THE SPACES L» WITH 0<p<1!
MAHLON M. DAY?

If we have a Lebesgue measurable set E in any n-dimensional eu-
clidean space, and have any positive number ¢, we define L4(E) to
be the class of all real-valued Lebesgue measurable functions f on E
for which [z|f|2< . As is well known, whenever g1 the class of
functions L¢(E) is a Banach space with the norm ||f||,= (fz|f| 9V
When 0<p <1, the function H f“,, no longer satisfies the triangle in-
equality ||fi+fal|» <||fi|»+||fol|» but in general only the weaker con-
dition [|fi+fall»=2*{||fdl»+Ifll»], where »=(1—p)/p. (This can be
shown by considering the function (14x?)/(1+x)?.) If we consider
such an L? space as a linear topological space in which the neighbor-
hoods of a point f, are the spheres of radius € >0, E; ¢1? [Hf—fo”,, <el,
it follows from theorems of Hyers and Wehausen? that this topology
can be given by an equivalent Fréchet metric. This suggests that
while many theorems on Banach spaces which can be applied to the
spaces L?(E) with p =1 may fail to hold in those spaces with 0 <p <1,
there may still remain many theorems on Fréchet spaces and pseudo-
normed spaces which may be applicable. However, Theorem 1 shows
that almost no results depending on the use of linear (that is, additive
and continuous) functionals can be usefully applied in these spaces.

THEOREM 1. Any linear functional on L?(E) is identically zero.

The proof of this and of some additional results is given in a series
of lemmas using a more general set of assumptions. We assume as a
background some knowledge of the first chapter of Saks! book, in
which he deals with what he calls “the integral,” a completely addi-
tive integral having many of the properties of the Lebesgue integral.
We consider a set ¥ of elements y, an additive family® ¥ of subsets
of ¥ and an additive, non-negative® set-function u on ¥ such that
u(Y) < . This last condition will be imposed from here until we
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reach Theorem 4. We shall finally remove it altogether and get the
same type of theorem giving the linear functionals on any L:(Y).
We shall also find the conjugate space of the sequence spaces related
to these. For each >0 let L»=L%(Y) be the class of real-valued,
¥-measurable’ functions f on ¥ such that |||, = (/v|f]| 7du)¥» < . It
is clear, as in the spaces with p =1, that if U is a linear functional on
L», there is a K =0 such that I U(f)| = K whenever |pr§1. We let
|| U]| be the smallest such K ; that is, ||U|| =sup; | U(f)| where the sup
is taken over those f with ||f]|, =1. Similarly if an additive functional
is bounded on the unit sphere it is easily seen to be continuous and
hence linear.

In the series of lemmas immediately following we shall consider a
fixed number p with 0<p <1 and a fixed family ¥ and measure u.

LemMa 1. If i, f & L' and ||fi—f||1—0, then ||f:—f|| ,—0.

PrOOF. Let E;=E,.r[|fi(y) —f()| >1], and let gi(y) =f(y) in E;,
gi(y) =fi(y) in Y —E;. Then

fylfi — flrdu = fEi|fi —fl”du+fy|ge—f|”du.

We have [z,|fi—f|? < [s.|fi—f|du =< J¥|fi—f| du; this integral tends
to zero by hypothesis. Also ||g;—f||1—0, so g; converges in measure
to f; moreover, |g,-(y) —f(y)| =1 for all y & ¥, so, by the Lebesgue
convergence theorem, [¥|gi—f| ?7du—0.

LeMMA 2. Every linear functional on L' can be expressed in the form
U(f) = [vfudu where u depends on U, is X-measurable and, except pos-
sibly on a set of u-measure zero, is bounded.

The proof follows that given in Banach® for the special case
Y'=(0, 1). If we let fz be the characteristic function of E & X and let
®(E)=U(fr), the set-function ® thus defined on X is additive,
| ®(E)| <||U||ux(E) and U(f) = [xfd® for each f & L*. By the theorem
of Radon and Nikodym (Saks, p. 36) there is an X¥-measurable func-
tion  such that ®(E) = [gudu and || U|| =ess sup,e v |#(y)|. By a
theorem on change of measure (Saks, p. 37) we have U(f) = [yfudpu.

