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It may be noted that the formula (14) is also called Liouville’s
extension and the integral regions D and R can be defined also by

D: 0SkhiSawi +---Fax" <k, 0Sua;
R: 0Sa;Sa:Zb;y, dumy+- - +dan Sk
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1. Introduction. It is evident that the solutions of a differential
equation y’=f(¢, ¥) passing through a point (r, 7) in the region of
definition of f(¢, ¥) may be considered as invariant functions of the
transformation Ty(t) =n+ [+f(s, ¥(s))ds when suitable restrictions are
placed upon the functions y(¢) considered. That such invariant func-
tions exist for continuous f(¢, ¥) can be made a consequence of
Schauder’s fixed point theorem for completely continuous trans-
formations in bounded convex subsets of a Banach space.! For f(¢, y)
satisfying a Lipschitz condition in y the existence and uniqueness of
an invariant function can be made to follow from a fixed point theo-
rem of Caccioppoli of an essentially simpler nature.? In the present
paper we wish to show that the existence of invariant functions for
continuous f(¢, ¥) as well as several other theorems concerning solu-
tions of differential equations can be made to follow from some theo-
rems concerning a particular class of transformations in a complete
metric space. Although the existence theorem for fixed points given
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here is much more elementary than Schauder’s theorem, it is no more
difficult to apply to ordinary differential equations provided one is
willing to admit that differential equations for which f(¢, ¥) is a poly-
nomial in ¢ and ¥ have unique solutions.

2. Transformations in metric spaces. Let M be a complete metric
space. A transformation T of M into itself will be called completely
continuous if (1) it is continuous, (2) T'(M) is bounded, and (3) the
image of any bounded set in M has a compact closure. If M is bounded,
condition (2) is of course trivial. The “distance” between two such
transformations may be defined by p*(Ty, T2) =sup.eum p(Tix, Tex);
this is clearly finite from condition (2). If € is any class of such trans-
formations it is easy to see that this distance function may be used to
convert ¥ into a metric space. It is a routine matter to prove the fol-
lowing theorem.

THEOREM. If T is the class of all completely continuous transforma-
tions defined on M and metrized as above, then T is complete.

In general, however, ¥ will not denote the class of all completely
continuous transformations but merely some subclass. Moreover, it
will be advantageous to alter the distance function in £ by substitut-
ing for p*(Ty, T2) any distance function p(T4, T2) which is at least as
“strong” as p*(T4, T?), that is, one such that lim p(T,, T) =0 implies
lim p*(T,, T)=0. Topological properties of subsets of £ such as
“closed,” “dense,” and so on are to be understood in terms of the
topology defined by the function p(Ty, T2). There seems to be little
danger of confusing this function p with that defined in M.

Let £, denote those elements of € having no fixed points in M,
T, those elements having exactly one fixed point in M, and T those
having more than one fixed point. For a given TEX let F(T') denote
the set of fixed points of T. This set is clearly closed and compact.
For any xEM, >0, let S(x, €)=E,cu[p(x, y) <e] and for any set
ACMlet U(A, €) be the union of all S(x, €) for xEA4 ; analogous nota-
tion will be used for elements and subsets of &.

THEOREM 1. There exists 6(T)>0 defined for TEZ, such that
p(T?, T) < 8(T) implies T' EZ,y, that is, To is open in T.

For suppose there exist T,ET;4+T: and TEZ, such that
p(Tw, T)<1/n. Let x,EF(T,). It is easily seen that the sequence
{x.} is bounded. Since T is completely continuous there exist %n;, %o
such that p(T%,,;, %0)—0. But p(%n;, %0) Sp(TnXn; T%n;)+p(T%n;, Xo)
Sp*(Tn;, T)+p(T%a;, %0) which approaches 0 as i— «. But then,
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since T is continuous, p(T%,,, Tx¢)—0 which implies that Tx,=x,,
contradicting the choice of TEZ,.

THEOREM 2. There exists 6(T, €)>0 defined for TE I+ ITp and
€>0 such that p(T', T) < 8(T, €) implies F(T')CU(F(T), €).

