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DIOPHANTINE SYSTEM1 

E. T. BELL 

1. The quadratic case. Several writers2 have considered the prob­
lem of making a2x2+dx, b2x2 + ex, • • • simultaneously squares, a, dy 

by e, - • • being constants, without discussing the conditions under 
which an integer solution exists. The fact that the coefficients of x2 

are squares is of no consequence. It is shown in §2 how necessary and 
sufficient conditions for the existence of integer solutions in much 
more general problems (§2, (9), (13)) can be determined and how, 
when these conditions are satisfied, the solutions may be found. The 
details are given first for three very special cases, (1), (5), (6) below. 

If all letters denote integers, and a, b, c, d are constant, we seek 
necessary and sufficient conditions that the system 

(1) ax2 + bx = y2
y ex2 + dx = z2 

shall have a solution x, y, z. We shall assume that abed ̂ 0 , as the ex­
cluded possibilities require only slight modifications, all of which are 
included in the general method. 

The required conditions are that b, d be simultaneously represent-
able in two forms of degree seven. Precisely, (1) has a solution in in­
tegers x, y, z if and only if integers/, g, h, k, m, n exist such that 

(2) b = hf2(m2 - ag2k2), d = hg2(n2 - cf2k2). 

Provided such/ , g, • • • exist, the complete solution of (1) is 

x — hf2g2k2, y = hpgkm, z = hfg2kn, 

where/ , g, h, k> m, n run through all solutions of (2). 
To prove this, we rewrite (1) as 

x(ax + b) = y2, x(cx + d) = z2, 

which is of the form 

(3) xu = y2, xv = z2
y 

with 
u = ax + &, v = ex + d. 

The complete integer solutions of the respective equations in (3), 
1 Presented to the Society, April 6, 1940. 
2 Summary of results to 1920 in L. E. Dickson, History of the Theory of Numbers, 

vol. 2, 1920, chap. 18. 
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with x, y, z, u, v unrestricted variables, are 

2 2 

x = riSiy u = rihy y = riSiti; 
2 2 

oo — r2s2, v = r2t2l z = r2s2t2, 

in which all the letters with suffixes denote arbitrary integers. Since 
in the system (3) the two values of x must be equal, we have 

2 2 

(4) risi = r2s2, 

of which the complete integer solution is 
Yi = hf, si = kg, r2 = hg2, s2 = kf, 

where ƒ, g, h> k are arbitrary integers. From the (restricted) values 
u = ax-\-b, v^cx-\-d of u, v, we find the stated conditions on b, d, after 
the change of notation (/i, t2)—>(tn, n). The completeness of the solu­
tions of (3), (4) implies the completeness of the solution of (1) when 
f, g, • - - run through all solutions of (2). This treatment is possible 
only because (3), equivalent to (1), is a pure multiplicative system. 
A full discussion of such systems, with a non-tentative method for 
finding their complete solutions, was given in a former paper.3 

The above solutions of (3), (4) were obtained by this method. 
Proceeding similarly with 

(5) ax2 + bx = y2, ex2 + dx = z2, ex2 + jx = w2, 

in which a, b, c, d, e, j are constant integers, different from zero (not 
an essential restriction), we find that all solutions x, y, z, w are given 
by 

x = hf2g2k2p2q2r2s2, y = hf2gkpq2rs2l, 

z = hf2g2k2pqrsmf w — hfg2kpq2r2sn, 

where h, • • - , m run through all integer solutions of 

b = hf2q2s2(l2 - ak2g2p2r2), d = hf2g2k2(m2 - cp2q2r2s2), 

j = hg2q2r2{n2 — ek2f2p2s2). 

Here the simultaneous representation of b, d, j which is necessary 
and sufficient for the existence of a solution of (5) is by forms of degree 
fifteen. This may suggest that anything approaching a complete solu­
tion of the systems quoted2 is not to be expected in the near future. 
However, any number of solvable systems can be constructed immedi-

3 American Journal of Mathematics, vol. 55 (1933), pp. 50-66. 
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ately from the conditions, and likewise for such systems having infini­
ties of solutions. 

The pure multiplicative system corresponding to (3) for (5) is 

2 2 2 

riSi = r2s2 = r353, 

of which the complete solution is 

Y\ — hf2q2s2, r2 = hf2g2k2, r3 = hg2q2r2, 

Si = kgpr, s2 = pqrs, sz = kfps. 
The special features of (1), (5) and the systems cited2 which make 

it possible to treat the equations as a pure multiplicative system are 
that each equation lacks a constant term in one of its members and 
that its other member consists of a single term. The second of these 
restrictions is removed in §2. It is immaterial that the single term has 
the coefficient unity; for multiplicative systems with arbitrary con­
stant integer coefficients can also be solved completely by a straight­
forward, non-tentative process.3 

For example, the pure multiplicative system corresponding to the 
system 

(6) ax2 + bx = ry2, ex2 + dx = sz2, 

in which the constant integers a, b, cy d, r, s are all different from zero, 
is 

(7) xu — ry2> xv = sz2. 

