EVALUATION OF VARIOUS WIENER INTEGRALS BY USE OF
CERTAIN STURM-LIOUVILLE DIFFERENTIAL EQUATIONS

R. H. CAMERON AND W. T. MARTIN

Introduction. Wiener [1]! has introduced a measure in the space C
consisting of all real-valued functions x() continuous on 0 S¢=<1 and
vanishing at ¢=0. He first defines the measure of a quasi-interval-—a
quasi-interval is the set of all functions of C which satisfy relations
of the form

a; < x(t) < by, ji=1-,m,

where 7 is a positive integer, a; and b; are real numbers, — © Za;<b;
Sw,and 4, -+, t, are n ordered points on 0<t <1, 0<H < -«
<t,<1. The Wiener measure of this quasi-interval is defined to be
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the multiplier before the integrals having been so chosen as to make
the measure of the entire space C equal to unity. With this definition
of measure for quasi-intervals, the Wiener measure on C can be de-
fined in a manner entirely similar to that used for ordinary Lebesgue
measure, and a theory of (Wiener) integration can be defined over C,
the integral of a functional F[x] being a number. We write

©.1) f:F[x]dwx

to denote the Wiener integral of a functional F[x] over a subset S
of the space C.

In several papers the authors have recently considered various
aspects of the theory; in the present paper we shall evaluate several
Wiener integrals. In particular, we shall evaluate integrals of the form

0.2) [ c"’exp ([ 2010 + s t) s
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or, more generally,

(0.3) fcwexp ()\fol p(t)x%t)dt) F [j;l g(t)x(t)dt] dyx,

where p(2) is a positive-valued continuous function on 0=¢=1, g(t) is
real and of class Ly on 0<¢=<1, and \ is real and less than a suitable
positive constant Ao which depends only upon the function p(¢). In
(0.3) the function F(u) will be a fairly general Lebesgue measurable
function on — o <u< .

In a recent paper [2] we have shown that

w 1
(0.4) f exp ()\f x"’(t)dt) dwx = (sec NV2H)1/2, 0 =\ < 7?4
0

c
This integral was evaluated by making use of a suitable linear trans-
formation of C into itself; namely, the transformation

t

0.5) y(@#) = x(2) + )\”Zf tan A/2(s — 1) - x(s)ds.

0

Under this transformation we found that

w w 1
(0.6) 1 =f 1-dwy = (cos )\1/2)”2f exp ()\f x%t)dt)dwx,
c c 0

0=\ < 7?4,

and from this (0.4) was obtained. The evaluation of integrals of the
form

0.7 fCWexp ()\fol p(t)x’(t)dt) du, — 0 <N <N

can be carried out in a similar fashion using suitable linear trans-
formations; the particular linear transformation to be used in each
case will be determined by a consideration of the second order differ-
ential equation

(0.8) 'O + 200 =0,

and the value A will be the least characteristic value of the equation
(0.8) corresponding to the boundary values f(0) =f'(1) =0.

The evaluation of integrals of the form (0.3) will use the same range
of ideas, together with certain results recently obtained. Integrals of
the form (0.2) are special cases of (0.3).

The evaluation of (0.7) is given by the following theorem.
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THEOREM 1. Let p(t) be continuous and positive (>0) on 05t <1 and
let Ny be the least characteristic value of (0.8) subject to the boundary
conditions

0.9) 10 = £ty = o.

Then if — o <\<\, and fr(t) is any non-trivial solution of (0.8) satis-
fying fi (1) =0, we have

0.10) fcwexp (x fo 1 p(t)x’(t)dt) do = (; :Eg)m

Consequently, if A<\ and fO(t) and fP () are any two linearly inde-
pendent solutions of (0.8), we have

aWexp (X fo 1 p(t)x’(t)dt) dyx

_ (f‘”’(a)f‘”(a) — [ (@) ® (a))w
~\ro e — oo/

where a is any convenient point in 0<a =1.

Remark 1. By the hypotheses of Theorem 1, Ay must exist as a
positive number.

Remark 2. For every value of N there always exist (non-trivial)
solutions of (0.8) satisfying f¥ (1) =0.

