
ON SOME CRITERIA OF CARLEMAN FOR THE COMPLETE 
CONVERGENCE OF A /-FRACTION 

H. S. WALL 

1. Introduction. Carleman [l, pp. 214-215]1 derived, from his 
theory of integral equations, a number of criteria for the complete 
convergence of a real /-fraction 

2 

(1.1) -K — f - ( 0 o - l , * , * O ) . 
*>-l 0p + Z 

The most important one of these criteria states that the /-fraction 
is completely convergent if the series 2(V^2p)1/2p diverges, where 
Co, Cu C2, • • • are the coefficients in the power series ^2(cp/z

p+1) 
associated with the /-fraction. In [2] Carleman gave an algebraic 
proof of this theorem for the case where &p = 0,p = l , 2 , 3 , • • • . The 
present note contains an algebraic proof for the general case, and 
some remarks concerning the other criteria of Carleman, especially 
with reference to their application to /-fractions with arbitrary 
complex coefficients. 

2. The determinate and indeterminate cases. Let a0 = l, a p^0, 
bP, p = l, 2, 3, • • • , be complex constants, and consider the system 
of linear equations 

(2.1) - a^iXp-i + {bp + z)xp - apXp+i = 0, p « 1, 2, 3, • • • . 

Since the ap are not zero, these equations determine x*, Xs, Xt, • • • 
uniquely in terms of arbitrarily chosen initial values XQ, XI. If Xo = — 1, 
#i = 0, let Xp — Xp(z), and if #0 = 0, #1 — 1, let xP—Yp(z). Then, 
Xp+i(z)/Yp+x(z) is the pth approximant of the /-fraction (1.1). If 
the infinite series X) | Xp(z) |2 and X) I Yri*) 12 both converge for one 
value of 2, then they converge for every value of z [7, p. 120]. We 
may accordingly distinguish two cases for a /-fraction (1.1) with 
complex coefficients. In the indeterminate case, both the infinite series 

(2.2) S l*,(o) I2, £|r,(o)|» 
are convergent. In the determinate case, at least one of these infinite 
series is divergent. A real /-fraction is completely convergent if and 
only if the determinate case holds. This is also the case of a de­
terminate moment problem [4]. 
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On applying Schwarz's inequality to the determinant formulas 

(2.3) X*.i(s)7,(*) - Xp(z)YP+1(z) - -
ap 

and 
brU.1 "4" Z 

(2.4) X w W F , ( i ) - *,<*)F*.,(*) - — , 

after setting 2 = 0, we find immediately that when the indeterminate 
case holds then the series ]CU/|#p|) and S I V H A V V H I

 a r e con~ 
vergent. These and other criteria obtained by applying Schwarz's 
inequality to other determinant formulas were found by Dennis and 
Wall [3]. They were not aware of the fact that Carleman [l, p. 215] 
had given the first of these criteria for the case of real /-fractions. 
Hellinger [ô] showed that the determinate case holds for a real 
/-fraction if lim inf \ap\ is finite. This criterion, which is contained in 
the first criterion mentioned above, was given by Carleman [l, p. 
215]. 

Let ôi, 82, 83, • • • be complex numbers such that 8^ |8 P | gA, 
£ = l , 2 , 3 , - « ' , where 8 and A are positive constants independent 
of p. If the determinate case holds f or the J-fraction (1.1), then the de­
terminate case holds for the J-fraction 

2 
00 — öo—i8«—18» 

(2.5) - K (So = 1). 
j)«1 bphp -\- z 

The introduction of the factors 8* into (1.1) effects the replacement 
of the series (2.2) by the series 

81 

*P 

81 
r,(0)i 

&P+1I 

so that the theorem is obviously true. Carleman [l, p. 215] obtained 
this for the case of real ap, bPf dp as a corollary to his general theory. 

Let ap and j3p be complex numbers such that 

I ap\ < M, I /3, | < If, ap + ap ^ 0, p - 1, 2, 3, • • • • 

If the determinate case holds for the J-fraction (1.1), then the determinate 
case holds for the J-fraction 

(2.6) - K (ao - 0). 
p-l Op + pp -f- Z 

Carleman [l, p. 214] gave this theorem for the case of real a*,, &*,, 
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a*, j3*. If these numbers are complex and afe=*0, k » 1, 2, 3, • • • , then 
the theorem can be proved by means of an easy modification of the 
proof given in [7, pp. 120-121]. (Cf. also [8, p. 557].) The method 
used in [7] can be modified to cover the case ft^O, k = 1, 2, 3, • • • , 
and hence to establish the theorem in the general case. We shall indi­
cate briefly those modifications. Let 

