ON EXTENSION OF WRONSKIAN MATRICES
DAVID M. KRABILL

1. Introduction. By an interval J we shall understand a finite in-
terval of the type a Sx <b. If ui(x), ua(x), - + -, ua(x) are real func-
tions possessing finite derivatives of the first ¢ orders in an interval J
and 0=<s=¢, we call the functional matrix

U1 Uz * Uy

’ ’ ’

Ui u2 e Uy

Ma(uly ] u'ﬂ) -

(s) (s) (s)

U1 U C o Uy
their Wronskian matrix of order s. The Wronskian W(uy, - - -, %)

is the determinant of the matrix M,_1(u1, - -+, %,).
The principal result we obtain is that if # <s <t and the Wronskian
matrix of order s for # arbitrary functions u;(x), ua(x), + - -, %a(x)

of class! C® in an interval J has constant rank #, there exists
a function #,.1(x) of class C® such that the extended matrix
My(uy, - + -, #aq1) has constant rank n+1 in J. We employ a theorem
of Curtiss? which may be stated in the form:

THEOREM C. If ui(x), us(x), - - -, un(x) are functions of class C
in an interval J and their Wronskian matrix of order t has rank n
throughout J, then the Wronskian W(us, - - -, #,) has at most-isolated
2eros.

From the extension property of Wronskian matrices we obtain a
sufficient condition, in terms of the rank of a certain functional ma-
trix, that an arbitrary set of functions having suitable class properties
be solutions of an ordinary homogeneous linear differential equation.

2. Lemmas. We first prove two lemmas.

LemMA 1. If 8, ¢, ¢o, - - -, Cn are given constants with 6>0, there
exists a function f(x) of class C™ in the interval —1 Sx =1 which satis-
fies the conditions: (1) |f(x)| <6, —1=5x=1; (2) fO(—1)=f®(1) =0,
'l:=0) 1) R (] (3) f(0)=0,f(i)(0)=61‘, 7'=1) 2y R (2
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1 Each function has continuous derivatives of the first ¢ orders at every point of J.
2 D. R. Curtiss, The vanishing of the Wronskian and the problem of linear dependence,
Math. Ann. vol. 65 (1908) Theorem 4.
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Proor. Let p(x) be the polynomial
c1x + (co/2D)x® + - -+ =+ (ca/nl)am™

Then $(0) =0, p®(0) =¢; and for some B with 0<3<1, Ip(x)l <49,
—B=x=p. Take a such that 0 <a<f. Let

0=(—D"(x+ )" /(x+ 8% ¢=—(x—a)"/(x— B>
and let

0, xS — B, 1, 0=2x=a,
gz(x)z-{e", —B<z< —aq gz(x)E{e‘ﬁ, a<x<B,
1, —a=x=20, 0, B=w
The g's are of class C™ in their respective intervals of definition and
22(0) =g (0) for i=0, 1, - - -, n. Then the function
p@e(x), —1=x=20,

%) =
1@ {P(x)gz(x), 0<x=1,

is of class C™ in the interval —1=x =1 and satisfies the prescribed
conditions.

LEMMA 2. Given an interval J and constants a; and b;, ¢=0,1, - - -, n
with acbo >0, there exists a function f(x) which satisfies the conditions:
(1) f(x) is nonzero and of class C™ in J; (2) f¥(a)=ai, fP(b) =0,
1=0,1, - - -, n.