Remark 3. The numerator inside the square root sign in (0.11) is a
Wronskian whose value is actually independent of ¢, 0 Sa =1.

Theorem 11is a special case of Theorem 1a, which weshall provein §1.

(0.11)

THEOREM 1la. Let p(t) be continuous and positive on 0 <t =<1, and let
No be the least characteristic value of the differential equation (0.8) sub-
ject to the boundary conditions (0.9). Then if F(x) is any Wiener meas-
urable functional, if X <No, and if fr(t) is any non-trivial solution of
(0.8) satisfying f¥ (1) =0, we have

WF(x) exp ()\ f 1 p(t)x”(t)dt) dwx

(o)
-Co) [ rpo+so [ L] e

where the existence of either Wiener integral implies the existence of the
other.

(0.12)

Remark 4. The radical on the right-hand side of (0.12) can be re-
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placed by the radical on the right-hand side of (0.11).
By using Theorem 1a and certain results proved recently we shall
obtained in §2 the following result.

THEOREM 2. Let g(t) be real and of class Ly on 05t <1, let p(8) be
a positive-valued continuous function on 0 <t =<1, let N be the least char-
acteristic value of the system (0.8), (0.9) and let fA(t) be any non-trivial
solution of (0.8) satisfying f (1) =0. Then

fCWeXP (7\ fol P(t)xz(t)dt> F [ﬁl g(t)x(t)dt:l dot

= (rf *fié))m ij(bu)e‘“’du, N < g,

(0.13)

where

(0.14) b2 =f [fx 0 f g(s)fx(s)ds] ds,

the result holding and the Wiener integral being convergent whenever
(0.15) Fu)e ' € Ly(— =, »).

In the final sections we consider a few choices of p(¢) for which
the differential equation (0.8) has solutions in terms of well known
functions. Various other choices may occur to the reader.

1. Proofs of Theorems la and 1. We shall need certain well known
properties of the differential equation (0.8). First, by classical Sturm-
Liouville theory it is known that there is a least characteristic value
Mo of the system [(0.8), (0.9)], it is known that )\, is positive, and it is
known that the solution f(t) of the system [(0.8), (0.9)] with A=),
is nonvanishing in 0<¢=<1. These facts are all given for example in
[3]. We need one other (known) property; namely, the following:

REesuLT 1. Every non-trivial solution f\(t) of (0.8) corresponding to
any real value of N <\ and satisfying the single boundary condition

1.1 A =0
is nonvanishing in 0 St =1,

For the sake of completeness we shall give a classical proof of this
result. For the proof we use the identity

(1.2) U'h = £ o= & = M) f HOIOAGE,
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where 0 =t =1, A<\, fi(t) is a non-trivial solution of (0.8) satisfying
(1.1), and f(¢) is a solution of the system [(0.8), (0.9)] with A=NX,.
Now fi(t) cannot vanish at =0 since \, is the least characteristic
value of the system [(0.8), (0.9)]. Also it cannot vanish at ¢=1 for
if it did it would be identically zero. If it vanishes at all in 0=t =51
its zeros are isolated and we shall denote by ¢, its greatest zero in
(0, 1). With this value of {,(<1) relation (1.2) becomes

(1.3) SR @) = 0 =2 [ OAs

Without losing generality we assume

(1.4) A®) >0, h<it=s1,
1.5) f@® >0, 0<t=1.

Then (1.3) yields the result that f¥ (,) is negative. Since fi(¢) is as-
sumed zero this contradicts (1.4). Hence there is no greatest zero of
@) in 0<t=1. This yields Result 1.

