CONTINUED FRACTIONS AND BOUNDED ANALYTIC
FUNCTIONS

H. S. WALL

1. Introduction. In this paper we use the characterization given by
Schur [6]* for analytic functions bounded in the unit circle together
with the Stieltjes integral representation of F. Riesz [5] for analytic
functions with positive real parts, to obtain a new proof of a theo-
rem [8] characterizing totally monotone sequences in terms of
Stieltjes continued fractions. In the first place, Schur used an algo-
rithm which he called a “continued fraction-like” algorithm. We begin
by constructing from this an actual continued fraction algorithm, and
we then characterize the class of analytic functions bounded in the
unit circle in terms of this continued fraction. Next, we obtain by a
simple transformation a continued fraction for functions with positive
real parts.? This along with the above mentioned-theorem of F. Riesz
leads to the theorem [8, pp. 165-166] that the sequence {c,} is totally
monotone if and only if the power series co—c12+c222— - + - is the ex-
pansion of a continued fraction of the form

8 gz (1—g)gz (1 — go)gss
14+ 14+ 1+ 1 4,
where g020, 05g, <1, p=1,2,3,- - -.

2. An actual continued fraction algorithm derived from the ‘‘con-
tinued fraction-like” algorithm of Schur. The continued fraction
which we shall consider is as follows:?

(1 — op®)3 1 (1 — a3z 1

Qo3 — oy + ai3 —ag+ -

(2.1) ag +

in which the a, are complex constants with moduli not exceeding
unity, and 2 is a complex variable. It will be convenient to suppose
that if for some p, |a,| =1, then the continued fraction terminates
with the first identically vanishing partial numerator.

The pth approximant of (2.1) will be denoted by 4,(2)/B,(2),
where A4¢(2) =aq, Bo(z) =1, A1(2) =2, Bi(z) =a&2, and the other nu-
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! Numbers in brackets refer to the bibliography at the end of the paper.

2 A special case of this was given in [9, p. 415].

3 Hamel [2] used a somewhat different continued fraction for the purpose of
characterizing analytic functions bounded in the unit circle. He was obliged to use
an unconventional definition of convergence.
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merators and denominators are to be computed by means of the re-
cursion formulas

A2D(z) = apAzp—l(z) - A2p—2(z);

(2.2) Byy(2) = apBap1(2) — B2p—2(z)v p=1,2,3 .
Asp1(2) = @p34325(3) + (1 — apiy)zdzp-1(3),

Bapt1(2) = @p2B2p(2) + (1 — ap@p)2B2p-1(3),

If we write

P
Tp = H 1- aq&q),

q=0
then we have the “determinant formulas”
(2.3)  A2p11(2) Bap(z) — A2p(2) Bapia(z) = (— 1)7z7t'my,
(2.4)  Aspra(3) Bap(z) — A2p(3) Bapia(z) = (— 1)7s7mpopa.

These may be readily derived from the recursion formulas.
We shall now establish the following theorem:

THEOREM A. A4 funciion f(z) is analytic and has modulus not greater
than unity for l z[ <1 if and only if it is equal to a terminating continued
Sfraction of the form (2.1), or is the limit for |z| <1 of the sequence of
even approximants of a nonterminating continued fraction of the form
(2.1).

ProoF. Except in the case where |aq| =1, so that the continued
fraction is equal to the constant a,, the moduli of the even approxi-
mants are all Jess than 1 for |z| <1. In fact, consider the linear frac-
tional transformation

a— 3w 1 — ad)z

t = t(w) R o &z—(l/'w), Ial<1,
of the w-plane into the f-plane, the transformation depending upon
the parameter 2. If Izl <1, this transformation has the property that
|¢] <1 for || 1. The same is true of the product of two or more
such transformations, and inasmuch as A3,(2)/Bz,(2) is equal to the
product of p such transformations applied to the point w=a,, we
conclude that

(2.5)