If F(T') is empty the conclusion is trivially true. Suppose that for
some €>0 and TET,+ T, there exist T,,E$1+ %2 and x,EF(T,)
such that p(T,, T)<1/n but x,& U(F(T), €). Since T is completely
continuous there exist x,;, o such that p(T%,;, £0)—0. It now follows
as in the previous theorem that p(x.;, x0)—0 and Txo=x,, that is,
x9oE F(T) which contradicts the assumption that x,& U(F(T), €).

THEOREM 3. If T+ T, is dense in T, Ty is empty.

This is an immediate consequence of Theorem 1 since the comple-
ment of a dense set cannot be open unless it is empty.

THEOREM 4. If S, is dense in T, T is empty and I, is of the first
category in T. If T is complete, T, is of the second category in X.

That T, is empty follows from Theorem 3. Let d[4] denote the
diameter of A C M. Then T € I3 is equivalent to d[F(T)] 2 0. Clearly,
To=RM+Ne+ - - - +Ni+ - - - where Wi=E[TEZ, d[F(T)]21/i].
If it is shown that M; is nowhere-dense, the statement concerning T,
will be proved. Let ToE T, €>0 be arbitrary. Since <, is dense in T,
there exists T1E€ T, such that T1:ES(T, €/2). But also there exists
1 <e€/2such that S(Ty, 7) CS(T, €) and such that S(7T3, 7) hasan empty
intersection with N:. For, by Theorem 2, if n <min [e/2, (T4, 1/31)]
and TE€S(Ty, 7), then F(T)CU(F(T1), 1/37) and consequently
d[F(T)] <d[F(Ty)]+2/3i<1/i, that is, T&N.. This is just the con-
dition that N; be nowhere-dense. The final statement follows from the
facts that T=%,+ < and that T, being complete, is of the second
category in itself.

THEOREM 5. If T, is dense in T and AC I, is closed in T, then A is
nowhere-dense in L.

For suppose ¥ is not nowhere-dense in . Then there is some sphere
in £ in which ¥ is dense and which consequently ¥ contains since it is
closed. But this contradicts the hypothesis concerning &s.

3. Applications. We wish now to apply these theorems to systems
of real differential equations of the form y!=fi(t, y1, - -+, Yn),
2=1, - - -, n. In order to do this we shall introduce certain metric
spaces, in this case Banach spaces. Let R be the set of points
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(¢ y1, * -+, yu) in E,41 determined by the inequalities ¢ £¢<b and
¢, 2y,=d;,i=1, - - - ,n,where a <b, ¢;<d; and any of the values ¢;, d:
may be infinite. Let Cy.(a, b) be the Banach space of n-tuples of func-
tions Y(t) = (31(t), - - -, ¥a(£)), each y:(f) being continuous on [a, ],
and with norm defined by H V|| =>2"mllyil| =211 maxesi<s] y:(£)| . Let
C.(R) be the Banach space of n-tuples of functions F(¢, y1, * * + , ¥a)
=(fl(t’ Y1y * - ,yn), ce ’fﬂ(tr Y1, * - ryn))r eaChfi' being continuous
and bounded on R, with norm || F||=2"%||f| =2_%. supz|fi(t, y1,
cee, y,.)]. Let M be the subset of C,(a, b) consisting of elements ¥
such that ¢; =¥;(t) £d;. M is a complete metric space.
For any P(r, 1, * - - , 7.) ER and FE C,(R) we may define the fol-
lowing transformation in M: TY=(T1Y, - ---, T,.Y) where for
a<t=zb

{

t
d; if 74 +f fids > d,

t t
TY(®) = <ni +f (s, 91(8), + + « , ya())ds if ¢; S ni + f fids £ ds,

¢
Ci if ¢; > n; +f f,‘dS.