We now proceed to the proof of Theorem 1a. For this purpose we
consider the linear transformation

(1.6) 50 = 50 - [ J; ((:)) #()ds,

where M is fixed, — o <\ <A\, and fi(¢) is any non-trivial solution of
(0.8) satisfying (1.1). (By Result 1, the denominator of the integral
in (1.6) does not vanish.) Obviously the transformation (1.6) takes
the space C into a part of C. We shall show that it actually takes C
into the whole of Cin a 1-1 manner. First

HQ@) A® Q@) ¢ f(s)

2 ) = - d
an HOP 0 = 5oF 0 ~ ot Fo 0

) d 1 tH(s)
~ [fm) I s |
so that
FNO) 1R
1.8 . Lf)\(s)]zy(s)ds _fx(t) fo o) x(s)ds.
Multiplying (1.8) by fi(¢) and adding to (1.6), we obtain
0 _

(1.9) 5 + 50 Lo YO = 20
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Thus to every function x(-) of C there corresponds a function y(-)
of C by (1.6), and this y(-) satisfies the relation (1.9). Conversely,
it is easily seen that if y(-) is any function of C and if x(-) is defined
by (1.9), then x(-) and y(-) again satisfy (1.6). Hence (1.6) is a 1-1
transformation of C onto itself. This could also be seen from the
fact that (1.6) is a Volterra transformation. We shall consider it,
however, as a Fredholm transformation whose kernel vanishes when
t<s, and calculate the Fredholm determinant using the half (or
arithmetic mean) value along the diagonal :

p-eo (3 {50 1)

1
= exp (——2- [log (1) — log /1(0) ]) -

(1.10)

H0)\2
fx(l)) )

In Theorem I of a recent paper [2] we have considered the behavior
of Wiener integrals under Fredholm and Volterra transformations,

30 = () + f 'K, 9)2(9)ds,

where
KO, 5) when 05¢<s5 0<s=1,
Kt s) = {K‘z)(t, s) when s<t=£1,0=s<1,
K®M(s,5)/2 + K™ (s,s)/2 when ¢=s3s, 0ss=s1.

We quote for reference the special case of this theorem in which
K®M(¢, s)=0, so that the transformation is a pure Volterra trans-
formation:

THEOREM A. Let K (t, s) be continuous on the closed triangle [0 <5<t
0=<t=<1], and let it satisfy the following five conditions:

A. For almost all s, K(t, s) is absolutely continuous in ¢, sSt=<1.

B. For almost all s, 0K (¢, s)/0t is essentially of bounded variation,
s<t=1. More precisely, there exists a measurable function K(t, s) which
is of bounded variation in t for each s and which for almost all ¢, s in the
triangle [s<t=<1, 0<s=1] is equal to AK(¢, 5)/dt. (In the remaining
statements, the hypotheses will be considered satisfied when 0K /0t is re-
placed by such a K.)

C. [, supss=i |0K(t, 5)/3t|ds< .

D. [, varesis: [0K(¢, s)/0t]ds < .

E. K(s, s) s of bounded variation 0 Ss=<1.
Let S be a Wiener measurable subset of C, and let T'S be the image of S
under the transformation
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T y(0) = () + fo “K(, 5)x(s)ds.

Then if F(y) is any Wiener measurable functional for which either mem-
ber of the following equation exists, the other member exists and the equal-
ity holds :

T:ﬂy]dwy -o- W?[x<'>+ [ ('}<<-,s)x(s)ds]exm—@[x])dwx,

o[x] = fl [-‘-i—f ‘ K, s)x(s)ds]zdt
+2 f [ f ~ K, s)x(s)ds] dx(d)

+ j; K(t, yd{ [=()]2}

where

and D is the Fredholm determinant of the transformation, using the half
(or arithmetic mean) value of the kernel on the diagonal:

K(Slr 51) K(Sz, 52) K(Sm sn)
n=0 n'f f . 2

=exp (—Z—fo K(s, s)ds).

It is clear that the linear transformation (1.6) for N\ <)\, satisfies
the hypotheses of Theorem A, and hence by that theorem with

Flyl=F[x]=F[T-(y)], we have

S0+ 500 [ ESs s
(1.11) = ch Flx] exp {—fo ['j;((:)) x(s)] 2ds

PR) ,
+ [ 25l }dwx,

where the existence of either side implies the existence of the other.

On integrating by parts, simplifying, using the boundary condition
(1.1) and the differential equation (0.8), we obtain that (1.11) is
equal to

dsidss + + + dS,
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o [riaon (- [ T f o0}

11y ¢ -
=ch Flx] exp {— fo e x’(s)ds}dwx

=D fCWF[x] exp ()\ j;l p(s)xQ(s)ds) dw.

