ALGEBRAIC DETERMINATION OF THE SECOND
FUNDAMENTAL FORM OF A SURFACE BY
ITS MEAN CURVATURE

T. Y. THOMAS

1. Introduction. The main purpose of the following paper is to show
that in general the mean curvature of a surface yields an algebraic
determination of its second fundamental form. We do this by deriv-
ing the explicit equations giving this determination. The continuity
and differentiability properties of the various functions entering into
the discussion will be assumed without special mention since these
requirements are obvious from the methods and equations employed.

We denote the mean curvature by H and the Gaussian curvature
by K. The symbols g.s and b.s will be used to denote the symmetric
components of the first and second fundamental forms of the surface
(two-dimensional surface in Euclidean three space). Between these
quantities we have the relations

(1.1)  H=g"b,s/2 and | gas| K = | bas| = buibse — bia,

where [g,,,pl and lba,sl stand for determinants. The first of these rela-
tions can be regarded as defining the mean curvature. The second is
known as the Gauss equation. We may mention here also the Codazzi
equations which play an important role in the following, that is, the
equations bug,y =bay,s, Where the “comma” denotes covariant differ-
entiation based on the first fundamental form of the surface.

We shall find that the combination H?— K enters into most of the
following equations. This quantity satisfies the condition H2—K =0.
For, if we choose a coordinate system such that at a point P we have
Zas = 048, then at this point 2H = by +bee and hence

A(H® — K) = (b11 + 2b1ibag + bys) — 4(buibas — biy)
= (byy — 2byibas+ bag) + 4bya
= (buy — bas)’ + 4b1s 2 0.

Suppose that H2—K =0 in a region R of the surface. Then at a
point P of R and relative to a coordinate system for which g.s= 0s
at P we have

1.2) bu+ bay = 2H and buby — by = H.
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Squaring the first of these equations and combining with the second
leads to the result (by —be2)2=0. Hence by =bse at P. The first equa-
tion (1.2) then gives bu=H and by =H. From this and the second
equation (1.2) we now have b2 =0. From these relations and the fact
that g.s= 0.5 we can now unite b.g=Hg,s. These latter relations are
independent of the coordinate system employed and hold at all points
of the region R in which the condition H?— K =0 is satisfied. By dif-
ferentiating both members of the relations b.s = Hg.s covariantly and
then making use of the Codazzi equations we now easily deduce that
H =const. From H?—K =0 it then follows that K =const. Hence the
condition H2— K =0 in a region R of a surface implies that the mean
curvature H and the Gaussian curvature K are constant in R. We shall
make use of this result in the following discussion.

2. Determination of the covariant derivative of the b tensor. Differ-
entiate each of the equations (1.1) covariantly to obtain
H, = [gW%11,1 + 2¢1%12,1 + §%%22,1]/2
H,, [gubu,z + 2g%%bs,2 + g22b22.2]/2,
l gaﬁl K, = b11.1b22 + b11b22.1 - 217121112,1,
I gaﬂl Kﬂ = b11,2b22 + b11b22.2 - 2b12b12,2'-

Now make the substitutions

g =g/ | gas], 82 = — g/l gl 82 = gu/| gas]

in the first two of the above equations and then write the resulting
equations in the form

by = (1/g22) [2{ gasl H, + 2g12b12,1 - gub22,1]y
base = (1/g11) [ZI ga/sl H,; + 2g1b12,2 — gasbur,z).

Use these latter equations to eliminate the quantities by,1 and bas s
from the right members of the above equations for K,; and K,.. Then
making use of the Codazzi equations we find that

(2.1)

z(glzbzz - gzzbu)bu.z + (gzzbn - gl1b22)b22,1
= I gaﬂ' g22Kv1 - 2I gaﬂ‘ b22H)1’

(g11d2a — gasb11)b11,2 + 2(g12011 — g11b12)b2e .
= | gaﬂ‘ gukK,, — 2| gas‘ buH,q.