I A2(5) for Izl <1

Bay(2)
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In the case where (2.1) does not terminate, the sequence of even
approximants converges uniformly for |z[ =r for every positive con-
stant 7 less than 1, and represents an analytic function with modulus
not greater than 1 for Izl <1. In fact, from the determinant formula
(2.4) we have the relation

Aspra(2) _ A%(Z) _ (- 1)”1!',,0&,,4.12”"'1 .
Bayi2(z)  Bap(2) Bayp+2(3) B2y(3)

It is easy to see from the recursion formulas and (2.3), (2.4) that the
denominators Bz,(2) are different from zero for [z[ =<1. Hence, the ex-
pansion in ascending powers of z of the right member of (2.6) begins
with the (p+1)th power, or a higher power, of 2. Consequently, there
exists a power series P(2) =cy—c12+c22— -+ + + which agrees term by
term with the series for As,(2)/Bs,(2) for more and more terms as p
is increased. Inasmuch as the coefficients in the expansion of this ra-
tional function do not exceed 1 in numerical value by virtue of (2.5),
we conclude that Ic,,l =1,p»=0,1,2, .+ -,so that P(3) converges for
|2] <1. Moreover, if we put Asz,(2)/Bay(3) =ao—a1z+aszt— - -
then if | 2] <7 <1,

(2.6)

.
’

A@) | (&, | 2w
2.7 P(Z)—sz(z) = q_Zo(— Deleq = a2t = T—,

from which we conclude that the sequence {A43,(2)/Bs,(2)} converges
uniformly to P(3) for Izl =r<1; and from (2.5) it follows that
| P(2)| <1 for |3| <1.

We must now show, conversely, that if P(3)=cy—c12+ - -+ + is any
function which is analytic and has modulus not greater than unity
for lz| <1, then there exists a continued fraction of the form (2.1)
such that (2.7) holds. To do this, we define the function P;(2) by

1 ¢ — P(2) €1 — Co% + cgz® — - -
Pl(z) = — - = — .
1 —6&P(E) 1 —élco—cis+cg®?—--+)

It is clear that |co| =1, being the value of P(0), and that if |¢,| =1,
then P(2)=c,. In either case, we put ay=c, If we suppose that
Icol <1, then, from the character of the above transformation and
from Schwarz’s lemma, it follows that P,(2) is analytic and has modu-
lus not exceeding unity for |z| <1. Take a;=P;(0). If |oa| =1, then
Py(2) =ou. If, however, Ia;[ <1, we write

1 o — Pl(z)

Py(2) = = m;

Oy = Pz(O).
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The function P»(2) is analytic and has modulus not greater than unity
for |z| <1. If || =1, then Py(3) =a,, while if |a,| <1, the process
may be continued. In this way we obtain a finite or infinite sequence
of functions

(2.8) Po(z) = P(Z)’ P1(Z), P2(z)l )
satisfying the relations
1 o — Pk op — ZPk+1
2.9) P = —— =— = Py(0).
( ) k+1(2) 2 1 — apPs ’ k 1-— &kZPk.H Tk k( )

From these we derive immediately a formal terminating or nontermi-
nating continued fraction expansion (2.1) for P(3). In the terminating
case, the expansion is obviously valid, being in fact an identity. In
the nonterminating case we have, for arbitrary k, the identity

_ Pr(2)A2-1(3) — A2r—s(2)

PG = Py(2)Bar—1(2) — Bor—2(2) ’

so that, by (2.3),
Azk_g(z) - P;,(z)(—- 1)"“‘1rk_1z” .
Bor—2(z)  Bar(z) [Pr(2) Bai—1(3) — Bar—2(2)]

From this it readily follows that the power series for Asx—2(2)/Bay—2(2)
agrees term by term with P(z) for more and more terms as % is in-
creased, and consequently (2.7) holds.

This completes the proof of Theorem A. This proof is the same as
that of Schur [6], except that we have used the formulas and nota-
tion of continued fractions. It should be observed that the constants
o, are uniquely determined by means of the given function P(g),
either as an infinite sequence in the one case or as a finite sequence
in the other.