This, together with (1.10), yields Theorem 1a, including the exist-
ence of the integrals. Relation (0.10) 1 is obtained by specializing
the function F in Theorem 1 to be identically unity, F(u)=1.

Now take fa(¢) =f®"(1)f ® () —f @' (1)f @ (¢) where f(¢) and f® (?)
are any two linearly independent solutions of (0.8). This function ob-
viously satisfies the condition f¥ (1) =0 and yields (0.11) with a=1.
But since the differential equation (0.8) has no term in f/(¢), its
Wronskian is constant, and hence we may use any convenient point
a instead of a=1. This yields Theorem 1.

(

2. Proof of Theorem 2. In a recent paper [4, Lemma 3] we gave a

new proof of a special case of a theorem of Paley and Wiener [5].
We proved 2

Let m(t) be real and of bounded variation on 0 St <1, and let m(1) =0.
Let

@.1) B = f i)t
0

and let F(u) be a (real or complex-valued) measurable functional defined
on — o <u< w. Then a necessary and sufficient condition that

(2.2) Fl:fo1 x(t)dm(t)]

be a Wiener summable functional of x(-) over C is that
(2.3) e*'F(bu)

be of class Ly on — o <u < . Moreover, if this condition is satisfied,

2 Added in proof. In a letter to one of the authors, Professor J. L. Doob recently
pointed out that this result, for an arbitrary function m(t) of L,, follows at once from
probability considerations. The probability argument uses the known fact that
S tm()dx(t) is a Gaussian variable with mean zero and dispersion 5?/2.
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(2.4) chF[ fo ' x(t)dm(t)] wl = “‘175 ) e~ “'F(bu)du.

-—00

On integrating by parts and using the fact that m(1) =0 we find
from (2.4) that

(2.5) fCWF[ fol m(t)dx(t)] dpx = ;llﬁf_:e““’F(bu)du

holds under the same conditions.
We pass now to the proof of Theorem 2 itself. We first consider
the integral which occurs in the left-hand member of (0.13); namely,

2.6) fcwexp (x fo ' p(t)xza)dt) F [ fo 1 g(t)x(t)dt] dut,

where g(¢) and p(¢) are real, g(¢) of class Ly(0, 1) and p(¢) positive and
continuous, 0 <¢=<1. On applying relation (0.12) of Theorem 1a for
A<\, we find that (2.6) is equal to

@iig )*'2fc E [ fo 00t

+ j; 1 g(t)fx(t){ fo t -{—j{f'(%)i;y(8>d8}dt]dw%

the equality holding for every measurable function F for which either
(2.6) or (2.7) exists. We now consider the argument of F in (2.7) and
integrate twice by parts; we obtain

1 1 R
) ey 0+ S woso{ [ v

g@)y(t)dt
+ fo 1g(t)ﬁ(t){— [}y%]# fo tdfig

e = [Twsa- [ w0t

+ fo ' g(t)fx(t){ fo t ?8 }dt
- [ sl [ 22 }a

[G(t N f t ‘Z((;)] fo 1 Gf(f;;) dy(?),

2.7
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where

(2.9) Gt = f " g(s)ds.

Now G(t, N) vanishes at ¢=1, and [Jdy(s)/fr(s) vanishes at ¢=0.
Hence (2.8) becomes

(2.10) — il )\)
0 fx(t)
and hence the quantities (2.6) and (2.7) are equal to
f)‘(l) 1/2 w 1 G(t, X)
2.11) (fx(o)) f r [ fo e dy(t)] duy

provided any one of the (Wiener) integrals in (2.6), (2.7), or (2.11)
exists. Now the function G(¢, N\)/fa(¢) is of bounded variation on
0=<t¢=1, and it vanishes at t=1, Hence the result (2.5) applies to
(2.11), yielding the result that the integral in (2.11) is equal to

(2.12) mf F(bu)-e*"du,

where

(2.13) »* = fol [C;()‘t(’t))\)]zdt = fol [f:(t) f: g(s)f)‘(s)ds] 2dt

This yields Theorem 2, including the summability of the integral.