We consider these equations as equations to determine the quantities
bu,2 and bge ;. The determinant of this system is
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A= 2(g12b22 — gasb12) (g22b11 — gu1bs2) )
(611822 — g20b11)  2(g1ob11 — guid1a)
When this determinant is expanded and the terms collected we find
that A=4[H?—K]| gas| 2. The solution by Cramer’s rule gives
bine = (| gap} /A) [281282951.K 1 — 281182212 K1 — 4g12b1ibasH 1
(2.2) + 4gubigheH,1 — g11820011K,2 + gf1b22K12
+ Zgzzbile - 2gnb11622H;2],
2,1 = (l g«a‘ /8) [gugmbzzKyz — 2g1b1iboeH s — 2g11820012K 2
(2.3) + 4g2b11b1oH, 2 — g11822022K 1 + 231117:2H,1
+ gzzzbuK,l — 2gabubasH ]

Sincein theright members of (2.1) wehave bis,1 =bu,2and big,a=bs2,1,
the equations (2.1), (2.2) and (2.3) give the complete determination
of the quantities b.s,y. If we consider these equations at an arbitrary
point P but relative to a coordinate system such that g.s= 8.5 at P
they will be found to simplify considerably. Thus we have

b11,1 = 2H:1 - b22.11 b22.2 = 2H12 - b11,2v

(H? — K)™1
b = —4—-—[— 2b19K,1 + 4b19booH 1 — 1K ,2 + bnKp2
(2.4) 4 2b1H,y — 2b11b3H 2],
(K
bog,1 = 7 [— 2b13K s + 4b11b12H 2 — b22K 1

+ 2b33H,1 + 61K, — 2b11bsH 1]

at a point P where gqs= 8.5. The quantities by 2 and bap 1 in the right
members of the first two equations (2.4) are considered to have the
determination given by the last two of these equations.

3. Integrability conditions. We now deduce the integrability condi-
tions derivable from the system (2.4). In conformity with the way
in which the third and fourth equations of this system have been
written we assume that H2— K >0. Later we shall show that the final
integrability relations are independent of this condition.

Since the covariant derivative of the fundamental tensor (compo-
nents gas) vanishes, it is permissible to differentiate the equations of
the system (2.4) covariantly, the result of such differentiation giving
relations which are valid at a point P for which g.s=0.s. Thus let
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us differentiate the first equation (2.4) covariantly with respect to x2
and then subtract the quantity by 2,1 from both members of the re-
sulting equation. This gives

3.1) bi,2 = buyer = 2H,1,2 — Doz, — bursen.

The quantities byy,2,1 and bee,1,2 in the right member of (3.1) can be
determined by covariant differentiation of the third and fourth equa-
tions of (2.4) respectively. For the difference appearing in the left
member of (3.1) we have by Bianchi's identity

bia,e — b = — bo1Biiz — b1 Bl = — 2b1,Bins
= — 2b1ag"Bfuz = — Zblag”(grzgn — gng1)K
= — 2bisguK + 2b13812:K = — 2b1K,

where the B’s are the components of the curvature tensor and use
has been made of the fact that g.s= 845 in obtaining the final expres-
sion. When these substitutions are made in (3.1) we obtain a rather
complicated equation which is capable of simplification. In connec-
tion with this process of simplification let us define the quantities

bt = Bt/ | g,, |

where B denotes the cofactor of the element b,z in the determinant
lb.,,ﬁ| . As so defined the quantities b*# are the components of an ab-
solute symmetric contravariant tensor. Then the above equation re-
duces to one which can be written in the form

[2(H? — K)b*H 5 — 4Hb*8H Hs + 2b*°K Hp + 2Hg*SK ,Hp

3.2
( ) - gaﬁKaKﬁ - (H2 - K)g“ﬂKaﬁ - 4K(H2 - K)z]bn = 0,

in which for simplicity we have omitted the “commas” denoting co-
variant differentiation. Again we have