ProoF. Let 6=1/3 min (|ao|, Ibol, b—a). Take fi(x), k=1, 2, of
class C™ in the interval —1=<x =<1 such that: Ifk(x)l <6, —1=sx=1;
=D =1 =fu0)=0, i=0, 1, -, n; f(0)=ai, f(0)=bs,
2=1,2,-.-,n. Let

u(x) = fi((x — a)/8) + a0, @¢=x=a+3,
v(x) = fo((x — 8)/8) + bo, b—o6=x=0h

Then u(a) =u(a+38) =ao; [u(x) —u(a)[ <6, asx=<a+38; u(a)=a,
uP(a+8)=0, i=1, 2, - - -, n; and v(b) =v(b—8) =bo; |v(x) —v(d)
<0,b—0=x=b;v V() =b;, vP(b—8)=0,7=1,2, - - -, n. Moreover,
both #(x) and v(x) are nonzero in their respective mutually exclusive
intervals of definition by our choice of 8. Let w(x) = (ao—bo)e’+bo,
a+06=x=<b—90, where 0=—(x—a—208)"t1/(x—b+8)2 Then w(x) is
nonzero throughout its interval of definition and

w(a + 8) = a¢, wd — 8) = by, wP(a + ) = w?P(d — 8) =0,
1 =1,2,-+-,m.
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Therefore the function

'w(x), a+6§x§b_6’

u(x), exx2a+3,
f(x)E{
v(x), b—8=ax=0,

satisfies the conditions of the lemma.

3. Extension of Wronskian matrices. Let #(x) be a function of
class C®, =1, in an interval J with M1(%) of rank 1 at every point
of J. If v(x) of class C® exists such that M;(«, v) has rank 2 through-
out J, the Wronskian W(u, v) is nonzero in J. Thus in this case there
exists a function K(x) of class C*~V and nonzero in J such that v(x)
is a solution of the differential equation

(1 u(x)y’ — u'(x)y = K(x).

This leads us to ask: does (1) have a solution of class C® in J for
arbitrary K(x) of class C¢V which is nonzero in J? We give a
counter-example.

Example. Let J be the interval 0=<x =<2 and take u(x)=1-—x,
K(x)=1 -I-| 1—x| 2, Then the differential equation (1) becomes

(2) A—a)y +y=1+|1— x|

for which the general solution in the interval 0Sx <1 is
y(x) = %(x)f (K(z)/u*(z))dz + cu(x)
0

where ¢ is constant. Thus
¥ (2) = (1/u(x) [K(x) + o' (2)y(x)] =3 — ¢ — (1 — 2)71/2

and lim,.1_o ¥'(x) does not exist, so that the differential equation (2)
has no solution of class C’ defined in the interval 0 Zx 2.

We now consider the special case of extending a Wronskian matrix
of # columns and #+1 rows which has rank » throughout an inter-
val J.

THEOREM 1. If ui(x), ux(x), - - -, u.(x) are functions of class C®®
(t=n) in an interval J and their Wronskian matrix of order n has rank n
at every point of J, there exists a function un1(x) of class C® such that
Mu(uy, - - -, tny1) has rank n+1 throughout J.

Proor. Since M,(u1, - - -, u,) has rank » throughout J, it follows
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from Theorem C that W(u,, - - -, #,) has at most a finite number of
zeros in J. Denote by

(3) fr(x)y r = 0: 17 cr, N,
the cofactor of ¥ in the determinant W(u,, - - -, %, ¥) in which y

is unknown. If we prove the existence of a function K(x) which is
nonzero and of class C¢ in J for which the differential equation

(4)  fa@)y™ + faa(@)y™D + -+ fi(@)y + fo(2)y = K(x)

has a solution defined in J, we shall have proved our theorem since
the coefficients in (4) are of class C¢™, If f,(x) does not vanish in J,
standard existence theorems apply for arbitrary K(x).

Let f.(x) vanish in J. Since fu(x)=W(u1, - - -, u,), its zeros are
finite in number. Assume that the zeros are at the pointsc¢y, ¢z, + - -, Cm
with c1<c;< + - <cw. If the ¢’s are not all interior points of J, let

t

1 .
> —u’ @@ -0, v<a

=0 J!
Ulx) = { uix), e x=<b i1=12,--,mn
1w i
2w B =8, x>,
=0 J!
Then W(U,, - - -, U,) is identical with W(uy, - - -+, #,) in J,and is a
polynomial for x not in J. Therefore W(Us, - - -, U,) has isolated

zeros and for some a*<a and b* >b, the ¢'s are its only zeros in the
interval ¢* <x <b*. Consequently we assume without loss of general-
ity that ¢; >a and ¢. <b.

