A NOTE ON THE LOWER SEMI-CONTINUITY OF DOUBLE
INTEGRALS IN THE PARAMETRIC FORM

WILLIAM SCOTT

Consider a double integral problem of the calculus of variations in
parametric form, that is, a problem involving an integral of the form

ffo(x, X)du

where x stands for the three coordinate functions, x'(u!, u?), x2(u?!, u?),
x%(u!, u?), and X stands for their three Jacobians.

Various theorems of the following general type have been proved
by McShane,! Caccioppoli,? Cimmino,* and Radé:*

If (i) the triples of functions x%(u!, u?), i=1, 2; n=0,1, 2, - - -,
satisfy certain conditions; (ii) the surfaces defined by xi=x%(u?, u?),
1=1,2;n=1,2, - - -, converge in some prescribed sense to the surface
defined by xf =xb(u!, u?), i=1, 2; (iii) f(x, X) satisfies certain con-
ditions; then

lim inf fj; S(xa(n), Xo(u))du _Z_f Sf(xo(n), Xo(u))du.

The conditions on f(x, X) usually contain a condition on its Weier-
strass E-function

E(x, X, X) = f(x, X) — X*fa(x, X),

the summation convention being used for convenience in writing.

McShane! requires either f>0, E=0; or f=0, E>0. Caccioppoli?
makes the same requirements. Cimmino® requires only f=0, E=0,
but works with smooth surfaces.
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Radé* proves the semi-continuity theorems under the same restric-
tions on f(x, X) as McShane and Caccioppoli, but for a more general
class of surfaces; namely, the class of surfaces that admit of a para-
metric representation for which the Lebesgue area is given by the
usual integral formula.

The question arises as to whether we cannot prove the semi-con-
tinuity theorem for the class of surfaces which Radé considers with
the requirements that f=0, E=0. We shall first prove a lemma on
the Weierstrass E-function, then prove a stronger form of Lemma 1.5
in Radé.t The remainder of the proof as given by Radé will then
prove the semi-continuity theorem with =0, E =0 if the revised form
of Lemma 1.5 is used.

We shall use the notations and definitions in Radé* throughout the
remainder of the paper.

LemMA 1. If f is admissible and xo, X o are such that

(1) f(xo, Xo) >0,

(2) f(xo, X) 20,

(3) E(x0, Xo, X) 20,
for every X, then there exists a 8>0 such that if X*fa(x0, Xo) >0 then
Fxo, X) >8] X]].

PRroOF. Since
Xofa(2o, Xo) = f(x0, Xo) > 0

at least one of fi(xe, Xo), f2(x0, X0), fs(xe, Xo) is different from 0. Hence
the set of points X satisfying X 2f.(xo, Xo)>0, H)—(” =1, is an open
hemisphere H°. Since E(xo, Xo, X) 20 we have f(xo, X) >O for every
XEH" If we deny the e lemma, then there exists a sequence {X.},
X, EH°such that f(xo, X»)—0. Hence there exists a point X & H — H°
such that f(x, X,) =0.

Let H—H°=C, and let the plane containing C be P. Let d(X, P)
denote the distance of X from P. Then if X H we have

3 1/2
* Xefu(o, Xo) = d(X, P) ( > filwo, Xo)) .
t=1
Let C’ be the great circle with center at X =0, unit radius, passing
through X, and perpendicular to C. Let the direction cosines of the
tangent to C’ at X, toward H® be cos ¢1, cos ¢z, COS ¢3.
Let df(xo, Xo)/d» be the directional derivative of f along this tan-
gent. Then we have

af(xOy Y0)

= fa(xO’ ?0) cos ¢a-
dv
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On the one hand, we have from (*)
Af (wo, X 3 12
M = (Ef?(xcn Xo)) >0,
v i=1
and on the other hand, since f(xo, Xo) =0, f(xo, X) =0 we have

af(xO’ :YO) _
v B

0.

This is a contradiction. Hence the lemma is true.