512.1.2 - b12.2.1 = bn.z,z - b22.1,1

in view of the Codazzi equations. By Bianchi’s identity the left mem-
ber of this equation becomes (b1 —bs2)K. The quantities by 2,2 and
be2,1,1 in the right member can be calculated by covariant differentia-
tion of the third and fourth equations (2.4). When these substitutions
are made we obtain an equation which, after considerable reduction,
becomes

3.3) [ 1(u = b22) =0,

where the bracket stands for the bracket expression in (3.2).
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If H2— K >0 it follows from §1 that either by —b2270 or b137#0.
Hence it follows from (3.2) and (3.3) that

2(H? — K)b8H oy — AHbSH Hs + 260K ,Hg + 2Hg8 K H
— g®¥K.Ks — (H? — K)g®Kos — AK(H? — K)2 = 0

at a point P where H2—K >0. From continuity, (3.4) is also valid at
a point P where H2—K =0 provided that this point P is a limit of
points at which H?— K >0. Finally suppose that H2— K =0 at a point
P which is not a limit of points at which H%— K >0. Then this point P
will be contained in a region R of the surface within which H2—K =0.
But then the left member of (3.4) is seen directly to vanish at P since
H=const. and K =const. in R by the italicized result in §1. Hence
the equation (3.4) is satisfied at all points of the surface (without regard
to whether the quantity Hy— K vanishes or not).

(3.4)

4. Closed surfaces of constant mean curvature. On the basis of the
equation (3.4) we can obtain a simple direct proof of the known result
that a closed surface (open and compact Riemann space) of constant
mean curvature H and non-negative Gaussian curvature K is of con-
stant Gaussian curvature. In fact if H=const., (3.4) becomes

(H? — K)g**Kap + g¥K.Ks + 4K(H? — K)? = 0.

Integrating the left member of this equation over the surface we find
immediately that

fg“ﬁKaKﬂdS + Zf K(H* — K)%dS = 0.

If K =0 it follows that each integral must vanish separately. The van-
ishing of the first integral implies that K,=0 or K =const. over the
surface.

5. Determination of the quantities b.s in general. It is desirable for
the requirements of the following calculations to put equation (3.4)
into a more contracted form. This can be accomplished by writing

(5.1) b%¥Qap = g Pag,

where

Qup = 2(H? — K)Hos — 4HH Hs + K.Hp + KsHa,

Pus = (H? — K)Kopg + KouKs — HKoHs — HK3H, + 2K(H? — K)%gas.

As so defined the P’s and Q’s are the components of symmetric ten-
50rS.
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Now consider the equation (5.1) and also the first of the equa-
tions (1.1). Write these in the following expanded form

{szbu — 2Q12b12 + Quibze = | g,nl g% P 4,
822011 — 2 g1ob1s + gubae = 2' g,..[ H.

We use these equations in the determination of the b.s. The matrix
of the coefficient of the b's in these equations has the same rank as

Q22 Q12 On
822 812 £u

In general the rank of this matrix will be two. In the calculation which
follows we assume this general case and suppose furthermore for defi-
niteness that the last of the second order determinants of the matrix
does not vanish. The results obtained will be seen to be independent
of the nonvanishing of this particular determinant and will depend in
fact only on the assumption that the above matrix has rank two.

Considerable simplification will be obtained by carrying out the cal-
culations at a point P relative to a coordinate system with respect to
which g.s= 0.5 at P. The results found under this condition can im-
mediately be put into a general invariant form. The above nonvan-
ishing determinant in the matrix (5.3) now has the value Q120 and
under this condition the equations (5.2) can be solved for bz and bg
in terms of by We have

(5.4) b1z = [(Qez — Qu)bu + (2HQu — 2 Pae) (Q12)7Y/2,
(5.5) b22 = 2H — bu.