Since M,(u1, - - -, u,) has rank #» throughout J, for each i,
1=1,2, - - ., m, atleast one function in (3) does not vanish at ¢;. De-
note by fi,(x) a function from (3) such that fx,(c;) #0,2=1,2, - - -, m.
Define

gi(x) = £ (1/k)(x — c)¥, i=1,2,---,m,
where the ambiguous sign is so chosen that each Wronskian
W(uy, - - -, g, ¢;), which has the value % fi,(c;) at ¢;, has the same

sign at ¢;. Then, for some €>0 with e <ci—e<cite<co—e< -« -
<cCm+e<b,

Qi(x) =W(uy, -+ -, thny q:) #0,ci —e=x=ci+ei=1,2,---,m,
and ¢:(x) is a solution of the differential equation

Wus, « vy thny ) = Qi(%), i=1,2,---,m.
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Denote the nterval
(5) it e x=c—¢ k=1,2,---,m+ 1,

where ¢o+e=a and cmi1—e=>b, by J;. Let Pi(x) be any function
(Lemma 2) which is nonzero and of class C¢™ in J; and satisfies
the conditions

0 @

Py (ck—1+ €+ 0) = Qs_1(cr—1+ ¢ — 0),

(6) ) %)
Pl (o —e—0) = Qi (cr — e+ 0),
forj=0,1, - - -, t—n, where

0o+ e—0) =0t (c1 — e+ 0),
Orrilemis — € + 0) = Qn (cn + € — 0).

Then each function

Pi(x), cr1t+e=x=cr— ¢
Kk(x)E{k() - * k=1y2a""m+11
Qu(®), acrh—eSx=crte
where Cmi1+€=D0, is nonzero and of class C¢*® in its interval of
definition by the second set of conditions in (6). Thus the function
K(x) defined in J by

(7) K(x) = Ki(x), ckecx+esx=Zcyt+e k=12 -+, m+1,

is nonzero and of class C¢*=" in J by the first set of conditions in (6).
Since f.(x)#£0 in Ji, the differential equation W(wuy, - - -, #%n, ¥)
= Pi(x) has a solution p1(x) which satisfies the initial conditions

®  Ma—e—0 =g (a—e+0), j=01,-,n—1
It follows from the second set of conditions in (6) that (8) also holds
forj=n,n+1, - - -, t. The function

p1(), a2 xS 61— ¢
q1(%), ca—eSx=c1+e

yi(x) = {

is therefore a solution of the differential equation W(uy, + « -, g, ¥)
=K1(x).

In J; the differential equation
(9) W(“lr crty Upy y) = -P2(x)

has a solution pa(x) with p{’ (c;4€4+0) =y (c1+€e—0),7=0,1, - - -, 4,
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and also a solution r(x) with 7@ (c;—e—0)=¢{(ca—e+0), =0,
1, - - -, t. Now the difference of any two solutions of (9) is a solu-
tion of the corresponding homogeneous equation for which the #’s
are linearly independent solutions. Thus, for some set of constants
a1, Qg - ¢y Gy

po(x) = r(x) + ayn(x) + - - - + aaun(x), a1+ esSax=cr—e
Then the function

pa(%), atesxSc—e
ya(x) =
q2<x) + aui(®) + - -+ + aaun(x), ca—e=x=cate
is of class C® in its interval of definition with
G a4 .
y2 (c1+€e4+0) =9 (ca+e—0), j=0,1,---,¢
and is a solution of the differential equation W(uy, - - -, ta, ¥) = Ka(x).
We continue in the above manner, obtaining yi(x), cx1+eSx=Zc;
+e(k=2,3, - -,m+1) of class C® in its interval of definition with
€] (€)) .