We first solve (7) as if all the letters were variable integers, and find 
the complete solution 

2 2 2 2 2 2 2 2 

x = trir2r^siS2SiXix2yiy2, y = r2sis2s±xix2yiy2zi, 
2 

(8) z = rir2r^s2xix2yiy2z2l 
2 2 2 2 

u = rtfzSiXiyiZu v = ^^2^3^1^222, 
2 2 

r = triwzft, s = tSxStfsSi, 

in which t and all the letters with suffixes denote arbitrary integers. 
If now r, s are constant, we resolve them in all possible ways into 
products of five factors as indicated above, and it suffices (as appears 
in the method cited3) to take t equal to the G.C.D. of r, s. With each 
such pair of resolutions of r, s there is associated a solution x, y, z, u, v 
as given in (8) ; all the solutions of (7), with r, 5 constant, fall into sets 
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determined by these pairs. Proceeding as in ( l)-(4), we find that (6) 
has an integer solution x, y, z if and only if integers xi, x2, yi, y2, Z\, z2 

exist such that, for some resolution of r, s as in (8), 

2 2 2 2 2 2 2 

b = f2SiXiyi(rzZi — atrir^r^s^x^y^), 
2 2 2 2 2 2 2 

d = riS2Xiy2(ssZ2 — ctr2r^SiS2s^X2yi); 

and if these conditions are satisfied, the complete solution x, y, z of 
(7) is as given in (8), in which / and the r», Si refer to all resolutions 
of the constants r, s of the type indicated. The extension to a system 
of n (>2) quadratics is immediate. 

2. The general case. The notation is as follows. 
Pi(x) is a polynomial in x of degree mi-\-riy m z > 0 , r*>0, with con­

stant integer coefficients. 
The term of lowest degree in Pi(x) is a,iXmi, di^O. 

Pi(x) = xm*<2i(», Qi(x) = Ri(x) + ai, 

so that Ri(x) is a polynomial in x of degree r t > 0 with constant integer 
coefficients and no constant term. 

bu ni, s denote constant integers, ô ^ O , W;>0, s>l. 
By the method exemplified in §1, we may obtain necessary and 

sufficient conditions that the system 

(9) Pi(x) = biyT, i = 1, • • • , s, 

shall have a solution in integers x, 3>i, • • • , 3>s. The conditions concern 
the representability of the constant integers #i, • • • , as in certain 
forms; the complete solution of (9) is known when all these repre­
sentations of ai, • • • , as are known. 

Rewriting (9) as 

(10) x l[Ri(x) + ai] = biji\ i = 1, • • • , st 

we associate with (10) the pure multiplicative system 

(11) xmizi = biyni, i = 1, • • • , s. 

The complete integer solution x, ziy yi, i = 1, • • • , 5, of (11) is found 
as in §1 in terms of t, =t(m\, • • • , m8y n\, • • • , ns), parameters; say 
the solution is 

x = /(«i, • • • , ut), %i = gi(ui, • • • , ut), yi = hi(uly • • • , ut), 

l = 1 , • • • , S. 
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The / , gi, hi are power products in u\, • • • , ut with integer coefficients 
which are power products formed from the factors in certain resolu­
tions of the constants b\, • • • , bs into products; the forms of/, gi, hi 
and the coefficients described depend only on the given constant in­
tegers Wj, tii. Necessary and sufficient conditions that the system (9) 
have a solution in integers x, yiy i = 1, • • • , s, are found as in §1, and 
refer to the representation of the constants ai in certain forms. Com­
paring (10), (11), we find 

di = gi(ui, • • • ,ut) — Ri(f(uh • • • , ut)), u = 1, • • • , s, 

as the required conditions. When these are satisfied, the solutions are 
obtained from (12). 

An obvious modification gives necessary and sufficient conditions 
for the existence of an integer solution, and so on, of the more general 
system 

(13) CiPi(x) = biTi(yi)y i = 1, • • • , s, 

in which d, bi are constants, Pi(x) is as before, and Tiiyi) is a poly­
nomial in yi of degree «,-+/», tii>0, ti>0, in which the term of lowest 
degree is dtyl*, di^O. The associated pure multiplicative system is 

Ci% Zi = biyi wiy i = 1, • • • , s; 

the conditions concern the representability of the at-, di in certain 
forms. As in all cases the conditions are both necessary and sufficient, 
the complete solution of the given system is equivalent to finding the 
total representation of the coefficients ai, di in a determinable system 
of forms. 
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