LeMMA 3. If U is linear on L?, there is an X-measurable, essentially
bounded function w on Y such that whenever f & L', U(f) = [vfudu, while
if f € L»— L there exists a sequence {fi} of functions in L' such that

7 A function f defined on Y is ¥-measurable if for eachreal a the set E, ¢ v [f() >a ]
isin %.
8 S. Banach, Théorie des Opérations Linéaires, Warsaw, 1932,
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||f,-—f||p—>0, and for every such sequence U(f) =lim;., U(f;) =lim;.,
Jxfudp.

This follows immediately from the first two lemmas and from the
obvious fact that the elements of L' form a dense set in L2,

LeMMA 4. If for each E & %X with u(E)>0 there is a function
foe L?— L' such that fo(y) =0 wheny € Y —E, and if U is linear on L,
then U(f) =0 for every f & L».

Proor. If U is not identically zero, the function % of Lemma 3
cannot be almost everywhere zero; hence there is an >0 and a set
E £ X such that l u(y) | >aif y&e E. Let f'(v) =fo(y) signum fo(y) - u(y)
where signum s= |s|/s when s7#0,=0 when s=0; for each n let
E.=E, gY[|fl(y)‘ <n],andlet f.(y) =f'(y) on E,, f.(¥) =0 otherwise.
Then ||f,—f"|| ,—0; also

0 = [ wau= | |fouldu%afE”|foldu,

but E, | E and fE|fol du= ®;so U(fa) T =, contradicting continuity.

LeEMMA 5. If ¢>1, E & X and u(E) >0, and if no function f which is
zero on Y — E belongs to L* — L4, then every f € L' is essentially bounded
on E.

ProoF. If there is a function not essentially bounded on E, there is
such a function f, which at the same time is zero on Y —E. Hence
there exists a countably infinite sequence of sets E, & ¥ with
w(E,)=b,>0, E,cE, E, disjoint, |fo(y)| =n on E,, and, since
foe LY, > mb,< . Let a be so chosen that 1 <a<1/¢+4+¢—1 and
leta,=1/b,n*;letf(y) =a,if ye E,, f(3) =0if y € Y= ncwEs Then
Jr|fldu=>"ncwtabn=2 n2<w, so fe L. On the other hand
Jr\f| dp=>"a%.=) by m~=4¢. Since Y ,n%,< o there must be a
K >0 such that #%, <K for all #; this implies that b.™?>ne(e—DK1~¢
so [¥|f| Wduz K= neteVy—esz K1=0y n~1= w, and f ¢ L4 contrary
to hypothesis.

For convenience we introduce a property of sets of ¥: a set E & ¥
has property A relative to u (in symbols E € o) if 0 <u(E) < « and
for every E’ & ¥ either® u(E-E’)=0 or u(E—E’) =0.

There are several obvious properties of the sets of 9.

(1) If E has only one element and u(E) >0, then E € .

9 The referee has called to the writer’s attention the fact that S. Saks calls such
sets “singular” in his paper, Addition to the note on some functionals, Transactions of
this Society, vol. 35 (1933), pp. 965-970.
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(2) If E € % and f is ¥-measurable, then f is equal to a constant f
almost everywhere on E.

(3) If E; e A and E; € %, either u(E,E») =0 or u(ELEs) =u(E,).

(4) % is empty if and only if given €>0 it is possible to cover any
set E £ X with a countable collection of sets S; £ ¥ with u(S;) <e for
all <.

(5) HEe NAandu(E’) =u(E’'") =0, then Eq=E+E’'—E'" £ A also.

THEOREM 2. There is a nonzero linear functional on L? if and only if
A s not empty.

Proor. If U is empty and E € X with u(E) >0, there is a sequence
of disjoint subsets of E, each of positive measure. Hence there is a
function in L! essentially unbounded on E; therefore, by Lemma 5
with ¢g=1/p, thereis an f ¢ L?— L' with f(y) =0in Y—E; by Lemma
4 every linear functional on L? is identically zero.

