
METRIC SEPARABILITY AND OUTER INTEGRALS1 

JOHN F. RANDOLPH 

R. L. Jeffery [ l ] investigated an upper integral for functions (from 
the line to real numbers) not necessarily measurable. Let ƒ be 
bounded, <x<f(x)<fi for xzA, let ei=*Ex[ai^f(x) <a,+i] where 
a = a0<ai< • • • <aw = /3 and consider ^ a t m * ^ . If as n increases 
and max (a,-+i —a*) approaches zero, the limit of this sum exists and 
is independent of the subdivisions, this limit is the upper integral of ƒ 
over A j J1f{x)dx. 

Two point sets with finite outer measure are metrically separable 
if the outer measure of their sum is the sum of their outer measures. 
A function is metrically separable on a set A if for each constant X 
the part of A on which the function is greater than X is metrically 
separable from the rest of A. Jeffery proved that metric separability 
may be made the basis of a comprehensive theory of integration 
which includes Young, Pierpont, and Lebesgue integration. 

All measurable functions are metrically separable, but a function 
defined over a non-measurable set (and so necessarily non-measur­
able) may still be metrically separable. However, if ƒ is metrically 
separable and possesses an outer integral on a set A, there exists a 
measurable set B D A and a function <£, measurable on B and equal 
t o / o n Ay such t h a t / J S 0 = ƒ*ƒ. I f / i s metrically separable and summa-
ble on Ai and on A2, it need not be metrically separable on A1+A2, 
but is summable on this set. Jeffery's methods of proving these re­
sults are not applicable, but the same results hold, as this paper 
shows, for functions from the plane to real numbers if Carathéodory 
outer linear measure and integration with respect to this measure are 
used.2 

1. Equivalence. Let A be a set with finite outer linear (Cara­
théodory or Gillespie) measure and T[A] the set of points of the 
complement of A where the superior outer density of A is positive. 
Then, [2 ], "A = A + r [A ] is a massgleiche Hiille of A, that is, is linearly 
measurable with linear measure equal to the outer linear measure of 
A. Thus A is linearly measurable if and only if T [A ] has linear meas­
ure zero, that is, L*T [A ] = 0. 

1 Presented to the Society, in part December 30, 1936, under the title Metric 
separability and the Hildebrandt integral, and in part October 28, 1939, under the title 
Metric separability. 

2 The same methods also prove these results if outer Gillespie linear measure 
(see [3]) is used. 

934 



METRIC SEPARABILITY AND OUTER INTEGRALS 935 

If L*Ai and L*A2 are finite, then Ai and A2 are metrically separable 
if and only if 

LAxA2 = 0 (or LA2A1 = 0). 

F o r L * ( ^ i + ^ 2 ) SL*(Ai+A2) SL(Ai+A2) =L*(A1+A2) so theequal-
ity holds, and then since A2 is measurable 

L*(At + A2) = L*Ai + LA2 - L*A^K2 = L*At + L*A2 - L*A$2, 

so 

L*(AX + A2) = L*Al + L*A2 

if and only if L*AiA2 = 0. In particular if Ai and A2 have no points 
in common they are metrically separable if and only if 

L*^ i r [^ 2 ] = 0 (o rL*^ 2 r [^ i ] = 0). 

Also if A =Ai+ - • • + i m , L*A{ finite, Ai and Aj metrically sepa­
rable, then L*A =L*^4i+ • • • +L*Am and 

(1) A + T[A] = At + T[AX] + • • • + Am + T[Am]t 

both equations following quite simply. 
We now prove a theorem for bounded functions on sets of finite 

outer linear measure that may be extended in the usual way to func­
tions summable, in the sense of outer integrals. 

THEOREM. If A is a plane set with L*A finite and ƒ is a bounded 
(a<f(p) <j3, p £ A) function metrically separable on A (so ƒ*ƒ exists) 
and B =A + T [A ], then there is a function <f> which is measurable on B, 
p e A implies <j>(p) =f(p), and 

f <Kp)dL(B) = f f{p)dL*(A). 
J B JA 

If c<d are any two numbers, let A(c, d) =Ep[cSf(p) <d; p e A]. 
Foreach w = l, 2, • • • let a = an,o> #n,i, • • * , ant2n=f3 be a subdivision 
such that 

an,i - fln.i-i = j8 - a/2», i = 1, 2, • • • , 2W, 

and define 

Ai = A(an,2
n-i\ anx-i+i), i = 1, 2, • < • , 2n. 

