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THEOREM 7. The set ais a modular ideal in L containing the set M/ .

ProoF. It is obvious that a is an ideal; that it is modular follows
from the corollary to Theorem 5, equations (7) and Lemma 2. Now
if (b, c)M’, then by Lemma 2 bQ®c& L, whence bc=(b®c)® «, and
bc&a. Hence M/ Ca.

It should be observed that both possibilities M =a and M/ #a
can occur. In our special example where A is a projective geometry
and A —L consists of all subelements x of a hyperplane % with x not
< o, M =uaif there exists k& L with © <k <h. On the other hand,
if no element exists (in A) between « and %, then M/ #a, for then
o & M . This example shows also that M, need not be an ideal.
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1. Introduction. Let 7'(x) denote a polynomial in a single real vari-
able x with real coefficients. T. Popoviciu! established sufficient con-
ditions that T'(x) be positive for all real x. In this paper we shall con-
sider polynomials in several real variables with real coefficients, and
establish sufficient conditions that the polynomials be positive for real
values of the variables.

2. Polynomials in two real variables. In this section we shall de-
velop sufficient conditions that a polynomial in two real variables
with real coefficients be positive for all real values of the variables.
Let us consider then,

2m 2n

T(x, 3’) = Z Z bijcijxty?,

=0 j=0

where the b;; are positive constants, and the ¢;; are real numbers. In-
troducing parameters, we write T'(x, y) in the following form
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1 T. Popoviciu, Sur une condition suffisante pour qgu'un polyndme soit positif, Mathe-
matica, vol. 11 (1935), pp. 247-256.
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By comparing coefficients, we find

2ag9 = boo,

20iB8i; = baiy1 2,

i=0,1,

2ai1vi; = bai 2it1

1=0,1,

1
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We define {_1;=%;,1=0 (¢=0,1,---,m;j=0,1, .-, n). The last
three equations can be written

1 1
")\;fc’—l i+ s + 20 = bai 2,
’I:=0’1,...ym;j=0’1’...,n.
The parameters a;; are determined by the recursion relations
2 2 2
AN by ajoviy joui j—1 — boiy 2jos j1 = baigjaqiy g

a5 = 2 )
8N\Poriy i 51

where we havedefined b_1;=b; ;=0anda;1=a1;=1(=0,1, - - -, m;
j=0,1,---,n). Let us write
Pi;i(N)
oij = )
2MQ:,(N)

where P;;(\) and Q;;(\) are polynomials in N\. The polynomials P;;(\)
and Q;;(\) satisfy the recursion relations

Poo(N) = booh, Qoo(\) = 1,

Pii(N) = Nbai 206N — 3bais 2:Ps a(NQis1 ;N
— 3b3: 251 Pis {NQs (V)

Qii(\) = Pi1 (NP (N,

where we define P_1;(A\) =P; as(N) =Q-1;(N\) =Qii(N) =1 (¢=0,1, - - -, m;
j=0,1, .-, n). Let \;; be the greatest positive zero of P;;(\). Then
we establish the following lemma.

LEMMA 1. X;;is greater than or equal to the greater of Ni_y jand N; j1.

We proceed to prove this lemma by induction. Obviously Xio=Xeo
and Ngt=Ngo. Since the degree of P;_; ;j(\) is greater than that of
Pi 1 ;1N P ;(\) and the degree of P; ;_1(\) is greater than that
of P;y j.1(N)P; j—a(N), it follows that the degree of P;;(\) is the same
as that of Nbg; 2;Pi1 jN) P j-1(N). We see that the coefficient of the
highest power of N in P;;(\) is positive. Let 7 equal the greater of
i1 jand N; ;1. Then P;;(r) £0. Hence, \;; is greater than or equal to
the greater of X\;_; jand \; j_1.

THEOREM 1. Let 7 be a real constant. If r >Ny, and

coo > 0,
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1 2

— 2 2iC2i42 2 — Cait12j > 0,
7

i=0,1,---,m—1j=01---,n—1,

1 2
—, C%i enC2iye 2 — FC2it1 20 > 0, 1=0,1,---,m— 1,
r

1 2

= Cei 22 2j42 — Cizjp1 > 0
7
t1=0,1,-+-,m—1;7=0,1,-+-,n—1,

1 2
—;Cm 2iCom 2j+2 — ‘12'62m 2541 > 0, J = 0,1,.--#n,—1,
7

C2'i+12i+1=011:=0v1y"'1 m—l;j=0v1"’yn_1°
then T'(x, y) >0 for all real values of x and y.