On the other hand if there is a set E & ¥, and if ||f»—||,—0, fx con-
verges in measure to f; that is, for each €>0, u(Eyev[|fa(y) — f(y)!
>€])—0 as n— . If f, and f are the values of f, and f almost every-
where on E, it follows that f,—7. Hence for any real number k setting
U(f) =kf defines a linear functional U on L? and if k>0 then U is
not identically zero.

For the case in which m(E), the Lebesgue measure of E, is finite,
Theorem 1 follows directly from Theorem 2 since every Lebesgue
measurable set can be split into two subsets, each of measure half as
great, so ¥ is empty for Lebesgue measure; the same conclusion could
be derived from (4) above. The general case follows from this and
from Theorem 6 below.

There are a large number of measures u for which U is empty. For
example, to get one such class of measures, let X be a separable metric
space and u a Carathéodory measure on the class X of u-measurable
sets; the class X, as is well known, contains all the Borel sets in X.
If Y is a measurable subset of X, we say that u is a uniformly con-
tinuous function on Y if the conditions E, ¢ ¥, E,c Y, and the se-
quence of diameters!® §(E,)—0 together imply that u(E,)—0. It is
easy to show from this condition that given ¢ >0 there is a § >0 such
that u(E,) <e whenever E¢ ¥, Ec Y and 6(E) <e.

LEMMA 6. If u is a Carathéodory measure on the separable space X,
if X =z Y with each Yie X and u(Y;) < «, and u is uniformly continu-
ous on each Y, then the class N is empty.

10 5(E) =sup.,yp(x, ¥) where the sup is taken over x € E and y ¢ E and p(x, ¥) is the
distance in X from x to y.
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ProoF. If E &€ A and u(E) =5>0, we have by (3) that u(EY;) =0
if 255, while u(EY;) =b; then by the separability of X we can cover
Y; with spheres of arbitrarily small radius. Hence by uniform con-
tinuity and (4) u(EY;) =0 also and u(E) =0, so E cannot be in Y.

COROLLARY. For such X and u, if w(X) < « there are no nonzero
linear functionals on LE(X), 0<p<1.

We remark that a latet\j theorem allows us to remove the restriction
that u(X) < .

The interesting spaces L5(Y), then, are those for which the set % is
not empty; in such a case the structure of U is rather simple.

LemwMA 7. If A is not empty, there exists a finite or countable sequence
of sets {Ez} c A such that every E € U differs from just one E; only by sets
of measure zero.

Proor. Well-order 9, and define E, to be the first set in the or-
dering which does not overlap any Eg, 8<a, on a set of positive
measure. Since u(Y) < «, the number of these sets E, for which
uw(E)>1/n must be finite for each #; hence the sequence {Ea} is
finite or countable.

In what follows we shall let {E;} be the family of sets of ¥ of the
preceding lemma, let b; = u(E;) and let f; be the value of the measura-
ble function f almost everywhere on E,.

THEOREM 3. Any linear functional on L? is identically zero, if
A is empty, or can be expressed in the form U(f) =2 uif: where
|U|| =supi |ui| 672, If u; are given so that |us| <KbY® for all i, the
functional U(f) =D uif: is linear on L.

PRrOOF. It is easily seen from Theorem 2, applied to LZ(Y —> :E.),
that U(f) is independent of the values of f on ¥—)_;E;; hence no
generality is lost if we assume V=) ;E; for simplicity. Let f be the
characteristic function of E; (that is, f»(y)=11if y & E;, f5(y) =0
otherwise), and take any f & L?; then ||>i<.fif i —f|| ,—0 as n—  ; s0,
by continuity, U(f) =lim, UQ igafif ) =lim, 2 icafi U(f ) =2 sufs
where u; = U(f(;). Postponing the computation of ] UH for a moment,
let us assume #; given such that | u;| < Kb}/, and take ||f||, =1. Then

fabi’” §¥Hp§1, so that |fi|6}?< |f| »b; since 0<p <1. Therefore
US| 20| uifs| K| 07| <KD :|fi| 6:< K, so U is bounded;

hence it is continuous, and H U] =K. It follows, if K=sup; |u;|b:'/>?,

that ||Ul|2K also for | U ?f)| =|ui|b7»<| U||; therefore

sup;| ;| b7V»< || U]|| also. We note that this shows that the series
i|ufi| converges.
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We now turn to the case in which u(Y) need not be finite; for
greater convenience we introduce another property of sets relative
to u; ¥ has property B (in symbols ¥ &€ 8) if ¥ can be expressed as
Y icoYiwith ¥; & % and u(¥;) < » for each j.

