E of the subarc of C from p; to p; according as this subarc is or
is not a subset of X. If D;(p, ¢q) is defined to be the greatest lower
bound of all such values L(C), D; satisfies the conditions of Theorem
2.

THEOREM 3. Suppose M, is a compact continuum with a convex metric,
My lies in a complete locally connected space S with a metric D, each
component of S— My s of diameter under D of less than 0 and M, is a
subcontinuum of M. with a convex metric Dy such that

©) Di(p, q) = D(p, 9 if Di(p, @) > 0 (p, q elements of M).

For each positive number € there is a continuum M; containing Ms and
a convex meiric Ds for M; such that Dy preserves Dy on My and the
boundary of each component of S— M; is of diameter less than 0+
under D,

Proor. By Theorem 1, there is a convex metric D, for M, that
preserves D; on M;. Let n be an integer so large that

(10) nD4(p, @) > D(p, 9) if D(p, @) > ¢/8 (p, ¢ elements of M,).

Let X denote the collection of all pairs of points (x, ¥) such that
both x and y are points of the boundary of the same component of
S—M;and

(11) nDy(x, ) > 0 + e

There is a finite subcollection X’ of X such that for each element
(x, ¥) of X there is an element (x’, ¥’) of X’ such that both x’ and y’
are accessible from the same component of S— M, and

(12) uDy(%, &') + nD:(y', ¥) < €/2.

Let Gy, Ce, - - -, C; be a finite collection of components of S— M,
irreducible with respect to the property that for each element of X’
there is an integer ¢ less than or equal to j such that both points of
this element of X’ are accessible from C..

There is a dendron T (¢=1, 2, - - -, j) such that T lies except for
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its ends in C; and the sum of the ends of T is a finite subset V; of the
boundary of C;such that ¥; contains all points of the sum of the ele-
ments of X’ that are accessible from C; and for each point ¢ of the
boundary of C; there is a point 7 of ¥; such that #D.(r, q) <e/2. Let
D(T;) be a convex metric for T; such that if p and ¢ are two end
points of T, then

(13) 0+ /4 <D(Ts; p,9) <0+ ¢/2.

Let E be a metric for My+ Y, Ti= M; such that the distance be-
tween two points of M; under E is the greatest lower bound of the
lengths of arcs containing them where length is measured by nD,
in M, and by D(T5) in Ti. If (x, v) is an element of X, it follows from
(12) and (13) that

(14) E(x, 9) <0+ e

The diameter of the boundary of each component of S—M; is
less than 6+4¢ under E, for suppose p and g are two points of this
boundary; if p+¢q is a subset of M,, E(p, g) <0+¢ by (11) and (14);
if neither p nor ¢ is a point of My, both belong to some T; whose diam-
eter is less than 8+¢/2; if p is an interior point of a T; which does not
contain ¢, there is an end point » of T; such that #nD,(r, ¢) <e¢/2 and
then E(p, ¢) SD(T; p, r)+nDa(r, q) <0+e.

We shall show that if » and s are two points of M, then Dy(7, s)
< E(r, 5). Suppose this is not the case and that rs is an arc from 7 to
s in M3 whose length is less than D,(r, s) under E. If Dy(r, s) <0, then
rs is a subset of M, alone and

(15) E(r, s) = nDq(r, s) = Dq(r, s) = Dy(r, s).

Suppose s is not a subset of My and pips, psps, * * + , Pos-1ps; are
the subarcs of s which lie except for their end points in M;— M,
where po;_1ps; precedes paijiprire on 7s in the order from 7 to s. Let
Z(t) be 0 or ¢ according as ¢ is less than ¢/8 or not. If Dy(r, s) >0, it
follows from (9), (3), and (10) that

Dy(r, s) =D(r,s) < D(r, p1) + D(py, p2) + - - - + D(p2i, 5)
< D(r, p1) + 0 + D(ps, pr3) + - - - + 0 + D(p2j, 5)
<Z[D(r, p)] + Z[D(p2, p)] + - - - + Z[D(p2ir 9)]
(16) + 70+ (5 + 1)e/8
< nDs(r, p1) + nD2(ps, ps) + - - - + nDy(p2;, 5)
+ 70 + ¢/4)
< length rs under E.
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It follows from (15) and (16) that E(r, s) = Di(z, s).

It follows from Theorem 2 that there is a convex metric D; for M;
such that D3=D; on M, and D;<E. The boundary of each com-
ponent of S— M; is of diameter less than 8¢ under D; because it is
under E.

THEOREM 4. Suppose M is a compact locally connected continuum
such that if p is a point contained in an open subset Ry of M, there is
an open subset Ry of Ry containing p such that the boundary of Re with
respect to M is a subset of a subcontinuum of M with a convex metric.
Then M has a convex metric.

Proor. Let F be a metric for M. We shall show that there is a
collection of continua M;, M,, - - - in M and a collection of metrics
Dy, D, - - - such that:

(a) M1 contains M.