Each transformation T is thus associated with a definite point PER
and a definite FEC,(R). Clearly, any fixed point Y(¢) of this trans-
formation gives a solution in R through the point P of the set of
differential equations y! =f;(¢, 1, - + +, ¥a), 2=1, - - -, n, after one
has taken proper account of the modification of 'Y on the boundary
of R. The actual solution of the differential equations will be a sub-
continuum containing P of the curve representing Y(#). This solution
will not be a “local solution” but will extend in both directions® to
the boundary of R. At the left and right end points of the curve
representing the actual solution y/ will of course be interpreted as
the right and left derivative respectively.

The class T which we shall consider consists of all transformations
of the form above associated with some PER and FEC,(R). A metric
in T is defined by p(T”, T"") = | 7' —7""| +2_ts| 0! —n!" | +|| F' = F"'||.
Since R and C.(R) are complete ¥ is a complete metric space. It
follows from the form of T that TM CM. That TM is bounded fol-
lows from the boundedness on R of the functions f;. Continuity of T°

3 It may happen, however, in case some of the values ¢ are equal to ¢; or d;,
that the curve representing the actual solution will reduce to the single point P. This
will not happen if P is interior to R.
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follows from the uniform continuity of the functions f; on bounded
closed subsets of R. That T takes bounded subsets of M into sets
with compact closures follows from the equicontinuity of the func-
tions T;Y(¢) for YEM and Arzela’s criterion for compactness in
the space Cn(a, b). One may conclude from the following inequal-
ities that p(7”, T'') is at least as strong as p*(T/, T''): p*(T', T’ ')

Et-l SUPYEM”T Yy-T1! Y” = Zt-l Suprem maxastéb l’h -
+ f fs (Sr yl(s)» ) yn(S))dS - f-r'rf (S 3’1(5), : 2’ (S))dSI =
Zl-l"?t —ni |+Zc-1 SUPYGM'L' f:dsl +21-1 SUPYEMf |f- - Ids,
which evidently becomes small as p(T”, T'’) becomes small.

In order to apply Theorem 4 to € we must still show that T, is
dense in . But this follows from the well known facts that the ele-
ments F whose components are polynomials are dense in C,(R) and
that for such FEC,(R) the corresponding set of differential equa-
tions y¢ =fi(¢, y1, * * *, Ya), ¢=1, -+ -, n, has a unique solution
through every PER. From Theorem 4 we may now conclude that
Tois empty and, consequently, that every set of differential equations
of the kind considered has at least one solution through every point
in R. Theorem 4 gives the additional information that those sets of
differential equations, associated with some PER and FEC.(R),
which have multiple solutions are of the first category in T whereas
those with unique solutions are of the second category. This theorem
is closely related to the following theorem of Orlicz:* Let G be a do-
main in E; and C(G) the Banach space of bounded continuous func-
tions f(¢, ¥) defined on G. Then those functions f(¢, ¥) for which
y’=f(t, ¥) has a unique solution through every point of G are of the
second category in C(G) whereas the complementary set is of the first
category. The chief difference between the theorems seems to be that
Orlicz's theorem is concerned with a property of the element F while
the theorem above deals with a property of the pair (P, F). Orlicz’s
theorem does not seem to follow readily from Theorem 4 but requires
additional discussion.

Theorem 2, when applied to our special choice of M and ¥, gives
the following result. If Pi(7r, Mk, * * *, Nak) =P (T, M, * - -, 1) Where
ci<ni<d:and || Fx— F“—-»O, then there exists an interval [a’, b’] with
eSa’=7=b' =banda’<b’such that for any ¢>0 there exists k. such
that for £>k. each solution through P of y! =fuu(t, ¥1, « * +, ¥a),
i=1, - - +, n, is within norm distance ¢ of some solution through P
of v/ =fi(t, 1, -+ +, yn), 1=1, -, n, when one restricts consid-
eration of the solutions to [a', b']. In case ¥/ =f(t, y1, - * *, Ya),

4 W. Orlicz, Zur Theorie der Differentialgleichung ¥' =f(x, v), Bulletin International
de I’Académie Polonaise des Sciences et Lettres, Série A, Nos. 8,9 (1932) pp. 221-228.
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4=1, - - -, n, has a unique solution through P, the solutions through
Pyof y! =fux(t,y1, * =+ y¥a),2=1, « + - , n, will converge uniformly on
[2’, 8] to this solution.b It is evident that the indices % do not need to
be integers but could be elements of any directed set, for example, a
set of  parameters upon which the point P and the functions F de-
pend continuously in the sense of our topology. That it may be neces-
sary to consider the solutions only on some subinterval of [a, 8] is
clear when one recalls the modification of the transformation T on
the boundary of R.