Clearly Lemma 7 holds if ¥ £ 9 as well asif u(Y) < « ; we let E;, b;
and f; have their previous meanings.

THEOREM 4. If YV & B, a functional U on LE(Y) is linear if and only
if (a) 4t is identically zero and U is empty, or (b) A is not empty and U
can be expressed in the form U(f) =2 uf: with | U|| =supi | u:|brV/>.

Proor. The sets Y; which exist by property B can obviously be
taken disjoint; we let U; be a linear functional on LE(Y) defined by
Ui(f)=U(f]/) where f/(y)=f(y) when ye Y; f{/(y)=0 otherwise.
Then U; is linear on L;(Y;); so by Theorems 2 and 3 either Uj is
identically zero or U;(f) =2 .u;fi. Now lim, ||Z,s,,f, f”,,-—O )
U(f) =lim, D_i<. U(f}) =2 Ui(f). Moreover there is an fo € L? such
that |fo(y)| =|f(»)| forall y ¢ ¥ and U, U;(f)| for all j; hence
| UiH| =22:U4(f0) = U(fo) || UI| - |I7ell —Il UII 1A, so || Ul <[ 7] and
the series Z,U,( f) converges absolutely for all fe LI Then
|u,,| b,,l“'<“ U; ” <l| U|| and U(f) =2.> ;ifi unless all U; are
identically zero, that is, unless % =0. Rearranging this into a simple
series, permissible since it converges absolutely, we get U(f) =2 uf:.
The other conclusions follow as in Theorem 3.

The general form of Theorem 1 follows directly from this, since the
whole euclidean space is the sum of a countable set of finite intervals.

There remains the case in which Y is not in 8. As we did in the
proof of Lemma 7, we can define a well-ordered set { E,} of sets of %,
disjoint up to sets of measure zero and such that every E € ¥ is, ex-
cept for sets of measure zero, equal to some E,; however we have no
assurance that the sequence will be countable. As before we let
by =u(E,) and f, be the value of f almost everywhere on E,. We need
also a known lemma about the set in which a function in LE(Y) is not
equal to 0.

LEMMA 8. For every ¢>0 and any f e LY(Y), Eo=E,[f(y) #0] ¢ ®B.

ProoF. Since f € L? means |f| ¢ ¢ L}, we need only consider L,(Y)
and may suppose that f(y) >0 for all y € Y. By definition of the in-
tegral (see Saks, p. 19 ff.) [yfdu=sup, [rgdu where the sup is taken
over those functions g which are linear combinations of characteristic
functions of sets of ¥ and which at the same time satisfy the inequali-
ties 0=g(y) =f(y) for almost all y ¢ ¥. But such a function canbe
different from zero only on a set of finite measure if it is to have a
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finite integral. There is a sequence {g:} of these functions such that
g: 1 f almost everywhere in ¥ and [yfdu=Ilim; [ygidu; hence the set
where f>0 is, except for a set of measure zero, the sum of the sets
on which the g; >0, and each of these sets is of finite measure.

By this lemma it is possible to put each function f of L5(Y) into at
least one class Cg such that f(y) =0 in Y—E and E £ 9B; then Cg is
equivalent to L%(E), and, if we set Ug(f) =U(f) for fe Cg, Uz is
linear on Li(E) and therefore can be expressed as before where the
E; of Theorem 4 will be those E, which, except for sets of measure
zero, lie in E. But f=0 on Y—E; so we can write U(f) =2 ,uJ if
it is not identically zero, with the convention that the sum of any
number of terms in which f, or u, is zero shall be zero. Since this can
be done for each f € Li(Y), we get our final result, including the pre-
vious theorems as special cases.