3. A corollary to Theorem 2. On specializing the function F(u) of
Theorem 2 to be

3.1 Fu) = e+
and replacing g(¢) by p(¢)g(¢), we obtain from Theorem 2 the relation

chexP ()‘fol [p(1)2*(:) + 2p(t)g(t)x(t)]dt) dot

(3.2)
_ fk(l) 12 ._1_ ° N —udd, — fl(l) 1z 242
= (f)\(o)) i j‘_weZ Bug—u'dy (fx(0)> B ]
where

(3.3) p= [f—;; [ s0s0n0as]
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On multiplying the first and third members of (3.2) by
exp (\[op(t)g?(t)dt) we obtain the following corollary.

COROLLARY 1.

f cWeXp <)‘ fol p){=() + g0} 2dt) dutt

(2" o v

the equality holding for N <\o and for every real-valued function g(t) be-
longing to Ly on 0<t<1. The constant B in (3.4) is defined in (3.3).

3.4)

This evaluates the expression (0.2) mentioned in the introduction.
In the remaining sections we consider briefly a few examples.

4. Example 1, p(¢)=1. For p(¢) =1, the differential equation (0.8)
becomes

(4.1) Iy + M@ = 0

and the least characteristic value is

4.2) Mo = 7%/4.

A non-trivial solution of (4.1) satisfying f¥ (1) =0 is
4.3) fi(t) = cos NV3(¢ — 1).
Relation (0.10) of Theorem 1 yields

w 1 1 1/2
4.4 f exp ()\f xz(t)dt> = ( ) , — o <\ < 7?/4;
c 0 cos A!/2

which agrees with result (0.4) stated in the introduction.
For use elsewhere we state explicitly Corollary 1 of §4 for p(¢)=1.

COROLLARY 2. Let g(t) be a real-valued function belonging to Ly on
0<t<1, and let — o <AN<w2/4. Then

f:exp (k fo a0 + g(t)]”dt) du

1
= (sec N\/2)1/2 exp (Vf [Go(t, N) sec A2z — 1)]2‘”)
0

- exp ()\ fol g”(t)dt),

(4.5)
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where
t
Go(t, N) = f g(s) cos \V2(s — 1)ds.
1

5. Example 2, p(f) = (t+a)2, 0 <a < . With this value of p(#) the
differential equation (0.8) becomes

(5.1) 'O+ NE+a))fH =0

and if we write

(5.2 A= 1/4 — u? O0<u< >,
then two linearly independent solutions are

(5.3) @t + a)uti2

and

(5.9 @+ a2,

Also it is easily seen that N\¢=1/4 since no linear combination of (5.3)
and (5.4) satisfies the boundary condition

(5.5) f0) = (1) =0.
Hence relation (0.11) of Theorem 1 yields

f exp((1/4—p.2)f (::_(t()x)z )d.,,x

( 2”0‘;4.—1/2(1 _I,_. a)u+1/2 )1[2
T\ = 1/ + (w4 1/ + )%/
0<p< o, 0<a< o,

6. Example 3, p(f) =e*t, o real, 0. With this choice of p(¢) the
differential equation (0.8) becomes

(6.1) J'(®) + Netf(®) = 0.

We solve (6.1) by use of a series with undetermined coefficients—let

(5.6)

(6.2) (&) = 2 aqeret.
n=0
Then (formally)

0
@) = 2 an-nlatenat
ne=0

and (6.1) leads to
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o0 0 0
Z a.nlalenet = — )\Z Qpetat = — )\Z Gpre™t,

na==( n=0 Nl

On equating coefficients we find
an%a? = — Napy, n=123-.--,

Ap—1 _ (_ k)n

n2a? (n !)20£2" o

or

(6.3) Q= — A

Choosing ap=1 we find

(6.4) ) =3 (= e -
et an (n[)2

and it is easily seen that this is an actual solution, not just a formal
one. Also the series (6.4) is the classical Bessel function of order zero,

6.5) To(2N2eat12/q).

The function (6.5) is a solution of (6.1) for every value of A\,
— o <A< o. We note that Jy(z) is an even (entire) function and
hence there is no difficulty in (6.5) when X is negative.