(b) D;is a convex metric for M.

(c) D41 preserves D; on M.

(d) Under F, each component of M — M; is of diameter less than
1/4¢,

(e) Under D;, the boundary (with respect to M) of each com-
ponent of M — M; is of diameter less than 1/4°%

(f) Under D1, the common part of the M, and each component
of M — M; is of diameter less than 3/4°.

First, we show that if € is a positive number, there is a subcon-
tinuum W of M with a convex metric such that each component of
M—W is of diameter less than e¢ under F. By the Heine-Borel
Theorem, we find that there is a finite collection G of subcontinua of
M such that each element of G has a convex metric, for each point p
of M there is an element g of G such that p belongs either to gor toa
component of M —g of diameter under F of less than ¢, and the sum
W of theelements of G is a continuum. Each component of M — W is of
diameter less than ¢ under Fand it follows from Theorem 1 that W has
a convex metric.

Let M, be a subcontinuum of M with a convex metric E such that
each component of M — M, is of diameter less than 1/4 under F. A
suitable multiple of E gives a metric D; for M; which will satisfy
conditions (b) and (e).

Let # be an integer so large that

nF(p, @) > Di(p, q) if Di(p, q¢) > 1/17 (p, q elements of M}).

There is a continuum W in M containing M; such that W has a con-
vex metric and the diameter of each component of M — W is less than
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1/17 under nF. By Theorem 3, there is a continuum M, with a con-
vex metric E such that M, contains W, E preserves D; on My, and the
diameter under E of the boundary with respect to M of each com-
ponent of M — M, is less than 1/42, Applying Theorem 2 we find that
M, has a convex metric D, such that M, and D, satisfy conditions
(a), (b), (c), (d), (e), and (f).

Similarly, there exist continua Mj;, My, - - - and convex metrics
Ds, Dy, - - - satisfying conditions (a), (b), (c), (d), (e), and (f). Let
D be a function of the pairs of points of M such that D(p, g) is the
lower limit of Di(p1, @), D:(ps, o), + + - where p1, P, - - - and
g1, ¢z, * * - are sequences of points converging to p and g respectively
and p;+¢; is a subset of M;. We shall show that D preserves limit
points in M.

Let € be a positive number and # an integer so large that 3/4»
+3/47t14 . . . <e/4.If p and g are points of the same component of
M —M,, then D(p, q) <e/2 by (f). If p is a point of M, let R be the
set of all points 7 of M, such that D,(p, ) <e¢/2. The sum V of R
and all components of M — M, that have a point of R on their
boundaries is an open subset of M containing p and if ¢ is a point
of V, then D(p, ¢) <e. Hence, the set of points ¢ such that D(p, ¢) >e
is not a limit point of p.

If Vis an open subset of M containing p, we shall show that there is
a positive number e such that D(p, M — V) =e. Let R be an open sub-
set of V containing p and # an integer such that F(R, M — V) >3/4"
There is a positive number € such that D,(r, s) >e¢ if F(r, s)>1/4".
Since each component of M — M, is of diameter less than 1/4* under
F, each arc in M from R to M —V contains points » and s of M,
such that F(r, s)>1/4». Hence, if k is an integer bigger than =,
Dy(R- My, [M—V] M) >e. Hence, D(p, M—V) Ze.

We have shown that D satisfies conditions (1), (2), and (4). As
each D, satisfies conditions (3) and (5) and D is the limit of
Dy, D,, -+ -, then D satisfies these conditions. Hence, it is a convex
metric for M.

THEOREM 5. If M is an n-dimensional locally connected compact
continuum and € 1s @ positive number, there is a locally connected con-
tinuum W in M such that each component of M — W is of diameter less
than e, W is (n—1)-dimensional if n>1, and W is a dendron (acyclic
continuous curve) if n=1.

Proor. An application of the Heine-Borel Theorem gives that
there is an (#—1)-dimensional closed subset H of M such that each
component of M —H is of diameter less than e. If n—1>0, H is
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contained in an (#z—1)-dimensional locally connected subcontinuum
of M [6, Theorem 1]. If n—1=0, a dendron in M contains H [7,
Theorem 1].

THEOREM 6. Each n-dimensional compact locally connected continuum
has a convex metric.

Proor. If n=1, Theorem 6 follows from Theorems 4 and 5 and
the fact that a dendron has a convex metric. If #>1, Theorem 6
follows from Theorems 4 and 5 and induction on 7.

DEFINITION. A set S is said to be finite-dimensional if for each point
p of S and each open subset R of S containing p there is an integer »
and an open subset R’ of R containing p such that the boundary of
R’ with respect to S is #-dimensional.

The following result may be established by using Theorems 4, 5,
and 6.

THEOREM 7. Each finite-dimensional compact locally connected con-
tinuum has a convex metric.
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