P(2) —

3. A continued fraction expansion for functions with positive real
parts. A function k(z) is analytic and has a nonnegative real part for
|2] <1 and has the value 1 for 2=0 if and only if there exists a func-
tion P(z) which is analytic and has modulus not greater than 1 for
| 2] <1, such that

_ 14 2P(z) )

3.1) k(z) = 1= 2P

This follows from Schwarz’s lemma and the relation



114 H. S. WALL [February

1- | zP(z)| 2
R(k = ————————
*D =TT
We shall now obtain a continued fraction expansion for k(2).
Let By=1, and determine By, By, + + + by the relations
(3'2) BP+1=—EP___BP—’ ?=0;1v2$°"r
1- ayBp

where the a, are the numbers appearing in the continued fraction
(2.1) for the function P(2) determined by (3.1). The numbers 8, have
moduli equal to 1, and form an infinite sequence or a finite sequence
according as the sequence {a,} is infinite or finite, respectively. In-
stead of the functions (2.9) we now introduce functions %,(z) by

1 — B,P(2)

3.3 hy(z) = —m8M89 — =0,1,2, -
( ) p( ) 14 zﬂpPp(z) ’

By means of (2.9) and (3.2) we then find that

(3.4) hy(2) = br — % $=0,1,2,--

Brp+1 — Boz + (Bpr1 + @p)2hp11(3) ’

Remembering that By=1, we therefore have the formal continued
fraction expansion:

1 — P(a) _ Bo— @ (B1 + @) (81 — au)z
14+2P() f1—Buw +  Bi—Bu
(B2 + @) (B2 — @g)sz
+ Bs — Bz 4o
On multiplying both members of (3.5) by 2z/(1 —2), adding 1 to both
members, and then taking reciprocals, we have, using (3.1),
14z 20— a0z (b1t @0)(B1 — &)z
1—24+ B1—Buz + B2 — Bz
(B2 + @1) (B2 — @)z
+ Bs — Bz e
In case Ia,,l <1,$=0,1,2,---,n—1, ]a,,| =1, this continued frac-
tion terminates, the last partial quotient being equal to
(Bn + 3n—1)(1 — anB)z
1+ auBuz '

3.5)

(3.6)
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while if Iapl <1, p=0, 1, 2, - . -, the continued fraction does not
terminate. In the first case, k(z2) is of course equal to the continued
fraction. In the second case, the continued fraction converges uni-
formly in the neighborhood of the origin by a well known theorem
[4, p. 259]. An easy argument (cf. [9, pp. 415-416]) then shows that
its value is k(2).

If, in particular, k(z) is real when 2z is real, then B,=1,
p=0,1, 2, .., the o, are real, and the continued fraction for k(2)
can be thrown by means of an equivalence transformation into the
form

1432

1—3

gw  (1—g)gw (1= g)gsw
+ 14+ 1 4+ 1 4

where w=42/(1—2)? and g,=(1—a,1)/2, p=1, 2, 3, .. Thus
0=g,=<1, the continued fraction terminating in case equality holds
for some value of p.

It is readily seen that, conversely, if the a, are given, then the
function k(z) given by (3.6) or (3.7) has the stated properties. We
therefore have the following theorem:

3.7 k() =

1
1

THEOREM B. A4 function k(z) is analytic and has a nonnegative real
part for lzl <1, and is equal to 1 for =0, if and only if it has a con-
tinued fraction expansion of the form (3.6), where the o, are constants
with moduli not greater than 1, and the 3, are given in terms of the a, by
(3.2), Bo being equal to 1. If k(z) is real when z is real, the continued
fraction can be thrown into the form (3.7).

4. A characterization of totally monotone sequences in terms of
continued fractions. A sequence {c,} of real numbers is called totally
monotone if all the differences A™c,=¢n—Cn,1Cnt1+Cm 26np2— * *
+(=1)"Con,mCnym, m, n=0,1,2, - - -, are nonnegative. If ¢,=0, then
¢,=0 for p=1, 2, 3, - - - . Excepting in this trivial case, we may
normalize by dividing every member of the sequence by ¢, and may
thus assume that ¢o=1.