Lp(x) « - dp^xXp-x + bpXp - dpXp+x, p « 1, 2, 3, • • • , 

and let Lp (x) denote the expression Lp(x) in which ap is replaced by 
dp+oip, where the ap are any complex constants such that \ap\ <M, 
ap+a„3^0, p~lt 2, 3, • • • . The solution of the system Lp(x)~0 
under the initial conditions #o= — 1, #1 = 0 is xp^Xp(0)t and under 
the initial conditions #0 = 0, #i = l the solution is xp~ Yp(0). Let xv' 
be the solution of the system LI (x) =0 under the initial conditions 
xi = a, x{ = &, where a and b are arbitrarily chosen constants. The 
theorem will be established if we show that the convergence of the 
series ]C|Xp(0)|2 and $31 ^p(0)|2 implies the convergence of the 
series ]C|*p' |2. 

If £p and £p' are arbitrary solutions of the systems Lp = 0 and 
Lp =0, respectively, then we have the Green's formula 

L(£P£P+I *~ £p£p+i)flp]o 

n 

•"- 2J (o£p-.i£p_i + apip+i){p =* 0. 
p-i 

If, in particular, ip^sXp(Q)1 %p' —xp', this gives 
n 

— b + (xnXn+l — Xn+lXn)a>n — ] £ ( « p - l ^ p - l + CtpXp+x)Xp = 0, 
p-1 

where we have written Xk for Xfc(0) ; and if £„=* Fp(0) « YPf %p' **xp', 
we obtain 

n 

- a + (XnYn+x — Xn+xYn)an - X) (ap-i#p-i + ap*p+i)F„ « 0. 
p—i 

On multiplying the first of these equations by Fn, the second by 
—Xn, and adding, we find that 

n 

p - 1 

where 

(2.7) 
p - 1 
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(ap(Xp+iYn — XnYp+i) + ap-i(Xp-iYn ~ XnYp^i) 

*n,p — 1 + ( a w - . i / 0 n - i ) ^ . _ . 

p = 1, 2, • • • , n - 1, 

An = 

10, p = n, 

ftFn - AX» 

1 + (0Jn- l /on- l ) 

Under the hypothesis that the series X)l -^p|2 a n d S I ^p|2 c o n " 
verge, it follows, as indicated before, that the series ]T)| 1/oU con­
verges, so that limn»* |an-i | = °°. Since, by hypothesis, \ap\ <M, 
£ = 1, 2, 3, • • • , we then find at once by Schwarz's inequality that 
the double series ] C I ^ P « | 2 anc* the series ] C | M 2 a r e convergent. 
It then follows exactly as in [7, p. 121] that the series 23|#p | 2 is 
convergent, and the theorem is thereby established. 

3. Criterion involving the moments cp. Let22(^/«p+1) be the power 
series expansion in descending powers of z of a real /-fraction (1.1). 
If the series 

(3-D £ ( — ) 
2>«1 \ C2p/ 

diverges, then the determinate case holds for the J-fraction. We shall 
give a simple algebraic proof of this well known theorem of Carleman 
[1, p. 215]. 

The quadratic forms 
n 

&n a== / ^ £JH-3—2#p#g» n = x 1 , * , Ó, ' * * , 
p,3«-l 

are all positive definite [4], and we may therefore write 

Fn •» (&11*1 + &12#2 + • • • + Jln^n)2 + (*22#2 + 023*8 + • • ' + &2n#n)2 

+ • • • + (&nn*«)2, 

where the bpa are real constants independent of n for p^n, Qtèn, and 
where &P2>?*0, £ = 1, 2, 3, • • • , n. The 6PP are connected with the 
partial numerators of the /-fraction by the formulas [9] 

and, obviously, 

2 2 

(a0ai • • • av) ~ Jp+i^+i (a0 = bn = 1) 

p+i 2 

** - E »«.p+i (P - 0, 1, 2, . . . ) 
fl-1 
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so that C2p^^+i,p+i. Consequently, 

(a0ai • • • ap)
2 g c2p. 

Hence, by Carleman's inequality2 [2], 
n i n / 1 \ l / 2 p n / 1 \ l / 2 p 

j,«i I ap I p»i \ öfa| • • • a% / p„i \ c2p/ 

Therefore, if the series (3.1) is divergent, then the series ]T)| l/ap\ is 
divergent, so that, as indicated in §2, the determinate case holds for 
the /-fraction. 
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For an algebraic proof of Carleman's inequality see, for instance [s]. 