In order to apply Theorem 5 we must first show that T, is dense in
T.Let P(r, 11, * * -, 1a) and FEC.(R) be the point and functions cor-
responding to an arbitrary transformation T€Z. For any €>0 select
a>0 and B;>0 so that in the neighborhood ‘t——r| <a, [y;-—ml <B;
one has |fi(t, y1, - + +, ¥a) —fil7, s, - - -, ma)| <€/2,4=1,- -+, n.In
this neighborhood define gi(¢, 1, * + ', Yu)=filr, M1, , Na)
+7|y;—m—(t—7)f,-(r, M, ** '»7,.)|”2 where v is chosen so small
that in the neighborhood one has Ig; - fi] <e. Then extend g; over R
as a continuous function in such a manner that |f;—g:| <e on R. The
transformation T’ associated with P and G will then be such that
o(T, T"Y<e. But T'ET,, for the set of equations y/ =g;(¢, v1, * * *,
Ya), 2=1, « + «, n, has more than one solution (in fact, continuum-
many) through the point P. In the neighborhood defined above two
of them are: yi(t)=77i+(t—7)fi(‘r9 N, * nn)’ 1:=11 crc, N, and
yi(t) =77i+(t—7)fi(7-s My = * ﬂn)+(7/2)2(t—7)25gn(t_T)r i= 1) t
n. These functions will then extend over R to two different solutions.®
Since €>0 was arbitrary, T, is dense in . To see the significance of
Theorem 5 we remark that the set of FEC,(R) satisfying a uni-
form Lipschitz condition on R with a fixed constant m >0, that is,
those (fi, - * +, fa) With |fi(t, 51, + - =, Fa)—filt, ¥1, - = -, ¥a)| Sm
-E?_ll Fi— y,~| on R, is closed in C,(R). Consequently, the set % () of
transformations associated with an arbitrary PER and any F in the
class above is closed in T. Moreover, as is well known, A(m)CT,. But
then, from Theorem 5, A(m) is nowhere-dense in €. Since the class of
transformations with the associated F satisfying a uniform Lipschitz
condition on R for any m >0 is given by Y m_,%(m), this class is of
the first category in . This theorem can be weakened to the follow-
ing: The class B of transformations such that F satisfies a uniform
Lipschitz condition in some neighborhood containing P is of the first

§ This theorem is given by Kamke, Differentialgleichungen reeler Funktionen, Leip-
zig, 1930, p. 149, Theorems 3 and 4.
¢ Kambke, loc. cit. p. 135, Theorem 2.
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category in . This does not follow directly from Theorem 5 for this
class is not contained in ;. However, 8= m_1 > . 8(m, r) where
B(m, ) is the class of transformations for which F satisfies a uniform
Lipschitz condition with constant 7 in a neighborhood of radius 1/7
about the point P associated with T". The class B(m, r) may be shown
to be closed. Inspection of the functions (g1, - - -, g) defined above
shows that the complement of B(m, ) is dense in T and, conse-
quently, that B(m, r) is nowhere-dense in ¥, and B of the first cate-
gory in €. Not only for uniform Lipschitz conditions, but also for
more general uniqueness criteria is it true that the class of functions
satisfying them is closed. Without going into details we mention the
criterion given by Kamke” which, when satisfied at every point of R,
gives a class of functions closed in C,(R) and consequently a subclass
of 1 nowhere-dense in . These theorems are also closely related to
theorems of Orlicz® where again the present theorems differ from
Orlicz’s in the way described above.
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7 Kamke, loc. cit. p. 139, Theorem 3.
8 Orlicz, loc. cit. pp. 226-228,



