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RELATIONS AMONG THE FUNDAMENTAL SOLUTIONS
OF THE GENERALIZED HYPERGEOMETRIC
EQUATION WHEN p=g+1.

I. NON-LOGARITHMIC CASES*

F. C. SMITH

It is the purpose of this paper to develop the relations among the
non-logarithmic solutions of the equation

ey {IIw+ao——wIUw+m—1ﬁy—0 p=q+1,
t=1 t=1

where 0 =2z(d/dz). The results of this paper generalize those of Mehlen-

bacher,{ who studied the case in which p=2 and ¢=1, and extend

those of Barnes] who obtained the asymptotic developments of the

non-logarithmic solutions of (1) for those cases in which p <g+41.
The succeeding analysis will be simplified if we rewrite equation

(1) in the eq uivalent form

q+1 g+1

) {H(e+a,)——H(0+c,—1)}y=o Cop1 = 1.
t=1

If no two of the a; or ¢; are equal or differ by an integer, then equation

(2) has g+1 linearly independent solutions about the point z=0,

which may be written

ol T(1 + ¢, — © o1 (1 4+ a;—c; + n)

Yo = gt—¢i R
(3) o i LIIP(l'i‘dt_ 7)nz—:0£11 F(1+Ct“67+”)

i=1,23 ¢+ Lem=1; ]3] <

’

and ¢+1 linearly independent solutions about the point 2= « which

may be written
M Tl —a+ae) 81T —-¢ci+a;+n 1
ij_z_a] ( ¢ 7)21‘1 ( i 7 )

“4) te=1 P(l — ¢+ @) pmo 1 T(1 — a4+ a;+ n) Z"
F=1,23" ¢+ Lcu=1;]z[ >1

* Presented to the Society, December 30, 1937. The logarithmic cases will be con-
sidered in a later paper.

1 See this Bulletin, Abstract 42-5-169.

1 E. W. Barnes, The asymptotic expansions of integral functions defined by general-
ized hypergeometric series, Proceedings of the London Mathematical Society, (2), vol.
5 (1907), pp. 59-116.
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In this paper, we shall develop the relations among solutions (3) and
(4) of equation (2).
In this connection, we may state the following theorem:

THEOREM 1. If no two of the a; or ¢, are equal or differ by an integer,
then the solutions (3) of equation (2), when extended analytically outside
their circle of convergence, may be expressed linearly in terms of solu-
tions (4) in the following forms, it being understood throughout that
0 <argz<2r:

+1 _ — ¢
YVoj = qz {ei"’("k—ciﬂ) Tle; = el + o = ¢

k=1 T(ck — ax)

(5) ﬁ T(a: — ar)T( + ¢ — ¢j) }
=1 P(Ct - dk)r(l + ay— Ci) o
=k

J=1,23-,¢+ 161 =1.7%

Proor. It is well known that the function

LT+ ar—c; + w)
(6) g(w) = g T+ o — ot )

satisfies the relation
> (ag—ey)

g(w) = w™ [1+ v(w)], lim y(w) =0, | arg w| < =.1

Jw|—e
Therefore,
| g(w)| = | w [t+ ]| ] = |wl*e [t +|v(x)] ],

where R and I denote the real and imaginary parts of Z,q: i(a,—ct),
respectively, and where ¢ =arg w. For sufficiently large values of | w|,
we have |v(w)| <e, |arg w| <7. Thus, for such values of ||

| g(w)| <|w|BeTo(1 + ) <|w|Rel™(1 + ¢) < K|w]E,

where K is a constant independent of w. The function g(w), therefore,
satisfies the conditions of a general theorem due to Ford,} but, as ap-

2‘::; (ag—ct) I

* As far as relation (5) itself is concerned, the restriction ¢,.1=1 is unnecessary.
The restriction is necessary, however, in order that the Yy; and the ¥, ; be solutions
of equation (2).

t See, for example, Milne-Thomson, The Calculus of Finite Differences, Macmillan,
1933, p. 255.

1 See Ford, The Asymptotic Developments of Functions Defined by Maclaurin Se-
ries, University of Michigan Press, 1936, pp. 5, 9.
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pears from (6), has simple poles at the points
(N w=ci—ax—n—1, n=01,2,---;k=1,2,3,---,q+ 1.
An application of this theorem to the function

© o 1+ a; — c,—I—n)

(8) fz) = Z HOBEDI |

n=0 n=0 t=1 F(l + ¢ — Cj —+ n)
gives the result
© g+l '[‘(1 _|.. a; — i n) 1 q+1
(Z)N—ZH Zan,lﬁ

©) w1 te1 T+ ¢o —¢c;— n) P
0 <args < 2m,

where R, represents the residue of the function

m(— 2)vg(w) . B el T(14a—ci+ w)
10 = sinww (=9 Tra W):I}l T4+ —cit+w

at the point w=c;—a;—n—1. But the first series on the right in (9)
drops out since the denominator of every term contains a factor for
which ¢=7, and
1 1
P(1+C,'—Cj—n) I‘(l—n)

=0, n=1,2,3--.