Hausdorff [3] showed that {c,} is totally monotone if and only if
there exists a bounded nondecreasing function ¢ (%) such that

1
4.1) 6y = f wrdd (), p=0,1,2,-
0

This is equivalent to saying that

1 d
(4.2) ¢ — aw + cow? — - - - =f ()
0

1+wu.
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We now turn our attention to a theorem of F. Riesz [5] which,
along with Theorem B, will furnish a characterization of totally
monotone sequences in terms of continued fractions.

TrEOREM C. A4 function k(2) is analytic and has a nonnegative real
part for ]z] <1, and is equal to 1 for 2=0, if and only if it has an
integral representation of the form

(4.3) k(s) = fo Tt 0,

eit — g

where a(t) is a nondecreasing function such that a(0)=0, a(27)=1.
The function o(t) is determined uniquely to an additive constant at all
its poinis of continuity by k(z).

Proor. Put

k(z)

14+ a2+ a2+ -

4.4 kel

(4.4 =14 D (bp + icy)r?(cos po + i sin pb),
p=1

where z=re®, 0<r<1. Then, if

u(r, 0) = R(k()) =1+ i r?(b, cos pb — ¢, sin pf) = 0,

p=1

we conclude that the function

1 ¢
() = — f u(r, 6)db, 0<tx 2n,
2‘R' 0
is a nondecreasing function of ¢; and «,(0) =0, a,(27) =1. Moreover,
27 27
do,(2) = 1, 2 cos gtda,(t) = rb,,
0 0

27
f — 2 sin gtda,(t) = r%,.
0

Using a well known theorem, we may now determine a nondecreasing
function a(¢) such that a(0) =0, «(27) =1, and a sequence of values
of r approaching 1, such that these equations go over into

27

27
da(t) = 1, f 2 cos gtda(t) = b,
0

27
f — 2 sin gfda(l) = c,.
0

0



1944] CONTINUED FRACTIONS 117

When these values are substituted in (4.4), that series may be written
as the integral of a geometric series. On summing the latter, we obtain
(4.3). The essential uniqueness of the function a(t) follows from the
fact that an arbitrary continuous function can be approximated uni-
formly by a trigonometric polynomial [5, pp. 38-39].

Conversely, if a(#) is any bounded nondecreasing function such
that a(0) =0, a(27) =1, then one may verify at once that the function
k(2) defined by (4.3) has the required properties.

We now make in (4.3) the change of variable #=sin? (¢/2), and
that formula becomes

1 +zf‘ do(u) . f‘ [w(1 — ) ]2 dy(u)
— iw
o 14+ wu 0 14 wu ’

where a(t) +a(2r—t) =y¢(u), 1 —a(2r—1t) =¢(u), w=43/(1 —2)2. The
function Y (u) is of bounded variation, and ¢(«) is bounded and non-
decreasing: ¢(0) =0, ¢(1) =1. The second integral in (4.5) vanishes.
identically if and only if 2(2) is real when z is real. On the other hand,
k(2) is of this character if and only if it has an expansion of the form
(3.7). On putting these two facts together we obtain the relation

(4.6) fl dep () 1 giw (I—glgw (1—g)gw
0

4.5) k(z) = T,

14+we 14+ 1 + 1 + 1 + .-

Recalling now the definition of a totally monotone sequence, and
the statement made concerning (4.2), we have the following theorem:

THEOREM D. The sequence {c,,} of real numbers, of which co=1, is
totally monotone if and only if the power series co—cyw—+csw?— - - + has
a continued fraction expansion of the form

1 pw (I-ghgw (1-—g)gsw
1+ 1+ 1 4+ 1 4]

where 0=g,=1, p=1, 2, 3, - - -, it being agreed that the continued
fraction shall terminate in case some partial numerator vanishes
identically.

