METRIC SEPARABILITY AND OUTER INTEGRALS!
JOHN F. RANDOLPH

R. L. Jeffery [1] investigated an upper integral for functions (from
the line to real numbers) not necessarily measurable. Let f be
bounded, a<f(x)<B for x& 4, let e;=FE,[a:<f(x) <ai;1] where
a=ay<a< - -+ <a,=f and consider Zaim*e,-. If as # increases
and max (@:11—a;) approaches zero, the limit of this sum exists and
is independent of the subdivisions, this limit is the upper integral of f
over 4, [%f(x)dx.

Two point sets with finite outer measure are metrically separable
if the outer measure of their sum is the sum of their outer measures.
A function is metrically separable on a set 4 if for each constant A
the part of 4 on which the function is greater than N\ is metrically
separable from the rest of 4. Jeffery proved that metric separability
may be made the basis of a comprehensive theory of integration
which includes Young, Pierpont, and Lebesgue integration.

All measurable functions are metrically separable, but a function
defined over a non-measurable set (and so necessarily non-measur-
able) may still be metrically separable. However, if f is metrically
separable and possesses an outer integral on a set 4, there exists a
measurable set B> 4 and a function ¢, measurable on B and equal
to f on 4, such that [z¢ = [4f. If f is metrically separable and summa-
ble on A; and on 4., it need not be metrically separable on 4;:44,,
but is summable on this set. Jeffery’s methods of proving these re-
sults are not applicable, but the same results hold, as this paper
shows, for functions from the plane to real numbers if Carathéodory
outer linear measure and integration with respect to this measure are
used.?

1. Equivalence. Let A be a set with finite outer linear (Cara-
théodory or Gillespie) measure and I'[4] the set of points of the
complement of 4 where the superior outer density of 4 is positive.
Then, [2], A=A +T [4 | is a massgleiche Hiille of A, that is, is linearly
measurable with linear measure equal to the outer linear measure of
A. Thus A4 is linearly measurable if and only if I'[4 ] has linear meas-
ure zero, that is, L*T'[4]=0.

! Presented to the Society, in part December 30, 1936, under the title Metric
separability and the Hildebrandt integral, and in part October 28, 1939, under the title
Metric separability.

2 The same methods also prove these results if outer Gillespie linear measure
(see [3]) is used.
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If L*4,and L*4, are finite, then 4, and 4, are metrically separable
if and only if
LA A, = (or LAs4, = 0).
For L*(A1+4:) S L*(41+4>) < L(4,+A4,) =L*(A41+45) so theequal-
ity holds, and then since 4, is measurable
L¥(A, + 4;) = L*4A, + LA, — L*A A, = L*A; + L*4, — L*A:4,,
)
L*(A, + Ay) = L*4, + L*4,

if and only if L*4;4,=0. In particular if 4; and 4, have no points
in common they are metrically separable if and only if

L*A;[I‘[Ag] =0 (OI‘ L*AzP[Al] = 0).

Alsoif A=4:1+ - - - +A4,, L*4,; finite, 4, and A; metrically sepa-
rable, then L*4A =L*4,+ - - - +L*4,, and

€)) A4T[4] =4+ T[4]+ - + 4.+ T[4.],

both equations following quite simply.

We now prove a theorem for bounded functions on sets of finite
outer linear measure that may be extended in the usual way to func-
tions summable, in the sense of outer integrals.

THEOREM. If A is a plane set with L*A finite and f is a bounded
(a<f(p) <B, p & A) function metrically separable on A (so [if exists)
and B=A+T[A], then there is a function ¢ which is measurable on B,
p & A implies ¢(p) =f(p), and

qub(p)dL(B) - f F(P)ALA(A).

If ¢<d are any two numbers, let A(c, d) =E,[c<f(p) <d; pe A].

Foreachn=1,2, - leta=an,0, an1, * * * , an2n=P be a subdivision
such that
Gnyi — Anyio1 = B — a/27, 1=1,2,-+-,2m,
and define
Ai = A(@n,2"—i; On,2"—it1), 1=1,2,---,2%

The union of these sets is A and 4; and 4; are metrically separable
i5%j (since f is metrically separable on 4); so from (1)
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2n
B =Y A; +T[4:]

t==1
We now define for each n=1,2,3, - - -

_ [f(p) if ped,
éu(p) = {dn,z"—i if pe {T[4:] — (C[A(@na_is)B] + 4)},i=1,2,- - -.

Thus ¢,(p) is defined for each point p of B. Since ¢,(p) S ¢.1(p) <B
the limit ¢(p) =lim, ., ¢,.(p) exists. Clearly ¢ (p) =f(p) if p £ 4.

Also ¢ is a measurable function. First E,[¢.(p) Zan -] =A(an,r; B)
—A(a; an,»). However, since f is metrically separable on 4, the sets
A(an,r; B) and 4 (e; an,r) are metrically separable and have no points
in common

L{T[A(ans; B)|A(e; aar)} = 0,

that is, the measurable set 4 (a,,,;8) represents almost all points where
®u(p) Z@n,». Now if N is any number a SN =B, let Guypryy Cngyrg, = *
where <7, < - - - be an increasing sequence of points of subdivi-
sions approaching A. Then the measurable set

H Z(ane,r;; 8)
i=1

differs from E,[¢(p) =\, p £ B] by a set of measure zero. Thus ¢ is
a measurable function.

To prove the integral equality let a=a¢<a1< - -+ <a,=f be a
subdivision and define
si=E[ped, a; £ f(p) < ainl, i = E[peB, a; £ ¢(p) < aial.
Y4 ?