A second linearly independent solution of (6.1) for A real and not
equal to 0 is given by

(6.6) FO>) = Yo(2N2242/a),

where Y,(2) is the Bessel function of the second kind of order zero,
as introduced by Weber and Schlifli. The general Bessel function of
the second kind is defined by the equation

Ja(2) cos nwr — J_n(2)

sin nw

6.7) Va(z) =

or by the limit of this expression when # is an integer. See [6, pp. 370,
371.] Denoting (6.5) by f®(¢) we next calculate the expression

(6.8) @ (@f®(a) = f¥"(a)f*(a),

which occurs in relation (0.11) of Theorem 1. It is easily seen that
(6.8) is equal to

Al/2gae/2. Wronskian [Jo(z), ¥ o(2) | smanaoaat/a
= NV2al2[Jo(3) V{ (2) — T (2)Vo(2) |emmrrnenaitsa-

By (6.7), for # not an integer, we have

(6.9)
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Wronskian (Ja(3), Ya(2)) = Ja(@) Y4 (3) — T (2)Va(2)

=

(6.10) sin nw

[Ta(2) T (2) cos nrw — Ja(2)Tn(2)

— T ()T (2) cos nw + Jo(2)Jn(2)]

T4 (2)T—n(z) — Ta(3)Tn(3)].

sin nw
Now it is known that
(6.11) Ju(8)Tn(z) — J_u(2)Jd (3) = — 2 sin nr/73,
see [6, pp. 360, 380]. Hence (6.10) becomes
(6.12)  Wronskian (J.(2), V,.(3) = ——— — = —,

sin

this holding whenever 7 is not an integer. On taking limits one can
easily show that
(6.13) Wronskian (J.(2), V.(2)) = 2/mz
still prevails when # is an integer. Hence (6.8) and (6.9) are equal to

(6.14) )\1/2eaal2£ <.
T 2)\ll2eaaI2 P

On using this in relation (0.11) of Theorem 1 we find

w 1
f exp ()\f x”(t)e“‘dt)dwx
c 0
il , [2NMzewl? YL
(6.15) = ——— ¥, Jo
w1V 2\14gals « o
IN1/2gal? oNL/2\ 172
-t ()R ()]
a a

this holding for « real and different from zero, and for — o <A <0
or 0 <\ <\, where A\ is the least characteristic value of the differ-
ential equation (6.1) with the boundary conditions f(0) =f'(1) =0.

7. Example 4, p(t) =(+a)f, 0<a< », B —2. In this example we
let B range over all real values other than the value —2. This value
has already been handled in Example 2 given in §5. With this choice
of p(t), the differential equation (0.8) becomes

(7.1) @& + N+ )ff()) = 0.
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We take as a trial solution of (7.1) the series

0

(7.2) f) = X an(t + ) G+,

ne=0

Then formally

@) i an(B + 2)[nB + 2) + 1](t + a) B+2n—1

n=1

(7.3) = =AY aa(t + o) B+t

n=0

=AY Gt F ) B,

n==1

Thus we find the recurrence relations

(7'4) n(B + 2) [n(ﬁ + 2) + 1]an = — Nlp_1
or
)\an—l
an=— ;
(1.5) (B+2)%(n+1/(8+2))n
(— 1) TgoA"™

T B+ (i F 1/ B+ (—1+1/(B+D) - - - A+1/B+2)n!
This suggests that we take

(7.6) fOW = ¢+ )iy [M )\1/2]

. 1/(6+2) 8+ 2 ’
2(¢ Bl2+1\1/2

(7.7) JFOW = @+ 9Py e [(—t—;)l_—z——]

and it can be shown easily that these represent two linearly independ-

ent solutions of (7.1), for N real and different from zero. As an ex-

ample we shall show that f®(¢) satisfies the differential equation (7.1).
For convenience in writing we set

20t 4 a)pint
B+2
With this notation we find from (7.6)

(7.9) fO'(8) = (1/2)(¢ + &)~ 1) @42y (2) + NV2(E + @)B/2H12T 1 510)(2)
and

(1.8)

A2,
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fOE) = — 1/ + )71 612 (2)
(7.10) + N2t + @)/313(B/2 + 1)1 g4)(2)
+ N+ )12 40y (2).
Hence

SO + M+ )0

, 1,
= At + a)ft1/2 [-711/<a+2>(z) + 71 1/ 6+ (2)

(7.11) .