Now turn to the second of the equations (1.1) and into this equation
substitute the above values of b;; and by. The result is a quadratic
equation in by the solution of which is

4HQL — (Qu2 — Qu)(2HQn — X Pog) + 4™ ’
(Q22 — Qu)?* + 403,

(5.2)

(5.3)

(5.6) by =

where

4 = [(Q2 — Q) (2HQu — Y Pos) — 4HQL)' 2 ,
— [(@2 — 0w’ + 40%:][(2HQu — 3 Pas)” + 4KO1).

By multiplying out the factors occurring in the numerator of the ex-
pression for by and combining in an appropriate manner we find that

4HQ: — (022 — Q1) 2HOu — 3. Pad)
= [(3 Paa) (2 Qos) — 4H| Qus|] + 20u[H 2 Qua — 2 Pacl,
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and

A = 4QL2H(Y Pua)(X 0s8) — K(X Qua)” 2 2
— (X Pua) — 4H — K)| Qusl].
Substitution of these values into (5.6) gives
3o 120 Paads Qoo 4H | Qup|] | 2[HY. Qua— X PualOn
.7 [@a—0w+40%]  [(@a—0uw)*+4¢2]
20283 Pacd Q= K(X Que)’— (3 Pac)'—4(H" = K) | Qua|]'
- [(sz—Q11)2+4Qf2]

Now consider the ratio

Z[ZPaaZQﬂB - 4H|Qaﬁ” + Z[HZQW - ZPW]ZQM .
[(Q22 — Qu)? + 402, ]

If we expand and rearrange the terms of the numerator and denomi-
nator this ratio becomes

2H(3 Qua)® = 82| Qua| _
(2 Qe)® = 4] Qus|

Since bu+b2=2H we can now immediately deduce the expression
for bs. We have in fact

by 122 Poa s Q= 4H | Qup|] | 2[HY Qua— 3 PaulOm
5.8) ’ [(Q22—Qu1)?+402,] . [(Qa2—Q11)2+402,]

+ 20u2HY, Poe} Qp= K Que)*= (X Pu) ~4(H'=K) | Q|1
[(Q22—0Qu1)2+402, ]

To obtain the corresponding expression for bz we substitute the
expression for by given by (5.7) into the right member of (5.4). After
cancellation of various terms the resulting equation reduces to

_ 2(HY, Qua— 2 Poe)Qis
B [(@a—0u)+4Qs ]

(5.9)
(Qe2—Qu) [2HY. Poud” Qss—K(2 Que)?
— (X Pua)'—4(H*—K) | Qup| ]2
[(Q22—Qu)?+402, ]
The problem now is to combine equations (5.7), (5.8) and (5.9)

+



1945] THE SECOND FUNDAMENTAL FORM OF A SURFACE 397

into a tensor system of recognizable invariantive character. A step
in this direction has already been accomplished by the way in which
certain terms in the right members of these equations have been writ-
ten. For example Y_P., becomes g**P,s when referred to arbitrary
coordinates. For this purpose we define the following scalars:

W = [(Qs — Qu)’ + 401%.] = (g""QaﬁZ’ — 4| Qus| /| gas|,
R= 2 Pud Qs — 4H| Qus| = g Pasg’ Qur — 4H| Qus| /| gas |,
U=HY Qua— 3 Paa = Hg 0w — £ Pas,

in which the middle members in these equations are the expressions
for these scalars when gus=84s. In terms of these scalars the expres-
sion underneath the radical in the above equations can easily be
shown to be given by (H?2—K)W — U? Next define the symmetric
tensor V with components

Vg = (Qanesy» + Qﬂufav)gwy
in which the €’s are the components of the skew-symmetric tensor de-
fined by €= —en= (I gagl )12 and €= e =0. We note in particular
that Vi =20Q1, V= —2Q1 and Viz=Qx—Qun when g.s=0.5. On the
basis of this observation and the above definitions of the scalars W, R,
and U we now find that equations (5.7), (5.8) and (5.9) can be com-
bined into the system

(5.10) bog = RW-ges + 2UW-Q0s + {[(H? — )W — U]/ W}V .

