ON A CHARACTERISTIC PROPERTY OF
LINEAR FUNCTIONS

E. F. BECKENBACH

1. Introduction. If the real function y=g(x), defined and continu-
ous in the closed and bounded interval ¢ £x <b, or in the open inter-
val a <x <b, is linear there,

y=px+ g,

then for all x, &, with 2>0, such that x¢—7% and x4 lie in the in-
terval of definition, we have

1 g(wo) = [g(xo — B) + g(wo + %)]/2.

Conversely, if the real function y =g(x), defined and continuous in
a<x=b orin a<x <D, satisfies (1) for all xo, &, with £>0, such that
xo—h and xo+% lie in the interval of definition, then [4, p. 189]t
y=g(x) is a linear function of x.

If, however, in the converse it is given only that for each x,,
a<xy<b, there exists a positive ho="ho(x0), such that xo—ho and
%0+ lie in the interval of definition, and for which we have

(2) g(xo) = [g(xo — ko) + g(wo + ho)]/2,

then the implications are different in the case that g(x) is defined and
continuous in the closed and bounded interval and in the case that
g(x) is defined and continuous only in the open interval; for in the
former case it still follows [3, p. 253] that g(x) must be linear, while
in the latter case g(x) is not necessarily linear [3, pp. 253-255].

A proof of the above result, that if g(x) is defined and continuous
in the closed and bounded interval and satisfies (2) then g(x) neces-
sarily is linear, can be given, as we shall show, which applies equally
well to characterize, in terms of equalities analogous to (2), classes of

functions [1] differing, and even topologically distinct [2], from the
class of linear functions.

2. Theorem. We shall establish the following result.

THEOREM. Let {f(x)} be a class of functions defined and continuous
in the closed and bounded interval a Sx <b, and such that for all real
(21, 31), (%2, ¥2) with a Sx1<x2 <b there is a unique member
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f(x) = f(x; 1, 315 %3, y2)
of the family {f(x)} satisfying
f(x1) = 31, f(x2) = 92

If the real function g(x) is defined and continuous in the interval a Sx <b
and if for each xo satisfying a <xo<b there is a positive ho=ho(x0),
aSxo—ho<xo+ho=0, such that

(3)  g(=xo) = flxo; 0 — ko, g(%0 — ho); %0 + ko, g(20 + ko)),
then g(x) coincides with a member of the family {f(x)}.

The above theorem contains as special case the result concerning
linear functions mentioned in the last paragraph of §1.

The converse of the theorem clearly holds, so that condition (3) is
both necessary and sufficient in order that a function defined and con-
tinuous in the closed and bounded interval be a member of {f(x)}.

3. Lemmas. We shall use the following result [1].

LeMMA 1. For a given xo with a <x,<b, let f.(x) and f,(x) be two
members of the family { f(x)}, such that

4) fr(x0) = fo(0)
and
(5) (%) # fu(x), e 2 x=0;

then f.(x) <f.(x) for all x in a Sx b on one side of xo, while f,(x) > f:(x)
Jor all x in a Sx = b on the other side of x..

Proor. By (4), (5) and the uniqueness property of the family
{fx)}, we have f,(x) #%f,(x) in a x <b except at xo. Consequently,
by the continuity of the members of {f(x)}, on either side of o in
a =x=b, one of f,(x) and f,(x) is greater than the other.

If xo=a or xo=2>, the theorem now follows.

If a <x¢<b, we shall obtain a contradiction from the assumption
that it could be the same one of f.(x) and f,(x), say f.(x), which is
greater on each side of x,.

Let %1, x, satisfy a <x; <x9<x,<b, and consider the member f:(x)
of {f(x)}, determined by

f(2) = flx; 21, fa(21); w2 frlza) ],
We have fi(x2) <f,(x2), so that f.(x) <f.(x), x1 <x =b; in particular,
(6) Si(xo) < fo(o).
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Similarly,

@) Se(x0) > fe(wo).
Now (6) and (7) contradict (4).
We shall use also the following lemma.