Ve (ch—1+ e+ 0) = yia(cr1+€—0), 7=0,1,--.,¢
which is a solution of the differential equation W(uy, + + -, %, y)
= Ki(x). Then the function u,,1(x) defined in J by

Uni1(2) = (%), chorte=x=Zcate kE=1,2,--- ,m+1,

is of class C® in J and is a solution of (4) with K(x) defined by (7).
In the following theorem we consider the general case of extending
a Wronskian matrix.

THEOREM 2. If ui(x), us(x), - - -, u.(x) are functions of class C®
(t=n) in an interval J and their Wronskian matrix of order s (n <s <t)
has rank n at every point of J, there exists a function u.,1(x) of class C®

such that My(uy, + - -, Uny1) has rank n-+1 throughout J.

ProOF. The case s=# is treated in Theorem 1. Assume now that
M,(uy, - - -, u,) does not have rank = throughout J. Since
M,(u1, - - -, u,) has rank # at every point, it follows from Theorem C
that W(uy, - - -, #a) hasisolated zeros. Define f,(x), r=0,1, - - -, n,
as in (3). Since the f's are the n-rowed minor determinants of
M,(uy, - - -, u,) they have at least one zero in common, but only a
finite number for fn,(x)=W(uy, - - -, #,). Assume that the common
zeros of the f’s are at the points ¢y, ¢z, - - -, Cm With 1 <2< - + - <Cpme

There is no loss of generality to assume that ¢; >a and ¢, <b.
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For each 4, ¢=1, 2,-:-, m, some #n-rowed determinant of
My(uy, - - -, #,), which we shall denote by A;, does not vanish at c;.
If u(x) is a function of class C® in J and row 7 of M,(u1, « + + , u,) is
not a row of A;, denote by A;,, the determinant of M,(uy, - - -, tn, %)
which consists of row 7 and the rows represented in A;.

Let row 7; be the first row of M (%1, - - -, #,) which is not a row
of A;. Define

g:i(x) = (1/(ri — D)D) (x — c)wt, i=12--,m.

Then at ¢; the determinant A;, ,, of M(u1, + + -, s, ¢:;) has the value
(—1)»++riA(c;), hence for some §>0 with a<ci—8<ei+8<ca—6
< v <emt0<0,

(10) A;,,‘#O,ci—ééxéc,-—l—&, i=1,2,~--,m.

Since M (u1, + + +, %ay ¢:) has rank z+41 throughout the interval
ci—0=x=c;+06 by (10), W(uy, - - -, #n, ¢:) has isolated zeros in this
interval. Thus, for some €>0 with €< 6,

(11) Qi(x)EW(“l;"',%in)?fOat x=6ii€7 ’l:=1,2,"'ym.

We shall assume that Q;1(cir1—e),2=1,2, - - -, m—1, is positive or
negative according as Q;(c;+e€) is positive or negative, since g;y1(x)
could be replaced by —g¢i;1(x) and the expressions corresponding to
(10) and (11) would hold.

Define the interval J; as in (5). Since fo(x), fi(x), - - -, fau(x) have
no common zero in Jy, M,(u1, - - -, #,) has rank # at every point
of Ji. Thus, by the method employed in the proof of Theorem 1, we
can define a function Pi(x), k=1, 2, - - -, m-+1, which is nonzero
and of class C¢ " in J;, which satisfies the conditions

) M

Pi (cr—1+ €+ 0) = Qr—i(ch-1+ ¢ — 0),

(12) PP — e — 0) = 0 (cs — €+ 0)
for j=0,1, - - -, t—n, where

0 e+ e—0) = 01 (cr — e+ 0),
Oii(emss — €+ 0) = O (cn + € — 0),
and for which the differential equation W(uy, - - -, %a, v)=Pi(x),
k=1,2, -+, m+1, has a solution of class C® defined in J;.
In J, the differential equation

(13) W(us, - -« s tn, 9) = P1(2)
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has a solution p(x) with p¥(c;—e—0) =¢ (ci—e+0), j=0,1, - - -, ¢,
in view of the second set of conditions in (12). Then the function
pi(x), e=x=c—¢
yi(x) =
q1(%), a—e=x=c1+e
is of class C¥, and M (u1, - + -, #a, ¥1) has rank n+1 at every point

of the interval a Sx <c;+e€ since p1(x) is a solution of (13) and the de-
terminant A;,, does not vanish in the interval ci—e=x=c1+e€ by
(10).

