
DERIVATIVES OF COMPOSITE FUNCTIONS 

JOHN RIORDAN 

1. Introduction. The object of this note is to show the relation of 
the Y polynomials of E. T. Bell [ l ] , 1 first to the formula of diBruno 
for the nth derivative of a function of a function, then to the more 
general case of a function of many functions. The subject belongs to 
the algebra of analysis in the sense of Menger [4] ; all that is asked is 
the relation of the derivative of the composite function to the deriva­
tives of its component functions when they exist and no questions of 
analysis are examined. 

2. Function of a single function. Following Dresden [3] , take the 
composite function in the form : 

(1) F(x) = f[g(x)]; 

and for convenience write : 

ZCJF(#) S F81 [Duf(u)]«-,<*) = ƒ., D*xg(x) s g8, 

with Dx = d/dx. 
Then, the first few derivatives of F(x) are as follows: 

2 3 

^ i = figh F2 = fig* + figu Fz = figz + Sf2g2gi + /sgi. 

If these are generalized to 

(2) Fn=itFntifi 

the coefficients Fn,i are dependent only on the derivatives gi to g»-, 
and hence may be determined by specialization of ƒ. A convenient 
choice used by Schlömilch [ô] is f (g) =exp (ag), so that 

fi = a* exp ag 

and 

(3) e~a°Fn = e"aoDnJ° = £^«,*(gi, • • • , gi)a, 

a generating identity for the Fn,i, closely related to the definition 
equation of the Y polynomials (Bell, loc. cit. p. 269), namely 
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~~V n y * 

e Dxe = Yn(yu • • • , yn), y* = Dxy. 

Indeed 

(4) Yn(agh • • • , agn) = J^Fnti(gh • • • , g > * 

and, by combination of this with (2), 

(5) Fn = Yn(agh • • • , agn)y (a* =ƒ,). 

For concreteness, the first few Y's are listed as follows: 
2 2 2 

F 0 = 1, F i = yi = agi, F 2 = y2 + yi = 0g2 + a gi, 
3 2 3 3 

F 3 = y3 + 3y2yi + yi = ags + 3a g2gi + a glt 

Recurrence and other relations for the Fn—before the identifica­
tion ai==ft—may then be taken from Bell with slight changes for the 
change in arguments. The more important ones are as follows: 

Fn+i = (agl + Dx)Fn 

(6) = agiF + g) » = i : ( n ) agi+iF»-i 

\ *-i agi / 

(7) exp tF = exp a [exp tg - go], 

where the last is symbolic and equivalent to 

F0 + tFx + m/2\ + - • • = exp a[tgl + t2g2/2l + • • • ] , 

and to diBruno's formula 

(8) 

with summation over all non-negative integral solutions of n =]C^* 
and <r=^2si. 

Instances of (7) with special choices of g may be used for verifica­
tion of the numerical coefficients of Fn. Thus, with g* = l, all i, 

exp tF = exp a{el — 1), 

and 

(9) Fn=Y,Si,na\ * < - l , 
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with ,St,n=A*On/*! the Stirling number of the second kind, showing 
that the sum of numerical coefficients of Fn,% is Si,n* Again with gi = 0, 

exp tF = exp a{e% — 1 — /), 
and 

(10) Fn = X) C,,»a«, gi = 0, g< = 1, i > 1, 

with d,n an associated Stirling number with recurrence 

These numbers have a combinatorial interpretation similar to that 
for Si,n, namely, C t> is the number of rhyme schemes of n verses 
with i rhymes, such that each rhyme appears a t least twice. This 
kind of verification of course may be extended at will. These results 
are in agreement with results of Wall [8] and Opatowski [5]. 

3. Function of many functions. The essentials of the general case 
are in the two function case 

(11) F(x)=f[g(x), *(*)]. 

If we write 

r di d* 1 

the first two derivatives are 

^ i = foigi + fioh, 
2 2 

F2 = /aogi + Ifngihx + /02fei + /iog2 + foih2, 

and in general 
Fn = X HfijFn.ijigl ' ' ' gi\ *1 • • • */). 

i 3 

Then as before the generating function for coefficients Fn,a is 
exp ( — ag+bh)Dx

n exp (ag+bh) and 

(12) F n = Yn(agl + bhu • • • ,agn + bh»), aW = fih 

(13) exp tF = exp [a(exp tg — go) + J(exp th — &o)]. 

The last shows that (cf. Bell [l, equations 4.9 and 7.5]) 

(14) Fn = (G + E)- = £ ("^Gn-iHi 
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with 

Gn = Yn(ag!, • • • , agn), Hn = Yn(bhu • • • , bhn). 

The numerical coefficients associated with Yn then reappear here and 
in the general casej as noted by Opatowski [5], who used the generali­
zation of diBruno's formula given by Teixeira [7]; compare also 
Dederick [2]. 

The extension of (12) and (14) to the general case is purely a 
matter of notation, which should be sufficiently evident. 

4. Function of a function of a function. For completeness, we note 
briefly another extension to a function of a function of a function, 
which contains the essence of a general extension. Take 

(15) 

Then 

(16) 

with 

F = j 

Fn - F.(/Gl, • • • 

- F . ( r* i , • • 

gn = Yn(ghi, • • 

r „ = Yn{fgu • • • 

f[g(Kx))]. 

,fGn), 

• , Thn), 

• , ghn), 

» fgn), 

f « ƒ«, 
r< • Ti, 

gl = gi, 

f - ƒ.-• 

The last two expressions exemplify a kind of associative equality 
which permits writing the general result in a variety of ways. 
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