LEMMA 2. Let there be given an admissible f and a set of six constants
(o, 2, x5, X5, X2, X3) = (x0, Xo) such that

(a) f(x()v XO) > 0’

(b) f(x01 X) _2..07

(c) E(x, Xo, X) 20,
for all X. Then there exist two positive constants 81, 62 such that the follow-
ing holds. If 9, &', @2, @3, X', X2, X? satisfy the conditions

(a) 0 < n < 51,

(B) Xfalxo, X0) >0,

) £, X)—fwo, D)| =l X,
then

f(ff"y Y) - f(xor X) + E(xo, XO: X) =z — ntY“fa(xo, XO)

ProoF. The conditions of Lemma 1 are satisfied. Hence there exists
a positive constant § as described there. Let 8,=108/2, 8.=2/4.
Case 1. Xfo(x0, Xo) =(8/2)||X]|. Then
/(& X) — f(0, X) + E(x0, X0, X) 2 — || X
= — ﬂ@zY“fa(xoy Xo).
Case 2. Xfo(x0, Xo) <(8/2)||X]||. Then

(&, X) — f(x0, X) + E(x0, X0, X)

= f(& X) — X*fa(x0, Xo)

= f(x0, X) — nl| X]|| — Xfulo, Xo)
0
— nﬁgjf"fa(xo, Xo).

AA\Y

Therefore the lemma is true.

Let K, be the class of oriented surfaces whose Lebesgue area is
given by the usual integral formula. Let .Sy, »S, be oriented surfaces
in the class K, such that:
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(I) o n“"oSO-

(I1) If To: xp =xf(ut, u?), (u', u?) EBy, i=1, 2, 3 is a representation
of ,So then there exists, in x-space, a closed bounded set 4 such that
Z(TO, By)CA°, and f(x, X) =0 for x&4 and for every vector X.

(III) For a.e. point #& B such that X,(u) exists and is different
from 0 we have E(xo(x), Xo(), X) =0 for every vector X 0.

As we mentioned above the proof given by Radé will now lead to
the following result.

THEOREM. If f is admissible and if conditions (1), (1), and (I11) are
satisfied then

lim”inf f N f(xa(u), Xn(u))du = ffza Flxo(n), Xo(u))du.

This theorem is final in a definite sense. We cannot enlarge the
class of surfaces if we use ordinary Jacobians. Counterexamples have
been given which show the necessity of the conditions E=0, f=0.
Moreover if f is only assumed to be continuous, convex, and non-
negative, then we do not necessarily have lower semi-continuity. For,
let

flax, X) = | X3 + g(a*, a9 X?|

where
cos 16xt
g, x?) = 5 if % > 5/8,
cos nix!
g(xt, x%) = fl/w—1/n3 < 2 < 1/n4+ 1/n% n = 2,
Loy 08 (n + 1)4a!
g(x, %) Tt 1l
L ® =Wt D+ Yt D)
A/n—1/w%) — 1/(n+ 1) + 1/(n + 1)?)
[cos nixt  cos (n + 1)4x1]
n n+1
if1/n+ 1)+ 1/(n+ 1) <2< 1/ — 1/58
g(at, 4%) =0 if x3 < 0.

Then f satisfies all the conditions stated. Further let
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2 2 2 2 2
Xo = U , Xp = U , 0<u =1,
3 3 1 sin ntu!
xo = 0, Xy = — —
n ns

Then we have

T 1
lim inf f f(%a, X,)du = lim inf f f | 1 — cos? nw!| dutdu®
n Bn n 0 0

T L 1
=‘—<1r=f fdu2du1
2 o Yo

= f f(xo, Xo)du.
By
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A NON-INVOLUTORIAL SPACE TRANSFORMATION
ASSOCIATED WITH A (Q:,, CONGRUENCE

M. L. VEST

1. Introduction. The involutorial transformation associated with
the congruence of lines meeting a curve of order m and an (m—1)-
fold secant has been studied by DePaolis,* and Vogt? has studied the
non-involutorial transformations for a linear congruence and bundle
of lines. Cunningham?® has recently studied some non-involutorial
transformations associated with a Qi congruence. In the present
paper a non-involutorial transformation associated with the con-
gruence of lines on a plane curve of order #» having an (# —1)-point
and a secant through that point is considered. The bundle of lines
through the multiple point is not considered as belonging to the con-
gruence. The tangents to the curve at the point are considered to be
distinct.
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