LEMMA 2. For any positive M there is a member f'(x) of {f(x)} such
that

(8) f(x) > M, a< x = b

ProoF. By the continuity of the members of {f(x)}, there is a
positive & such that if I'(a) and I(b) denote the intervals a Sx <a-k
and b—% <x =b respectively, then we have

9) fi (%) = flx; e, 2M; b, 2M] > M

for all x in I(a) and for all x in I(d). Similarly, for each x’ in a <x <b
there is a positive A=h(x’) such that if I(x’) denotes the interval
x'—h<x<x'-+h, then we have

(10) flx; a, 2M; &, 2M] > M

for all x in I(x’).
By the Heine-Borel theorem there is a finite set a, b, x{, + * -, %4
of numbers in ¢ £x <b such that each number in ¢ £x <b is contained

in at least one of I(a), I(b), I(x{), - - -, I(x.). Hence there is a finite
set
(11) fOI (x)r fl' (x): cte yfn' (x)

of functions in the left-hand members of (9) and (10) such that for
each x in a £x <b we have

(12) max [fd (%), f{(2), -, f (2)] > M.
If now f’(x) is one of the functions (11), such that
f,(b) = max [f()’ (b)’ fll (b)’ STty f'n' (b)]»

then since ff(a)=2M, j=0, 1, .- -, m, it follows from (12) and
Lemma 1 that f’(x) satisfies (8).

4. A Dedekind section. Let fy(x) be the member of { f(x)} coincid-
ing with g(x) at x =a and at x =b; that is,
(13) fo(x) = fla; a, g(a); b, g(B)],

and consider the members f.(x) of {f(x)} defined, for — © <a <+,
by
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fo(@) = g(a) + a = fola) + @, fu(®) = g(®) + & = fo(b) + o

Let a Dedekind section (4, B) of the real numbers be defined as
follows: B contains all real numbers § such that

fo(x) > g(=), L

and 4 contains all other real numbers c.

To see that we actually have defined a Dedekind section of the real
numbers, we note first that by definition all real numbers are included
in 4 and B together. Further, 4 is not vacuous; for fo(x) coincides
with g(x) at x=a, so that 0 is contained in 4. And by Lemma 2,
B is not vacuous, since the function g(x), continuous in the closed and
bounded interval ¢ £x <, is bounded there. Finally, each « of 4 is

less than each B of B; for if we should have 8o <oy, then by Lemma 1
we would have

IIA

b,

fﬁo(x) < fao(x)) e x=0,
and therefore, by the definition of B,
8(2) < foo(2) < fae(®), a<x=0b,

and ao would be a member of B.
Hence (4, B) is a Dedekind section of the real numbers and de-
termines a real number v. Since 0 is contained in A4, it follows that

(14) v 0.
In §6 we shall show that vy =0.

5. Properties of a function determined by the section. The function
Jf+(x) has the following properties:

(15) f+(2) Z g(), a
(16) Jr(x0) = g(20)

for some %9, a Sx0=<b.

If (15) did not hold, by (13) and (14) there would be an %, a <x; <b,
such that

@an Sr(x1) < g(w1).

Consider the functions

(18) JO(@) = fl=; o, f(@); %1, 2f+(22)/3 + g(21)/3]

and

(19) JO(@) = fla; 21, fr(22)/3 + 28(21)/3; b, fO®)],

I\

x = b;



1945] A CHARACTERISTIC PROPERTY OF LINEAR FUNCTIONS 927

and let § be defined by

(20) § = min [f®(a) — g(a), f® () — g(®)].
By (17), (18), (19) and Lemma 1, we have 8>+, so that § is con-
tained in the set B. But by (17), (19), (20) and Lemma 1, we have

fo(x) < g(w),

whence, by the definition of 4, 8 is contained in the set 4. But § can
not be contained both in 4 and in B; this contradiction establishes
(15).

If (16) did not hold, by (15) we would have

(21) f+(x) > g(x), e x=b

Since the members of {f(x)} are continuous, by (21) there is a posi-
tive k such that if J(a) and J(b) denote the intervals a =x <a-+k and
b—Fk <x Zb respectively, then

(22) &%) = flx; a, f4(a); b, g(8)/2 + f4(8)/2] > g()

for all x in J(a) and for all x in J(b). Similarly, for each x* in ¢ <x <b
there is a positive k=£k(x*) such that if J(x*) denotes the interval
x*—k <x <x*+k, then

(23) fl=; a, f2(a); o*, g(6%)/2 + fo(2%)/2] > g(x)
for all x in J(x*).