THEOREM 5. 4 functional U on Li(Y) is linear if and only if (a) A is
empty and U is identically zero or (b) ¥ is not empty and U can be ex-
pressed in the form U(f) =2 ,u.fy and || U|| =supy | u,|b;1/5.

If we let L?* be the space of linear functionals on LE(Y)=L>, it is
clear that with the given norm L?* is a Banach space. To make the
study of its structure simpler we introduce the class I' of ordinal
numbers as follows; If A is empty, I' is also empty; if A is not empty,
T is the class of ordinals used in ordering the sets E, of ¥ defined
above. We use x= {«,} to stand for a real-valued function on I' and
define the special function x, to have the value 1 at v and 0 else-
where. Let m=um(T") be the class of bounded functions x with
||x”M=sup.,gp [x.,l ; for any ¢>0 let L¢=1%T") be the class of all x
such that ||x]| ;= yer|2y]| V1< .

It is clear that the space L9(T") here defined is also the space L (I")
where uo is the trivial measure assigning the measure 1 to each set
containing just one point v and ¥ is the smallest additive family on
the countable sets in I". From Theorem 5 we have this result:

TuEOREM 6. If T is not empty, a functional U on L? is linear if and
only if it can be expressed as U(x) =,y pthy%y Where || UH =SUDyer l u.,l .

Considering again the space L?*, it is clear that when ¥ is not
empty the transformation which associates the element U & L?* de-
fined by U(f) =) yert~fy with the element u= {u.,b.,‘l/i’} € M is one-
to-one, linear both ways and norm-preserving between all of L?* and
all of »; but this is precisely the definition of equivalence of two
Banach spaces (Banach, p. 180); hence:

(6) L7* and M are equivalent Banach spaces.
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This holds even for the case in which U is empty if we define m(T")
for I empty to be the Banach space with just one element, the zero
element.

Slightly modifying our previous usage, we let f(,, be b;Y/? on E,
and be zero elsewhere. If we extend the definition of equivalence of
Banach spaces in the obvious way to these L? spaces we get this re-
sult:

THEOREM 7. LE(D_yerE,) is equivalent to L?(T') under the linear
transformation for which Tf=x, where x= {x.,} = {f.,b.l/”}; that is,
which takes f(,) to x..

ProoOF. By linearity if f=,%,f(), Tf=x must be Y_,x,x,. Now
fll»=CC| %] 2)¥2 and ||x]|,= (3 |x4] »)*/#; so the transformation is
one-to-one on all L? and 7 and || Tf|| =||f|| for all fe L»(3_,E,); so the
spaces are equivalent.

CoRrOLLARY. If T is any set of ordinals and I c T, then L?(I'') is
equivalent to the subspace L,’j(z:.,e rE) of LE(Y).

Since, as is well known, L'* =um, the following relation between L?
and r!is not entirely unexpected.

(7) If we define on the subspace L2(>_yerE,) of L2(Y) the trans-
formation T by associating to f= ,er&.f(y the function Tf=x
= ,%,X,, then T is linear on LD ,¢rE,) to ! and H T” =1.

In general, if T' is not a finite set, the set of all Tf with
feL2> ,.r E,) is not all of rl.

We conclude with some elementary remarks about the cases when
I' is a finite set; then the spaces L4(I"), ¢>0, can be gotten by giving
a new pseudo-norm to an z-dimensional euclidean space. When ¢=1
this pseudo-norm is actually a norm and the “spheres” Ex [||x|| <]
are convex point sets, and we have some of the well known Minkowski
spaces. When 0<¢g<1 these sets are not convex but each contains
an ordinary euclidean sphere and is contained in another such sphere,
so the topology in all these 24T is the same as that in, say, L3(I"),
the space with euclidean metric. Convergence in #(T") is also the same
as that in £2(T") when T is finite. However these spaces are not in
general equivalent as Banach spaces; if I'= {1}, all are equivalent
Banach spaces; if I'= {1, 2}, tY(T") and u(T") are equivalent; none
of the others are.
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