A NOTE ON REPRESENTATION BY POLYGONAL NUMBERS
L. W. GRIFFITHS

1. Introduction. The universal functions of polygonal numbers of
order m—+2 were determined in an earlier paper.! In each universal
function the number % of variables was at most m+2. The minimum
value N of #, for each integer m =3, will be proved in this paper to
be the integer NV defined by (3). It will also be proved that there is a
unique universal function having =N if and only if m=3, 4,
2¥—2_2, 2¥-2—1, A universal function having #n=N is given by the
integers (4). At least one universal function different from this func-
tion is given by the integers (6) if m3, 4, 2v—2—2 2¥—2—1 and if
(7) and (8) hold.

2. Proofs. In the notations of the paper to which reference has
been made m was an arbitrary but fixed integer greater than or equal
to 3. The coefficients ai, as, - - -, a, in the universal functions were
positive integers to be determined, and 1=a:1=< - - - =<a,. Also, by
definition, wr=a1+ -+ -+ +ar (1 <k =<n). It was proved that no func-
tion is universal if w, <m-+2, and that if w,=m-+2 then the func-
tion f is universal if and only if f is one of the following:

(€)) 1,1,1,1,1) or (1,1,1,2), with m = 3 and w, = m + 2,
(2)(171911041""an)ywn=m+2>5yak§wk—1“1(4§k§”)y
but # > S5and a5 # 3 if a4 = 1.

Thus N =4 if m=3. It will be proved that if m >3 then the minimum
m is the integer N uniquely defined by

(3) W3 <m <21,

Consider the sequence of integers 1, 1, 1, 2, 22, ..., 23 ... in
which the ¢th term is 2%3 if ¢=3. The sum of the first 7 terms is
2241 if 4= 3. Now let f be a universal function which satisfies (2).
Then it is easily proved by induction that a;<2*~% and w; =2%241
(3=k=mn). Hence if <N this would imply in particular that
m+2=w,<27"241=2"-341, This contradiction of (3) when n<N
shows that = N. Furthermore N =5 since m >3 in (3).
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That N is the minimum value of # will be proved now, by exhibit-
ing a function satisfying (2) and having #»= N. This function has as
its coefficients the integers

(4) 1,1,1,2,22% .. 2V4 4y 4 1 — 2N-3

after they have been arranged in order of increasing magnitude. This
can be done because by (3) with V=5 there is a unique integer J such
that 0= J = N—3 and 2/ =m+1—2V-3< 27+ [t s easily verified that
the rearranged integers (4) satisfy all the conditions in (2).

The function defined by (4) is the only function satisfying (2) and
having n= N if m=4. This is also true if

(5) m=2N2—1 or 2§22 -2,

Then m-+1—2¥-3 js 2¥-3 or 2¥—3—1 respectively, and the integers (4)
require no rearrangement. Now if f is a function which satisfies (2)
with =N and is different from this exhibited function, then there
is a coefficient a;< 2% with j< N—1. Then wy_1=2¥% and ay 273
—1, and hence m+2 =wy <2¥-2—1, This contradicts (5).

The function defined by (4) is not the only function satisfying (2)
and having n=N if m#4, 2¥—2—2, 2¥-2—1, This will be proved by
finding conditions on the integers b and ¢ which are necessary and
sufficient that the sequence

(6) ly lv 1» 2, 22) M 2N~5y br 4

yields, after rearrangement in order of increasing magnitude, the co-
efficients of a function satisfying (2). Then values of b and ¢ will be
exhibited such that these conditions are satisfied and that the set of
integers (6) is not the set (4).

Let b be any integer such that

(7 (m+1—29/2<b< (m+1—254/2, b < 284,
and let ¢ be defined by
(8) c=m-+1— 2V-4—p,

It is easily seen that (8) is equivalent to the sum of the integers (6)
being m+2, and that the second inequality in (7) is equivalent to
b=c. If in b=c the integer b is replaced by its value from (8), and if
(3) is applied, it is seen that ¢=1-42¥-5 Hence ¢ is the last integer
after rearrangement of (6). Now the first inequality in (7) is equiva-
lent, by (8), to the fact that ¢+41 is at most the sum of the preceding
integers in (6). By the last inequality in (7) it is easily verified that
the rearranged integers (6) satisfy the remaining conditions in (2).
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Now, if m is odd, then (m-+1—2¥-3)/2 is an integer which may be
taken as the value of b since it satisfies the conditions (7). It is easily
seen that the set (6), in which b=(m+1—2%-3)/2 and c¢ is deter-
mined by (8), is not the set (4). However, if m is even and not equal
to 273, then b= (m+2—27-%)/2 and ¢ determined by (8) are integers
which satisfy (7) and yield a set (6) which is not the set (4). But if
m=27"% then N=6 and b=2 satisfies the conditions (7) on & and
yields a set (6) which is not the set (4).

An interesting choice of integers & and ¢ is that given by
b=(m+1-27%/2if misodd and lessthanorequal to (2¥—442¥—%—1),
but by b=(m—2¥%)/2 if m is even and less than or equal to
(2¥—4427¥-3) Then (6) require no rearrangement, and ¢ is respec-
tively & or b+1. The resulting integers (6) differ from (4) when
mEIN—4 QN8 1 QN—4 L IN-3,
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HAUSDORFF METHODS OF SUMMATION WHICH INCLUDE
ALL OF THE CESARO METHODS
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1. Introduction. The transformation!

OTm = Zcm,nAm_ncn'sm
n=0
where ¢, = folu"dqb(u) and {s,,} is a given sequence, defines a regular
method of summation of the sequence {s,,} provided that ¢ () is of
bounded variation on the interval 0 £# =<1, continuous at #=0, and

0 if =0,
o(u) =41 if u=1,
o —0) +d(u+0)] if 0=u<1.

If these conditions of regularity are fulfilled the sequence {c,,} is said
to be a regular moment sequence (briefly a regular sequence), the mass
function ¢ («) is said to be a regular mass function, and the method of
summation involved is called a Hausdor{f method of summation ([1] or
[2]) and is designated by the symbol [H, ¢(u)].
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