It follows that our problem reduces to that of computing the residue
term.

For this purpose, consider
! T'(1 + a; — ¢; +w)d

1
(11) Rn,lc - mfcn'f_ Z)WP(W)F(I a W)g P(l + Ct — ¢ + ‘ZU)

)

where C,,i surrounds the pole w=c;—ar—n—1 of (10) but no other
pole of (10). If in (11) we replace w by —(w—c;j+ar+n+1), we ob-
tain
— o \cj—ak—n—1
Rypm =T
211
T(c;—ar—w—n—D)T(w—c;+art+n4+2)T(—w—n)
I‘(ck—ak—w-—n)

el T(g;—ar—w—mn)

12 ) (=9
C,

dw,
i1 T(ci—ar—w—n)
=k
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where Co surrounds the origin. By several applications of the relation
™

(13) I‘(l - w) = m}

we may change (12) to the form

(_ Z)cj—alc—n—l ( — 1) n

Ko = = 271
m(— 27 T(c; — ar — w)T'(w — ¢; + ap + 1)
. fco sinTw T(cr — ar — w)T(w — ¢+ ar+ 1)
(14) ol D(a, — ar, — w)['(w — a; + ar + 1)
' ﬁ::lc Tl —ar— w)I'(w—c+ar+ 1)

W T(w—c+a+nt+1)
tm1 I'(w —a;,+ ar +n+ 1)

which by virtue of a well known theorem in the calculus of residues*
is equal to

w,

(= 2)= T(c; — ar)T'(1 — ¢; + ax)

Rn,k =
(15) 2" I‘(Ck -_— ak)I‘(l — ¢+ dk)
el T'(ay — an)T(1 — ar+ ax) L T(A — ¢, + ax + 0)
=1 T(c: — ar)T(1 — ¢, + ax) =1 T(1 — a; + ax + n)
ts£k
Therefore,
i Rn,k —_ eir(ak—c;‘-f-l)zcj——ak-—l P(C,' — ak)r(l — G + ak)
=0 I‘(Ck - ak)l’(l — ¢+ ak)

el (g, — an)T(1 — ay+ ax) L2 T(1 — ¢, + ar + n)1

' =1 I'(c, — a)T(1 — ¢i + ax) gt I'(l — a;+ ax + n)z"
(16) tr

T(c; — an)T(1 — ¢; + ax)

= — eim(ar—cj+1)ge—1

P(Ck e dk>
ol e, — a
* ( : k) Yook'
=1 I — ax)
t#k

Thus,
* See Ford, op. cit., p. 5, equation (20).
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+1 1 o o
qz Z Ruyw = — zci—lqzz {eiﬂ(ak—ci-l-l) F(C: ak)F(l Cj + ak)
k=1 n=0 1 I‘(Gk — ak)

an w1 B
ﬁ T(a: — ax) ka}

=1 D(ce — ax)
t#k

Substituting (17) into (9) and recalling that the first series of (9) is no
longer present, we have

+1 o —cs
f(z) ~ zc,-—qu {eiﬂak~w+1> Tles = enT(l = ¢; + )
k=1 I'(cr — ax)

(18)

w1 D(ce — ax)
e

'qul T'(a: — ax) ka} .

Since each Y. which appears in (18) is defined by a series which con-
verges for ]z| >1, we may replace ~ by = in (18). Then, upon noting
that

ol T'(1 4 ¢, — ¢;
(19) Yo; = 2] —(-t—j)f(Z),

t=1 F(l + ay — Cj)
we see that (18) is equivalent to the desired result (5).

By means of a similar proof, we may establish the following theo-

rem:

THEOREM 2. If no two of the a; or c; are equal or differ by an integer,
then the solutions (4) of equation (2), when extended analytically outside
their circle of convergence, may be expressed linearly in terms of solu-
tions (3) in the following forms, it being understood throughout that
0<arg (1/2) <2w:

g+1 —_— . —_ .
Vi = Z{eiw(aj—ck'f-l) T(ex — a1 — ax + )

k=1 T(cr — ax)
(20) ' @l T(cp — c)T(1 — at + @) YOk} ’
i1 D(cr — a)T(1 — ¢; + aj)
1<k
=123 ,q¢4+ 1;¢c441 = 1.
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