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Every bounded normal (infinite) matrix N which possesses a 
bounded reciprocal may be written as a product of its polar factors as 
N = PU= UPj where P is positive definite and U is unitary. Using 
the corresponding spectral representations for P and U, a spectral 
representation of N may be obtained by means of Stieltjes integrals. 
Also, the cartesian factorization N = Hi+iH2, where Hi and H2 are 
Hermitian and commutable, together with the spectral representa­
tions of Hi and H2 may be employed to obtain a spectral representa­
tion of N (cf. [l, 6 ] 1 for references). It seems more natural to proceed 
directly by using the result on the moment problem for distribution 
functions in more than one dimension. The spectral representation of 
N is a consequence of the theorem below, which is the two-dimen­
sional analogue of one employed by M. H. Martin [2] in obtaining 
the spectral representation of a bounded Hermitian matrix. The 
theorem holds in general for any finite number of bounded Hermitian 
matrices which commute with each other, but we consider the case of 
two such matrices for simplicity. 

Notation. Let x, y denote one-column vectors with an infinity of 
(complex) components xit yiy i = l, 2, • • • . An infinite matrix A is 
said to be bounded if the least upper bound (l.u.b.) of the set of num­
bers |;y*-4#| is finite (:y* = :y', the conjugate transpose of y), where x 
and y range independently over the unit Hubert sphere, that is, 
M = ( Z r = i W 2 ) 1 / 2 = l, M = Œ r » i \y<\*)l» = l. The matrix H is 
said to be Hermitian if H=H*. For Hermitian matrices x*Hx is real 
and 

l.u.b. I y*Hx J = l.u.b. | %*Ex | . 
| * | - | y | - l 1*1-1 

If H is Hermitian and the greatest lower bound (g.l.b.) of the set of 
numbers x*Hx is non-negative, that is, 

g.l.b. x*Hx ^ 0, 

then H is said to be non-negative definite. A positive definite matrix, 
P , is a Hermitian matrix satisfying 
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g.l.b. X*Px > 0. 
1*1-1 

We denote the unit matrix by E. A unitary matrix, U, is one for which 
UU*=U*U=E. N is said to be a normal matrix if NN* = N*N. 

We first prove the following lemma. 

LEMMA. If Pi and Pi are two positive definite bounded matrices for 
which 

(a) PXP2 = P2Ph (b) l.u.b. x*Pix < 1, l.u.b. x*P2x < 1 
l*l-i l*|=i 

then there exist four bounded Hermitian matrices Au A2f Bh B2 such that 
(i) Al = Plt A2

2 = P2, B\ = E-PU B2
2 = E-P2, 

(ii) Ait A2l Biy B2 commute with each other. 

PROOF. Under the assumptions the existence of Au A2y Bu B2 is 
guaranteed (cf. [3]). In fact, the "square roots" Ai and Bi may be 
represented as series 

00 00 

At = X) ««CE - Pi)n, Bi = J2 c«pl * - 1, 2, 

where £0Co = l , £o£i+£i£o= — 1, 
n 

/ j Cm^n—m = = U , n = Z, O, ' • ' . 

Ai clearly commutes with Bu and similarly for A2 and B2. By (a) Ai 
and A2 commute, as well as B\ and B2. Therefore Au A2, Bu B2 all 
commute with each other. 

THEOREM. If Hi and H2 are bounded Hermitian matrices which com-
mute and 

Hv(m, n) = y*HiH2y, m, n = 0, 1, 2, • • • , Hi = H2 = E, 

where y is a fixed vector f or which \y\ = 1 , then there exists an additive 
monotone set function 0=0y=0y(5 ) of the set S in the u, v-plane 
(<£(£) ==0 if S outside a certain bounded rectangle) such that 

ƒ
+«3 /» +00 

I umvn<t>y{dSuv), m, n = 0, 1, 2, • • • . 
^00 J —00 

PROOF. There exist real numbers au ft, a2l j32 for which 

(*) Pi = aiHi + ]8iE, P2 = c*2#2 + j8i£ («i, a2 > 0) 
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satisfy the conditions of the lemma. Also, if a function <j> exists for Pi 
and P2 , one will exist for Hi and H2 since the transformation (*) 
only results in a translation and stretching of the spectrum of (j>. 
Therefore we may assume Hi and i l 2 have the same properties as 
Pi and P 2 of the lemma. 

For a given double sequence of numbers /x(w, n) a necessary and 
sufficient condition that an additive monotone set function <j>{S) 
exist with moments 

ƒ
+00 /» +00 

I umvn4>{dSuv), m, n = 0, 1, 2, • • • , 
-00 J —00 

is that 
k h 

AiA2/x(w, n) ^ 0 , k, h, m, n = 0, 1, 2, • • • , 

where 

k h k h / k\ / h\ 4. 
AIA 2 MO, w) = X) 2 ( )( ) ( - i)" V O + r,n + s) 

r=0 S=0 \ f / \ S / 

(cf. [4] and [51). For ju(m, n)~ixv{m, n)=*y*H?Hly9 

r=o 8=0 \ r / \ s / 

-K5S(r)(Î)("irtfrflr)y 

= y * H r H 2
n ( £ - F 1 ) f c ( E - H 2 ) % 

since iJi and iJ2 commute. Hence we must show that the matrix poly­
nomial H^H%(E—Hi)k(E—H2)h is non-negative definite for £, h, tn, n 
= 0 , 1 , 2 , . . . . 

From the lemma we have the existence of Ai, A2, Bi, B2 and it fol­
lows that 

ffiff8(£ - Hx) (E - H,) = 041) (At) (Bx) (J5S) 

= C4l^2£l£2) (^2Bl£ 2 )* . 

Since any bounded matrix of the form CC* is non-negative definite, 
the theorem is proved. 

If N is a normal bounded matrix, N = Hi+iH2 where Hi 
=*(N+N*)/2, H2 = (N-N*)/2i and Hi and H2 are both bounded 
Hermitian matrices which commute with each other since iVis normal, 
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that is, Hi and H2 satisfy the conditions of the theorem. Hence, we 
may write 

( ) (0 (y*ffi2?i y) 

x—x / W \ „n—Zc C C k n—k , , «». 

= E ( . )(0 «» *.(<« )-
k=0 \ k / J — 00 J -00 

or 
+ 0 0 •» + 0 0 

ƒ -+-00 •» -j-oo 

-00 ^ —00 

but this is the same as 

y*Nny = f wn<j>y(dSw) 

where w = u+iv and the integration is over the entire w-plane. 
With proper normalizations 4>y(S) may be made unique. 
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