The union of these sets is A and ^U and Aj are metrically separable 
iy^j (since ƒ is metrically separable on A) ; so from (1) 
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B = J£At + T[At]. 

We now define for each n = 1, 2, 3, • • • 

4>(p) = if(P) if ptA' 

Thus <t>n(p) is defined for each point p of 5 . Since <j>n(p) ^<t>n+i(p) </3 
the limit cj>{p) =limn^oo (j>n{p) exists. Clearly </>(p) =f(p) if p £ A. 

Also 0 is a measurable function. First Ep[(j>n(p) ̂ a n , r ] = A{an,r\ ]8) 
—A(a; an , r). However, since ƒ is metrically separable on Af the sets 
A(an,r\ j3) and -4(a; aw,r) are metrically separable and have no points 
in common 

L{T[A(an,r] p)]A(a; an,r)\ = 0, 

that is, the measurable set A (an,P; j3) represents almost all points where 
<t>n{p)^a>n,r' Now if X is any number a^X^jS , let flBl(fl, an2tr2, • • • 
where n\ ^ n2 ^ • • • be an increasing sequence of points of subdivi­
sions approaching X. Then the measurable set 

00 

I I *(«»<«; 0) 

differs from Ep[<j>(p) ^X, £ £ /3] by a set of measure zero. Thus <f> is 
a measurable function. 

To prove the integral equality let a = a 0 < # i < • • • < a n = j3 be a 
subdivision and define 

* = E[pzA, a{ S f(p) < aw], Si = E[pzB, a< ^ 4>0) < a m ] . 
V V 

Then 5t- is measurable, Si D Si and 

L*A = L*5l + • • • + L*sm g LSx + • • • + LSm = L 5 = L*i4, 

so L*Si = LSi, i = l, 2, • • • , ra, and thus by multiplying by #j, sum­
ming and taking limits we see the desired equality 

ƒ*'-ƒ• 
for bounded functions over sets of finite outer linear measure. 

2. Additivity. If Gi and G2, each with finite outer measure, are 
metrically separable and ƒ is a function metrically separable on each, 
ƒ is metrically separable on G1+G2. However, if G\ and Gi are not 
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metrically separable, then ƒ may not be metrically separable on their 
union, for example, if Gi and G2 are complements on the unit interval 
each with outer measure unity and f(x) = 1 if x £ Gi, f(x) = 2 if x £ G2. 
If however, ƒ is metrically separable and the outer integral of ƒ exists 
on each set G\ and G2, then the outer integral exists on G1 + G2. For 
let Gi = Gn+Gu where Gi2 = Gi(G2 + r[G2]) anc^ Gn = Gi —G12 and in 
like manner take G2 = G2i + G22. Then Gn and G12 are metrically sepa­
rable as are G21 and G22 as well as Gu and G2i, while no subset of posi­
tive outer measure of G12 is metrically separable from G22 and no sub­
set of G22 is metrically separable from Gi2. We may then apply the 
following theorem (proved for positive bounded functions, but ex­
tendible in the usual way) to obtain the property of additivity over 
sets of the existence of outer integrals. 

THEOREM. Let A\ and A2 be two point sets of the plane with outer 
linear measure finite such that no part of either with positive outer linear 
measure is metrically separable from the other. Then if ƒ is a positive 
and bounded (0 <f{p) </3; p £ A1+A2) function metrically separable on 
A\ and on A^ the outer integral of f exists on A1+A2. 

