RECURSIVE PROPERTIES OF TRANSFORMATION GROUPS
W. H. GOTTSCHALK AND GUSTAV A. HEDLUND

Introduction. If a continuous flow, the transformations of which
are denoted by f¢, is defined in a topological space X, a point x of the
space can be classified according to the behavior of the continuous
orbit of the point. Among the types of points which have been con-
sidered are the periodic points, almost periodic points and recurrent
points. If we fix the value of the parameter ¢, we obtain a transforma-
tion of the space X into itself. This transformation and its iterates
determine a “discrete” flow and the “discrete” orbit of a point. Again
a point of the space can be classified according to the behavior of the
discrete orbit of the point. The question then arises as to whether a
point belongs to the same class in the two cases.

Since the continuous orbit of a point contains the discrete orbit,
many properties are retained when we pass from the discrete flow to
the continuous flow. For example, if a point is periodic with respect
to the discrete flow, it is clearly periodic with respect to the continu-
ous flow. It is in the passage from the continuous to the discrete flow
that the results are more difficult to predict.

In this note, the problem is generalized by replacing the parameter
space of reals by an additive, abelian, locally compact, topological
group. The action of such a transformation group T on a point and
the action of certain subgroups G on the point are then related. Itis
shown that a general recursive property of T carries over to G (Theo-
rem 1). It follows immediately that in the case of a continuous flow,
if a point is either almost periodic, recurrent, or strongly recurrent
with respect to the continuous flow, it retains this property with
respect to the discrete flow determined by fixing the parameter ¢ It
also follows that these properties carry over from a discrete flow to a
sub-discrete flow. (For recurrence and almost periodicity, this was
first proved by Gottschalk [2]! and subsequently extended to discrete
semi-flows by Erdés and Stone [1].)

Theorem on recursive points. Let X be a topological space and let
T be an additive abelian locally compact topological group. Let f be
a continuous transformation of X X T into X. We agree to write f*(x)
in place of f(x, t) (x&X, t&T) whenever we wish. Furthermore, let f
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define a transformation group; that is to say, suppose f°(x) =x and
fift(x) =fte(x) (x€X; ¢, sET).

Let there be distinguished in T certain nonvacuous sets, called ad-
missible, which satisfy this condition: If 4 is an admissible set and
if B is a setin T such that for some compact set Cin T we havea &4
implies BN (a+C) = &, then B is an admissible set. If x&X and if S
is a set in T, then x is said to be recursive with respect to S provided
that if U is a neighborhood of x, then there exists an admissible set
A such that 4 CS and f(x, 4) CU.

We suppose throughout that x is a fixed point of X and that G isa
fixed topologically closed subgroup of T such that T"= F-+G for some
compact set F in T. We define H to be the set of all elements ¢ of T
such that xEf(x, t+G), where f(x, t+G) denotes the closure of
flx, t+G).

LeEMMA 1. H is a topologically closed semi-group (H-+HCH) which
contains G.

Proor. Suppose ¢, s€H and U is a neighborhood of x. There exists
an element p in G such that f(x, t+p) € U. Select a neighborhood V
of x for which f(V, t4+p) CU. For some element g in G, f(x, s+¢) E V.
Hence, f(x, t+s+p+g EU. Thus H is a semi-group. Obviously,
GCH.

Suppose ¢&H and U is a neighborhood of . Choose neighborhoods
V of x and W of 0 for which W=—W and f(V, W)CU. Let
sE(t+W)NH. For some element p in G, f(x, s+p)EV. Now
flx, t+p) =ff(x, s+p) Ef—2(V)CU. Thus H is topologically closed
and the proof is completed.

LEMMA 2. There exists a compact set E in H such that H=E4G.

Proor. There exists a compact set F in T such that T'=F+G. De-
fine E=FNH. Using Lemma 1, we see that the set E has the required
properties.

LeEMMA 3. If H is a group and if U is a neighborhood of x, then there
exists a compact set C in H such that f(x, C)CU and t&H implies
t+ONG#= .

Proor. By Lemma 2, there exists a compact set E in H such that
H=E+G. Define D= —E. Now t&H implies (¢(-+D)NG#= . For
each element d in D, there exists an element #; in G so that f(x, d+t3)
€ U and, hence, there exists a compact closed neighborhood W, of d
for which f(x, Wa+ts) CU. Cover D by finitely many neighborhoods
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Wa, - -+ Wa,. Define C=HNU;.;(Wy,+13,). The set C has the re-
quired properties.

LemMA 4. If H is a group and if x is recursive with respect to H, then
x is recursive with respect to G.

Proor. Let U be a neighborhood of x. By Lemma 3, there exists
a compact set C in H such that f(x, C)CU and tEH implies
¢+ C)NG = F. Choose a neighborhood V of x for which f(V, C) CU.
There exists an admissible set 4 such that 4 CH and f(x, 4)CV.
Hence, f(x, A+ C)CU. Define B=(4+C)NG. The set B is admissi-
ble and contained in G. Also f(x, B) CU. The proof is completed.

LemMma 5. If M, N are subsets of T such that M is compact and
xEf(x, M+N), then there exists an element m in M for which x
Ef(x, m+N).