In J; the differential equation

(14) W(uly Cty Uny y) = P2(x)

has a solution pa(x) with p$ (ci+€e40) =3P (c14+€¢—0),7=0,1, - - -, ¢,
and also a solution 7(x) with 7@ (ca—e—0) =gy (c;—e+0), j=0,
1, - -+, &t Since wui(x), us(x), - - -, us(x) are linearly independent
solutions of the homogeneous equation corresponding to (14), for
some set of constants ay, as, - * - , @n,

po(x) = r(x) + arur(x) + - - - + antta(x), c1+ eSS x=Zcs— e
Then the function
po(®), it e x=Zco— ¢
go(%) + arui(x) + - - -+ @uun(x), c2— €= xS 2t €

is of class C in its interval of definition with

ya(a) = {

) €} .
y27(61+€+0)=y17(¢;1+e—0), ]=0,1’...,t,

and My (uy, - - -, #., ¥2) has rank n+41 throughout the interval

a+esx=c:+e, since pa(x) is a solution of (14) and the determi-

nant A, ,, does not vanish in the interval c;—e=x <c.+¢€ by (10).
We continue in the above manner, obtaining yi(x), cr1+esx

Scirte (B=2, 3, - -, m+1, where cny1+e=0) of class C® in its
interval of definition with
( ) .
yk])(ck-—l + € + 0) = yki_l(ck_l + € — 0), j= O’ 1’ N
and with each matrix M (u1, - - -, %, yx) of rank n+1 throughout

the interval ¢y_1+€ =x <ci+e Then the function #,.1(x) defined in J
by

u’"+1(x)Eyk(x)y Ck—1+€§x§6k+e, k=1,2’-‘~’m+1’

is of class C® in J and the Wronskian matrix Ms(u1, - - -, #n41) has
rank z+1 throughout J.
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4. Application to the theory of differential equations. The extension
property of Wronskian matrices leads us to the following sufficient
condition that a set of # given functions be solutions of an ordinary
homogeneous linear differential equation.

THEOREM 3. If ui(x), us(x), - - -, u.(x) are functions of class C®
(t=n) in an interval J and their Wronskian matrix of order s (s <t) has
rank n at every point of J, then the u's are linearly independent solutions
of a homogeneous linear differential equation of order s+1 of the type

(15) YD + f()y® + - -+ fi(0)y + fo(x)y = 0
in which the fi(x) are functions of class C*—*=Y in J.

Proor. Let m=s—n-+1. The case m =0 is well known and m <0
is impossible. Assume now that m>0. Then #=<s<¢ and, by m
successive applications of Theorem 2, there exist m functions,

Unt1(X), Unp2(X), © © +, Unim(x), of class C® in J such that the
Wronskian matrices

(16) M(uy, - - -, %n+-1), MS(uly R un+2)r coey Mo(uy, - -, un+m)
have the respective ranks n+1, n+2, - - -, n+m at every point of J.
Since n+m =s-+41, the last matrix in (16) is the Wronskian matrix
of order s for s+1 functions of class C® (¢>s) with W(uy, - + -, %s11)
#0 throughout J. Therefore u1(x), us(x), - - -, #,11(x) constitute a

fundamental system of solutions of a homogeneous equation of type
(15) with the fi(x) of class C¢*=—V in J. Hence the # given functions
have the asserted property.
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