For each n — \, 2, 3, • • • let 0 = an,0, an,u • • • » an,2n = j8be a subdi­
vision of the interval (0, j3) into 2n equal parts. Define 

Snii = E[ptAu an,i-i ^ f{p) < an,i], 
V 

Snii = E[pzA2, an,i-i ^ f(p) < an,i], f = 1, 2, • • • , 2 n , 
V 

and 
2n 

Cn / j Snn Sn2i 
«'==1 

where snii = snu+T[snu]. Then en is a measurable subset of the meas­
urable set Ai+Av Also let 

En = (J"i + Tz) - en. 

Since sn+i,i,2i-i and sn+i,i,2t are metrically separable and their union 
is snij we have 

Sn+l,l,2i— 1 T" 3n+l,l,2» = Sn,l,i 

and 

Sn+l,2,2i-l + Sn+l,2,2i = Sn>2,ij i = 1, 2, • • • , 2 n . 

If then p £ en+i there will be a j such that p will be either in 
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Sn+i,it2i-isn-hi,2,2i-i or sn+i,i,2iSn+i,2,2i so in either case will belong to 
sn,i,iSn,2,i and so to eni that is, en+icen. Thus En+ioEn and the sets 

e = ei - e2 • • • , E = Ex + E2 + • • • 

are clearly metrically separable. 
We first prove that the outer integral of ƒ exists over e(Ai+A2)-
Let bni^Eplp E e(Ai+A*), anti-iûf(p) <an,i], n = l, 2, 3, • • • , 

i = l , 2, • • • , 2n . Then bn,i = e(sntiti+snt2,i). But enSni,-and £$w2» differ 
from each other only in a set of measure zero so esnii and esn2% differ 
a t most by a set of measure zero, so 

Le(snii + sn2i) = £e$nH = Lesn2u 

so 

£ M * n l » + *n2i) = L*eSnii = £ * ^ n 2 i 

or 

L*bni = £*étfrw = L*esn2i. 

Thus 

2n 2« 2» 

2 ^ ani±j 0ni = 2LJ UniL* GSnli = = 2—i ^niX' eSn2i, 
t = l t = l »=*1 

and consequently the integral of ƒ exists over e {A i+^U) and 

f ƒ(#)<&(#) = f ƒ(*)<&(#) = f f{p)dL(p). 
J e(Ai+Az) J eAx J eA2 

We now show that ƒ has an outer integral on E(Ai+A2) which 
moreover is the sum of the outer integrals over EAi and EA2. 

Let el =YT^iEsniiSn2i and let El = E(Zi + 32) —el. Now el o el+i 
so El c£ n

;
+ i . Also limnH.oo L*en

; = 0 for otherwise we would have 
L * £ e > 0 . Therefore limn->oo L*El =E and thus l ining L:¥E(Ai+A2) 
= L*E(Ai+A2), limn^oo L * £ n ' A i ^ U E A i and lim».** L*£ nM 2 = £42 . 

Now for n'>n let hn>u = Ev[p £ ElAh an',i-itkf <a>n* ti\> j = l , 2; 
i = 1, 2, • • • , 2n ' . Then / V H and / v 2 ; are metrically separable, so we 
have 

L*(hn>u + An/2») = L*hn>u + L*hn>2i 

and thus 

f / - f /+f* /. 
•/ E n ' (A i+A 2) J ^ n ' ^ 1 J ^ « ' ^ 2 
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Also since 

ƒ * ƒ+ƒ* ƒ_ƒ••ƒ, 
J E 'Ai J (E-EH')Ai J EAi 

ƒ = ƒ- lim I ƒ = ƒ• 
4'Ai ^ ^ ! »->«> J En'A2 J EA2 

fè fè ƒ+ I ƒ, 

we have 

Then since 

we see that 
• * 

exists 
' # n ' ( i i v M 2 ) 

and is less than or equal to 

ƒ + ! /. 
EA* J EAo EAi *J EA 2 

We may further assert that the equality holds. For e > 0 given there 
is an Nsuch that n^Nimplies 

f> f-~> 7 = 1-2, 
En'Aj J EAj I 

or 

/= /+ /> /+ / -« . 
# n ' 0 4 r M 2 ) J En'A\ J En'A2 J EAi J EA2 

Thus 

f / -ƒ* /+ƒ* ƒ-ƒ*/+ƒ'ƒ+ƒ* /• 
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