ProOF. Suppose the contrary. Then for each element m in M we can
find a neighborhood U, of x such that f(x, m+N)N\Un= & ; select-
ing neighborhoods V,, of x and W,, of 0 so that W,,=—W,, and
(Vs Wa) CUnm, we have f(x, m+ W+ N)N\V,,= &. Choose finitely
many neighborhoods m+W,, covering M and let V be a neighbor-
hood of x contained in each of the corresponding V.. It follows that
flx, M+N)NV=g. This is a contradiction.

LemMA 6. If H is a group and if t&€ T ~H (¢ belongs to T but not to H),
then xEf(x, t+H).

ProOF. Suppose x Ef(x, -+ H). By Lemma 2, there exists a compact
set E in H such that H=E+G. By Lemma 5, there exists an element
s in E for which fo(x, t+s+G). Hence, t+s&EH and t€H. This is
a contradiction.

LeMmMA 7. If H is a group and if tET~H, then there exist neighbor-
hoods V of x and W of t such that f(x, W+H)N\V=.

Proor. By Lemma 6, there exists a neighborhood U of x for which
flx, t+HYNU= . Choose neighborhoods V of x and W, of 0 so
that Wo=—W, and f(V, W,) CU. Take W= W,y+¢ The proof is
completed.

LemMma 8. If H is a group and if x s recursive with respect to T, then
x 15 recursive with respect to H.

Proor. Let U be a neighborhood of x. Choose neighborhoods V'
of x and W of 0 so that W= —W, W is compact and f(V, W)CU.
Since we may suppose H =T, we may also suppose that W+H #T.
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There exists a compact set F in T such that T'=F-+H. Define
E=FN\[T~(W+H)]. Now T~(W+H)=E+H. By Lemma 7, to
each element e in E there correspond neighborhoods V, of x and W,
of e so that f(x, W,+H)N\V,= &. Hence, there exists a neighborhood
V* of x such that f(x, E4+H)NV*=. We may suppose VC V¥,
whence f(x, E4+H)N\V=. There exists an admissible set 4 in T
such that f(x, 4) CV. Hence, AN(E+H) = & and AC W+ H. Define
B=HN(A4+4W). Now f(x, A+W)CU. Since B is an admissible set
contained in H and f(x, B) C U, the proof is completed.

TuEOREM 1. If H is a group and if x is recursive with respect to T,
then x is recursive with respect to G.

Proor. The conclusion follows immediately from Lemmas 4 and 8.

Applications. Now let T denote the additive group of either the in-
tegers or the reals with its natural topology. Then G is either T or the
group of all multiples of a nonzero number. It is clear from Lemma 1
that in this case H is a group.

We consider the following six interpretations of admissibility. A
set 4 in T is said to be admissible provided that:

(1) A contains a sequence marching to + « ;

(2) A contains a sequence marching to 4+ « and a sequence march-
ing to — o ;

(3) There exists a positive number p such that each interval of
non-negative numbers of length p contains a point of 4;

(4) There exists a positive number p such that each interval of
length p contains a point of 4;

(5) For each positive number €, im supn.ton~u{ U(4)MN(0, 7)}
>0, where U.(4) is the e-neighborhood of 4 in T, # is an integer,
(0, n) is the open interval with end points 0 and #, and u denotes the
usual measure of a set in T';

(6) For each positive number €, im supn.ton~{ U(4)MN(0, 7) }
>0 and lim supa.on~u{ U(4)N(—n, 0) }>o0.

With admissibility defined as 1, 2, 3, 4, 5 or 6, then the term “re-
cursive” is replaced by “positively recurrent,” “recurrent,” “posi-
tively almost periodic,” “almost periodic,” “positively strongly recur-
rent” or “strongly recurrent,” respectively.

Theorem 1 now yields immediately the following statement.

THEOREM 2. If x is positively recurrent, recurrent, positively almost
periodic, almost periodic, positively strongly recurrent or strongly recur-
rent with respect to T, then x has the same property with respect to G.
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A REMARK ON DENSITY CHARACTERS
EDWIN HEWITT!

Let X be an arbitrary topological space satisfying the To-separation

axiom [1, Chap. 1, §4, p. 58].2 We recall the following definition
[3, p. 329].

DEFINITION 1. The least cardinal number of a dense subset of the

space X is said to be the density character of X. It is denoted by the
symbol E(X).

We denote the cardinal number of a set 4 by |4].
Pospisil has pointed out [4] that if X is a Hausdorff space, then

(1 | x| 5 225®,

This inequality is easily established. Let D be a dense subset of the
Hausdorff space X such that IDI = F(X). For an arbitrary point
pEX and an arbitrary complete neighborhood system U, at p, let
D, be the family of all sets UND, where U&U,. Thus to every point
of X, a certain family of subsets of D is assigned. Since X is a Haus-
dorff space, D,=D, whenever p#q, and the correspondence assigning
each point p to the family D, is one-to-one. Since X is in one-to-one
correspondence with a sub-hierarchy of the hierarchy of all families
of subsets of D, the inequality (1) follows.

It may be remarked in passing that the inequality (1) does not
obtain for all Ti-spaces. Let m be a cardinal number greater than 2,
where ¢=28. Let Z be a Ti-space of cardinal number m and with
the property that the only closed proper subsets of Z are finite or
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