- m Jy e (@) +J 1/<ﬂ+2)(z):|

and this is zero by virtue of Bessel's differential equation. Hence
() defined as in (7.6) is a solution of (7.1). Similarly (7.7) is also
a solution of (7.1), and it is linearly independent.

Next we calculate

F®(@)fM(a) — f¥'(a)fP(a)
= N2(a + @)V 01021 042 (3) — T1r6040 (@) V110 (2) ].
By (6.13) and (7.8) we find that this becomes
J®' (@9 (a) = f'(@)]M(a)
(7.13) 2 B+ 2 _B+2

= \1/2 Bl2+1 =
A (a + a) x 2(; + a)ﬂlz+1)\1/2 x

(7.12)

Also by (7.9) and the recurrence formula for Bessel functions we find

(mﬂfW@=wm+wmmpwm@+%§3mmMﬂ
= NI 4 QPP 1 ().

Similarly

(7.15) () = NI @Iy gy a(s).

Hence relation (0.11) of Theorem 1 yields

fcwexp (R fol @+ a)"xz(t)dt) du

8 + 2
T pUDA(1 4 ) GHD /4118

- [¥ 1y grny—1(20)T 1/ @42y (20) — T1jge2)-1(21) Y1 o2y (20) |12,

(7.16)




1945] EVALUATION OF VARIOUS WIENER INTEGRALS 89

where

abl2+\1/2 (1 + a)f/zp12
Z30=2—--—, n=2—

8+ 2 - 8+ 2

The relation (7.16) holds for 8 —2, 0<a< «, and — o <A<\,
A=0.
It is perhaps interesting to put §=0 in (7.16). We obtain

w 1 21/2
2 3
(7.17) fc P ()\fo ¥ (t)dt) Gt TUINUA(1 + o)1 ll4

A[V_12((1 4+ )NBTy5(aN1?)
— J_12((1 + @)N2) Yy a(aNV/?) 12,

Now [6, pp. 364, 370]

Ji2(n) = (2/7u)/? sin u, J_1s2(u) = (2/7u)''? cos u,

J1/2 w/2) — J_1/2 2 \1/2
Vo) = 72(10) cozil(l (/W/)Z) 72(u) _ (7_r_u) cos u,
1/2 - — J1i/2 1/2
V_1jo(u) = L) c:isn((_ 1r//22)) T1) = 4 (;2; sin u.

Hence (7.17) becomes

w 1 22
2 =
L exp (Xj‘o X (t)dt)dwx 1|'112XI/4(1 + a)1/4a1/4

2 . .
719 g (o (4 ) sin vy

1

- (cos )\1/2)‘/2’

+ cos ((1 + a&)A\%)cos (a)\llz)}]—llz

which yields our earlier result.
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A GENESIS FOR CESARO METHODS
RALPH PALMER AGNEW

1. Introduction. The Cesiro methods C,, introduced by Cesaro! be-
cause of their applicability to Cauchy products of series, constitute
the most publicized class of methods of summability.

The regular Nérlund methods? of summability constitute one of the
two most publicized general classes of consistent methods of summa-
bility. The regular Hurwitz-Silverman-Hausdorff methods constitute
the other.

This note proves the following theorem.

THEOREM. The Cesdro methods are the only methods of summability,

regular or not, which are both Nirlund methods and Hurwitz-Silverman-
Hawusdorff methods.

Thus if the Cesidro methods had not been previously introduced
into mathematical literature, they could be defined and exploited as
the unique class of methods of summability enjoying all of the prop-
erties of N6rlund methods and all of the properties of Hurwitz-Silver-
man-Hausdorff methods.

In §4, it is shown that the only methods which are both Riesz
methods and Hurwitz-Silverman-Hausdorff methods are methods T',
closely related to the methods C..

2. No6rlund methods. Each sequence po, #1, « - + of real or complex
constants for which P,=p¢+p1+ - - - +p,7#0 for each # defines a
Norlund method of summability by means of which a sequence
So, S1, *+ + + is summable to ¢ if 0,—0c where
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