By the preceding lemma P;;(r) >0 (¢=0,1, - - - ,m;57=0,1, - - -, n).
Hence 0(,'j>0 (’i=0, 1, LR ,m;j=0, 1, vy, n), g‘ij>0 (’i=0, 1, s,
m—1;7=0,1, - --,n),and 9;;>0(=0,1, -+, m;j=0,1, .. -, n—1).
It follows that T'(x, v) >0 for all real x and y.

3. Applications. In this section we shall study the case where b;;=1
(#=0,1,---,2m;j=0,1, -+ -, 2n), and deduce a sufficient condition
that the polynomial

2m  2n

L(x, 3) = 32 2 cu'y!

=0 j=0

be positive for all real values of x and y. For this case, the polynomials
P;;(\) satisfy the recursion relations

Poo()\) = )\,
Pis(N\) = NPi_1 o(N) — 3Pia o(N), i=1,2--,m,
Poyi(N\) = NPy ;1(N) — 3Py j—2(N), J=12--,mn,

Pii(\) = NPi_1 (N Pi i-a(N) — 3P0 j-1(N) Picr -1(N) Pica (V)
— 3Pi1 N Picy i a(N) Pi j—2(N),
t=1,2,--c ,m;ji=1,2,--,m,
wherewedefine P_;;(\) =P; 1(\)=1(:=0,1, - - - ,m;j=0,1, - - -, n).
LeEMMA 2. Nij<2, i=0,1,--+-,m;j=0,1,--+, n.
We shall prove this lemma by showing that
Pii(\) = Pioa i(N)- P (V) > 0, A2
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We establish this result by induction, It is seen that the above is true
for 24+j7=0and 1. Now

Pio(N) = NP1 o(N) — 3Piso(N),

PN 2 N — HPicio(V) >0, A= 2,
Pix(\) = Pioio(M) >0, A= 2.

And since Po;(\) =P;e(\) it follows that
Poi(N) 2 Po 1a(N) > 0, A2

Now

Pii(N) = NPy j(M P ja(N) — 3Pi ja(N) Piy -1(N) Pie ;(N)
= 3Py {(NPiy ima(N) Pi (M),

Pii(\) =2 (N = D Py i(NP; (M) > 0, =2,
Pii(N) = Pioy ;(NPs i—a(N) > 0, A2
Hence \;;<2 (6=0,1,---,m;j=0,1, - -+, n). From Theorem 1 and
Lemma 2 we have immediately the following result.
THEOREM 2. If ¢40>0,
2
Cai 24C2it2 27 — 4Coip1 25 > 0,
=01, ,m—1;7=01,--+-,n—1,
C2: 2nC2i42 2n — 26:1'+1 on > 0, 1=0,1,---,m—1,

2
Cai 2iC2i 2542 — 4C2i 2541 > 0,
1=0,1---,m—1;7=0,1,---,n—1,

2 .
Cam 2iCam 2i+2 — 2C2m 2i41 > 0, ] = 0,1,.---,n—1,

C2i+12j+1=0, i=0,1,---,m—1;j=0,1,---,n—1,
then L(x, y) >0 for all real values of x and y.

This theorem is a generalization of the theorem of E. B. Van Vleck?
for the case of a polynomial in a single real variable x.

4. Polynomials in several real variables. Let

2u 20 2w

P q r

1 T(%x1, oy »+* y %) = 2, D0 v+ 2 Dpgernlpgerx®1&y + =+ X,
p=0 ¢g=0 r=0

2 E. B. Van Vleck, 4 sufficient condition for the maximum number of imaginary
roots of an equation of the nth degree, Annals of Mathematics (2), vol. 4 (1902-1903),
p. 191,
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where the b,,..., are positive constants, and the cp,..., are real num-
bers. Let A denote the class of all the distinct permutations %7 - - - k
where 7 ranges from 0 to %, j ranges from 0 to v, - - -, and % ranges
from 0 to w. We define the following #n+1 functions over the class 4

I 1,i7£uJ 1, 7#09 K 1, k= w
ek T 0, 1= uw Hek 0, 7= " » ek 0, k= w’
n ..
Sijeeg = ————— e kZFzuw- . w,
n—di,-...k

Suveew =0,

where d;;...» represents the number of the indices ¢, j, - - - , B which

are equal to %, v, - - + , w, respectively. Introducing parameters we re-
write the polynomial (1) as