By the Heine-Borel theorem there is a finite set a, b, x*, - - -, x,*
of numbers in @ £x b such that each number in ¢ £x <b is contained
in at least one of J(a), J(b), J(x{*), + - -, J(xm"). Hence there is a
finite set
(24) fo*(x)l ffk(x)» Ct m*(x)

of functions in the left-hand members of (22) and (23) such that for
each x in a £x <b we have

(25) max [fo*(x)’fl*(x)y vt :fm*(x)] > g(x)'
If now f*(x) is one of the functions (24) such that
f*(®) = max [f¢®), f#®), - - -, fB)],

then since f#*(a) =f,(a), =0, 1, - - -, m, it follows from (25) and
Lemma 1 that f*(x) satisfies
(26) *(x) > g(=), a=sx=b

By (21), (22), (23) and Lemma 1, we have
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(2 < fy(x), ji=0,1,---,ma<zx=b;
in particular,
(27 (@) < fy(a), a<x=bh
with
(28) (@) = f+(a).

Starting with (26) in place of (21), and interchanging the réles of
a and b, we can determine analogously the existence of a member
f"(x) of {f(x)}, such that

(29) f(2) > g(=), a<x=0d,
and
(30) F(x) < f4(2), ¢ <,
with
(31) J7(®) = f*(8).
From (27), (28), (30) and (31) we obtain
(32) () < fo(2), asx=d
Let € be defined by
(33) ¢ = max [f"(a) — g(a), /() — &(®)].
By (29) and (32) we have
(34) 0<e<y.
Hence from (29), (33) and Lemma 1 we obtain
fe(x) > g(=), e x5,

so that € is contained in B. But by (34) and the definition of v, € is
contained in 4 ; this contradiction establishes (16).

We note that (15) and (16) might also have been established by
proving first that

}’1_1:111 fi(®) = fy(=), a=<x=Zb
6. The value of 4. By (14) we have either
(35) v=0
or

(36) v>0.
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If (36) holds, then by the definition of f,(x) we have
(37) f+(@) > gla),  f2(0) > g(b).

By the continuity of f,(x) and of g(x), there is a greatest number x,
in a =x =b satisfying (16); and by (37), this greatest xo satisfies
a <xo<b. Then

(38) Tr(®) > g(a), % <x=b

By hypothesis there is a positive number &o=Fho(x0), @ Sxo—ho
<xo+ho=b, for which (3) is satisfied.
From (15) we obtain

Ja(@o — ho) Z g(x0 — ho),
and from (38) we get
S(®o + ko) > g(xo + ho).
Hence by Lemma 1 we have
F+(®) > flx; %0 — ho, g(2%0 — ho); %o + o, g(x0 + ho)]
for xo—h <x <x¢-+h; in particular,
(39)  fa(@0) > flao; x0 — ko, g(x0 — ho); %0 + ho, g(%0 + ko) ].

Now (39) contradicts (3) and (16), so that (36) does not hold, and
therefore the value of v is given by (35).

7. Proof of the theorem. We shall establish the theorem by showing
that

(40) (%) = fo(%), ez b
Suppose that (40) does not hold; that is, that we have
(41) g(®) # fo(=), a= xS b

We shall obtain a contradiction.
By (13) and (41) there is an #, a <#%<b, such that

g(®) # fo(2);

and we can suppose that

(42) g(®) > fo(%),
siince otl}lerwise we could consider the function —g(x) and the family
—f(x) ;.

From (15) and (35) we obtain
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(43) fo(%) = g(=), aSx=b

Since (43) contradicts (42), the assumption that (40) does not hold
has led to a contradiction.
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NOTE ON A CERTAIN CONTINUED FRACTION

H. S. WALL
The continued fraction
1
az
T 14 bz
0 14 (a + 1)z
14 &+ 1)z
m (a + 2)z
14 -

is a limiting case of the continued fraction of Gauss, and is the formal
expansion of the quotient Q(a, b; 2)/Q(a, b—1; 2), where

2
) Q(a,b;z)=1—ab%+a(a+1)b(b+1)%+---

If a and b are real and positive, then it follows from the work of
Stieltjes that (1) converges in the domain Z exterior to the negative
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