4.7

An interesting consequence of this theorem is the fact that there
exists a sequence of polynomials Gi(g1), Gz(g1, g2), Gs(g1, g2, g3), * * *
where G, depends upon p variables, such that every totally monotone
sequence with ¢p=1 can be represented parametrically in the form

CP=GP(g1'g21""gp)r P=Oy 11 2)"'(G0=1),

where 0=¢, =1, p=1, 2, 3, - - - . Conversely, every sequence of this
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form is totally monotone. To obtain the polynomials G, it is but
necessary to observe that the power series expansion of (4.7) is the
series ¢o—aw—+caw?+ - - -+ where the ¢, are polynomials in the g,.
These may be most conveniently calculated by means of formulas
given by Stieltjes [7, pp. 419-420]. We mention only that

(4.8) Gig) = g, Galey, g2) = gi(1 — ) + &:g.

F. Riesz [5, p. 56] showed that a sequence {c,}, where co=1, is
totally monotone if and only if for every # the point (¢co, ¢1, * * * , €n-1)
lies in the convex extension of the continuous curve given in para-
metric form by (1, u, 2, - - -, u*1), 0S4 <1. The polynomials G,
therefore furnish a parametric representation for the points of this
convex set. This can be verified for =3 by means of (4.8).

5. Continued fraction transformations. If the o, are real in (3.5),
that relation may be written in the form

(I1—-2) 1-P@E) g (@—g)gw 1 —g)gw
2 143zP(G 1+ 1 + 1 4+
where g,=(1—ay1)/2, p=1,2,3, - - -, and w=42/(1—2)2 To indi-

cate the dependence of P(z) upon the a, we shall now write

P(z)=(2; ag, o1, 0, * * + ). The following relations may be readily
verified [6]:

(5.1)

(5.2) —P()=(3 —an —o1, —ay ),
(5'3) ‘P(_ Z) = (Z; gy, — Q1, Olg, — O3, * * * )y
(5°4) P(Z")=(Z;(Xo,0,"',0,0{1,0,"-,0,6{2,0,"'),

where 0 occurs #—1 times between a, and a,41. We observe that the
effect of replacing a,-1 by —a,-1 is to replace g, by 1—g,; and that
the effect of replacing a1 by 0 is to replace g, by 1/2. These facts
together with the preceding relations enable us to obtain a number of
transformations of the continued fraction in (5.1).

Let us denote the right member of (5.1) by F(w), and write
F(w) = [w; g1, g2 g5, - + * ]. On replacing P(z) by —P(2) and a,—1 by
—ap, that is, g, by 1—g,, p=1, 2, 3, - - -, we obtain at once the
relation [8, p. 166; 9, p. 416]

1 — F(w)
(5.5) T+ wi(w) [w; 1 — g, 1 =gy 1 — g, ]
Similarly, on replacing P(2) by P(—2) and o, by (—1)?a, we get
[1, p. 191]
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(5-6) 1 _F(—' w/(l + w)) = [W; 1- 81 82, 1- 88 84 * ]°
Using (5.4), replacing f(2) by f(z*) in (5.1), we obtain a relation of the
form
F(Un(w))
= [w;glr 1/2v Tty 1/2, §2, 1/21 ) 1/2vg8r 1/2" v ]'

where 1/2 appears n—1 times in each place, and where U,(w),
Va(w), Wa(w) are rational functions of w given by

4w
{(A+ w2 + 1) — (1 + w72 — 1)r)?
(14 w2+ D» — (1 + w2 — 1n}?
(1 + w2+ 1) — (1 + )12 — 1)
w{((1 + w)V2 4+ 1)71 — ((1 + w)'/2 — 1)m—1}2
- — {((1+ w2+ 1)t — (1 + W) — D)2t}

Here, that branch of (14w)¥2 is to be taken which reduces to 1 for
w=0.

Un('w) =

Va(w) = (1 + w)'?

.

Wa(w) = -
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