27 27 2k
T(xl, X, * ,x,,) = Z [Sij-ukaii-ukcﬁ 2j...2kX1 X2 * ** Xp
A
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’
p=0 ¢=0 r=0
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where D4 means that the summation shall extend over all permuta-
tions 4j - - - kEA. By comparing coeffieients we obtain

napo...0 = boo...o,
2055, kBij. .k = Daivi2i-- -2k

205 kYiieook = Dai2jy1. . 2k

2aii...k5,-,o...k = bgi 27+ 2k+1y
2
g‘,-i...k = a,-,-...kBi,-...k,
2

Nijeook = QijeekYij ook
. . .
’
2

Mijee e = ai,-...kai,-...k,

1
naj. .. + Y (Gicr g+ Mmoo+ o0 F pigeob—1) = boi2je. 2

where we deﬁne g'ij« BT Nige k= 0 =[.L,‘j...k=0, Qij. . .k=1, ’l/j <ok
&A; bpg....,=01if p, g, -+ -, r are not in the ranges 0 to 2%, 0 to
29, - - -+, 0 to 2w, respectively. The parameters a;j. .., are determined
by the recursion relations )

noge...0 = boo...o,

Bas ba:
411,)\201,','...,9 == 4)\2b2' 272 < e A + 2Pl 2k + DR

Qi1 j.. ok Qf j—1+- -k

" bai 27’--~2k—1>.
i k—1
We write a;,-...k=P,-,-...k()\)/n)\Q,-j...k()\), where P;j...(\) and

Qij...x(\) are polynomials in N. The polynomials P;;...x(A\) and
Qi;...x(\) satisfy the recursion relations

Poo...o()\) = boo...o)\, Qoo...o()\) = 1,

Bais 27+ -2kQim1 .. .k(N)
Pigio..k(N)

Piieo k) = Qiser sV {xbz,. 2o — %[
b:i2i_1.-.szi i—1---%x(N) o
Piia..a(N)
n b:i 2.+ 251057 - . k—1(N) ]}
Pij.oei(N) ’
Qite o k) = Pt 5o k) Ps jtee k) « - = Pijeroa(N),
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where we define P;j...5(\) =Qij...s(A\) =1 for 4j - - - B&EA. Let Nij.. s
be the greatest positive zero of P;;...x(N). Then we can establish the
following lemma.

_ Lemma 3. Nij...k 45 greater than or equal to the greater of Ni_1 ;.. .k,
Ni Golewky * ° * y Nijeo kel

The proof of this lemma is similar to that given for Lemma 1.

THEOREM 3. Let r be a real constant. If ¥ Z\uy. . v, and

Co0...0 > 0,

2
1 C2it1 25+ 2k
~— Cai 2j.+-2kC2it2 2j. . 2k — ———— > 0,
r? Sij...k

2
1 C2i 2j41. .2k
— C2: 2. ..2kC2i 242+ .2k — ——— > 0,
r? Sij...k

2
1 Cai 25+ - 2k+1
~— Cgi 2j...2k02 2j..-2k4gs — ——— > 0,
r2 Si,'...k

C2it1 2j41-..2k+1 = 0,
then
T(%1, 2, * ++, %) >0
for all real values of x1, xs, + + + , %n.

This theorem follows from the preceding lemma in the same man-
ner that Theorem 1 follows from Lemma 1.
If we take the coefficients

bpgeeor = 1,

we can deduce a result generalizing Theorem 2. We consider the
polynomial

2u  2v 2w » q ”,
L%y, @9, -+ + %) = D 2 v+ 2 Cpgerer®1&2* * * X
=0 ¢g=0 r=0

We define over the class 4 the following » functions

0,i=0 0,/=0 0, k=0

ﬁ“*=Li¢wg””=Lj¢o“ T E=0

cy Rijeok

The recursion relations that the polynomials P;;...,(\) satisfy in this
case are
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POO.-.O(X) = >\,

el Gk A
Pijo.k(N) = Qij...x(N) <)‘ - 'Z‘l:f”" %—_ET;
Qiio1.. .s(\) Qi x—1(N)
oy e S

Q,','...k()\) = Pi-lj-uk()\)Pii—lu-k()\) L Pii-«-k—1()\),

D

where we have defined P;;...s(\) =Qsj...s(N\)=1for4j - - -

LEMMA 4. Nij...x<n?/4+1.

kgA.

The proof of this lemma is similar to that given for Lemma 2.

THEOREM 4. If Coo- - .0>0, and

16 C:i+l 25t o
(n? + &) C2i 95 --2kC2i+2 27-- -2k —5u—k— >0,
16 C:i 2j41.- -2k 0
(n? + 4)? Coi 27.--2kC2i 2j42- -2k S >0,
16 ‘ CZi 2okl o
o 1 2 C2i 2j- - -2kC2i 25 - -2k+2 —Si;...k >0,

then L(xi, xs, *
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-, x,) >0 for all real values of xi, x3, -

Cait1 2j41.--2k41 = O,

NOLOGY

*y Xa.