Then S; is measurable, S; 2 s; and
L*A =L*s; + -+ - + L*, < LS+ -+ + LS, = LB = L*4,

so L*s;=LS;, i=1, 2, - - -, m, and thus by multiplying by a;, sum-
ming and taking limits we see the desired equality

fA*f=fB¢

for bounded functions over sets of finite outer linear measure,

2. Additivity. If G, and G,, each with finite outer measure, are
metrically separable and f is a function metrically separable on each,
f is metrically separable on Gi+G.. However, if G, and G, are not
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metrically separable, then f may not be metrically separable on their
union, for example, if G, and G; are complements on the unit interval
each with outer measure unity and f(x) =1 if x € Gy, f(x) =2 if x £ G..
If however, f is metrically separable and the outer integral of f exists
on each set G; and G;, then the outer integral exists on Gi+G,. For
let G1 = G11+G12 Where G12 = Gl(G2+F [Gz]) and Gu = Gl —'G12 and in
like manner take Ga= G214+ Ga. Then Gi and Gy, are metrically sepa-
rable as are Ga and G as well as G and Gy, while no subset of posi-
tive outer measure of Gz is metrically separable from Gz, and no sub-
set of G is metrically separable from Gi;. We may then apply the
following theorem (proved for positive bounded functions, but ex-
tendible in the usual way) to obtain the property of additivity over
sets of the existence of outer integrals.

THEOREM. Let A1 and A, be two point sets of the plane with outer
linear measure finite such that no part of either with positive outer linear
measure is metrically separable from the other. Then if f is a positive
and bounded (0 <f(p) <B; p € A1+ A2) function metrically separable on
A and on As, the outer integral of f exists on A1+ A,.

Foreach n=1,2,3, - let 0=ay,0, @n,1, * * * , @n,2n =0 be a subdi-
vision of the interval (0, B) into 2" equal parts. Define

snii = E[pedy, anis1 £ f(p) < @),
?

1’2’...’21&,

.
I

Snai = E[peds aniq < 1(p) < @il

and

2an
€n = E Snli Sn2i
=1

where s5,;; = =$u1i+T [sn1:]. Then e, is a measurable subset of the meas-
urable set 4,+A4,. Also let

E, = (41 + 45) — en.

Since Sa41,1,2i—1 and Sp41,1,2 are metrically separable and their union
is s,1; we have

Snt1,1,2i-1 F Sng1,1,26 = Sui1,i
and
Snt1,2,2i-1 T Snt1,2,2 = Sny2y 0= 1,2, 004 ,2%

If then p € e,41 there will be a j such that p will be either in
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Snt1,1,2i—15041,2,2i—1 OF Sn41,1,2i5n+1,2,2; S0 in either case will belong to
54.,1,iSn,2,s and so to e,, that is, e 41 € e, Thus E,;1 2 E, and the sets

e=c¢res---, E=E +E+ -

are clearly metrically separable.
We first prove that the outer integral of f exists over e(4:+432).
Let bui=E,[p € e(4d1+42), aniaSf(p) <ansl, n=1, 2, 3, - -,
9=1,2,--,2" Then b, ;=e(ss,1,i-+5n,2,5). But e,5,1; and e3yy; differ
from each other only in a set of measure zero so e3,1; and e5,; differ
at most by a set of measure zero, so

Le(3n1i + Su2i) = LeSn1s = LeSna,

so

L¥e(sn1i + Sn2i) = L¥*esn1s = L¥esnai
or

L*b,; = L¥esn; = L¥espai.
Thus

2n 2n 2n
Z aniL*bm’ = Z @nil¥esn1; = E a'niL*eanir

=1 =1 =1

and consequently the integral of f exists over e(41+4,) and

* * *
[ e = [ swace) = [ o,
e(A1+A42) ed eAy

We now show that f has an outer integral on E(4A:+A42) which
moreover is the sum of the outer integrals over E4; and EA..

Lete, =Ef:1E§n1i§n2i and let E,! =E(Zx+22) —e!. Nowe, o e,.’+1
so E/ cE/Jyu. Also lim,., L*e, =0 for otherwise we would have
L*Ee>0. Therefore limy., L*E,, =E and thus lim,., L*E(41+4;)
=L*E(A1+4,), lim, ., L*E Ay=L,EA, and lim,.., L*E,/ A;=EA,.

Now for n'>n let hysi=E,y[p e ElA4;, an,iaSf<an.i], j=1, 2;
1=1,2,---,2% Then h,y; and h,n, are metrically separable, so we
have

L*(hn’li + hn’?i) = L*kn’li + L*hn'zi

* * *
[ = s+[ 1
Ep' (Ar+As) Ey'Ay Ey'Ag

and thus
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Also since

[ =

E 'Aq (E—-E,")Aq EA,
we have
* % * *
lim f= £ lim f= f-
n— o E,'Ay EA, n—o E.'Aq EA,

Then since

* * * %
[ 7= [ N S
E,' (A14+49) Ep'y1(A1+49) EA, EA,

*

lim f exists
oo VB, (AptAg)

we see that

and is less than or equal to

* *
[o+f s
EA,y EAq
We may further assert that the equality holds. For ¢ >0 given there
is an N such that »= N implies

* * ¢
f f> f=—= j=12,
E,'Aj BA;j 2
or
® * * * *
[ =] g+ > s+ -
E,"(A1+A2) E,'Ay E,'Aq EA; EAqo
Thus
* * % * * *
[ - f+ = s+ 7+ .
A1+By E(A1+47) 6(A1+45) E4, EA, e(A1+A53)
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