The determination (5.10) of the quantities bag is valid in any region
of the surface in which the condition W >0 is satisfied. If W=0 at a
point P we see from the above expression for this scalar that Qi = Qs
and Q;2=0 provided that g.,s=04, at P. But then we can write
Qus =Nges, that is, the quantities Q.g are proportional to the quanti-
ties gqs and hence the matrix (5.3) has rank less than two at P. Con-
versely if this matrix has rank less than two, the Q’s and the g’s are
proportional and the scalar W=0.

In (5.10) the mean curvature H must be such a function that the
conditions

(5.11) w >0, (H*— KW —-U*=z0

are satisfied. Conversely if H is any function satisfying the conditions
(5.11) 4t is evident from the derivation of (5.10) that the quantities bg
given by (5.10) satisfy the algebraic conditions (1.1).

6. Relations between the invariants. The scalars W, R, and U and
the tensor V satisfy the following relations
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2W = g*bgh'V 0V,
HW = R 4 g*QqsU.

The first of these can be expressed by saying that the scalar W is
one-half the square of the tensor V. The derivation of these relations
can easily be carried out on the basis of the definitions of the in-
variants W, R, U, and V in §5.

7. The exceptional case W=0. Suppose W=0 over a closed sur-
face. Then Qus =N(x)ges, and substituting into this equation the value
of Qus from §5 we have

(7.1) 2(H* — K)Hup — 4HH.Hp + KuoHp + KpHao = Ngas.
Now b28Qup =b*Pg.s\ = 2HN\. Hence (5.1) becomes
(H? — K)g**K s + g¥K oKs — 2Hg**K .H,
+ 4K(H* — K)? = 2H\,
Next put H2—K =0(20) or K =H?—6, from which we deduce

(7.2)

Ka = ZHHa - 00:’
Kap = 2HoHs + 2HH s — 0.

When these substitutions are made in (7.2) and the quantities H,s
in the resulting equations are eliminated by means of (7.1), we have
an equation which reduces to

(7.3) 20g°CH Hy — 00,5 + g80.0s + 4K6? = 0.

Now integrate the left member of (7.3) over the closed surface.
We thus find that

f 0g**H ,HgdS + f 2%%0,05dS + 2 f K6%dS = 0.

If K>0 at every point, each of the integrands is non-negative and
hence must vanish over the surface. Hence from the third integral
we must have § =0 and from §1 this means that the mean curvature
and Gaussian curvature are constant. Hence if the scalar W vanishes
over a closed surface of positive Gaussian curvature, the mean curvature
H and the Gaussian curvature K are constant over the surface.

It follows from the above result that for the case of a closed ana-
lytic surface which is of positive but not of constant Gaussian curva-
ture the scalar W cannot vanish over any region R of the surface.
Hence W can vanish only at exceptional points and elsewhere on the
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surface the determination of the second fundamental form given by
(5.10) will apply.

8. The differential equations satisfied by the mean curvature. We
have observed (§5) that the quantities given by (5.10) satisfy (1.1)
provided that H is a function satisfying (5.11). However in order for
the function H to be the mean curvature of a surface and have the
above quantities b.s as the components of its second fundamental
form the Codazzi equations must also be satisfied, that is, we must
have bug,y =bav,s. It may be observed that for the case of the two-
dimensional surface under consideration these latter equations can be
written in the contracted form

8.1) bap.,€7 = 0.

Understanding that the b.g are given by (5.10) in terms of the mean curva-
ture H and its derivatives, we see that the two equations (8.1) are the
differential equations satisfied by the mean curvature H. Conversely if
the scalar function H satisfies the conditions (5.11) and the differ-
ential equations (8.1) over a given abstract two-dimensional Riemann
space, then the quantities b,s defined by (5.10) together with the func-
tion H will be the components of a possible second fundamental form
and the mean curvature respectively for the given Riemann space
considered as a surface in three-dimensional Euclidean space.
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