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RELATIONS AMONG THE FUNDAMENTAL SOLUTIONS 
OF THE GENERALIZED HYPERGEOMETRIC 

EQUATION WHEN p = q+l. 
I. NON-LOGARITHMIC CASES* 

F. C. SMITH 

I t is the purpose of this paper to develop the relations among the 
non-logarithmic solutions of the equation 

(1) 
I *=i z *„! ; 

where 6 = z(d/dz). The results of this paper generalize those of Mehlen-
bacher, f who studied the case in which p — 2 and q — 1, and extend 
those of BarnesJ who obtained the asymptotic developments of the 
non-logarithmic solutions of (1) for those cases in which p<q + l. 

The succeeding analysis will be simplified if we rewrite equation 
(1) in the eq uivalent form 

(2) iJKe + at) II (fi + ct - 1) \y = 0, cQ+1 
\ *_i z t-i J 

If no two of the at or ct are equal or differ by an integer, then equation 
(2) has q + 1 linearly independent solutions about the point s = 0, 
which may be written 

# r(i + ct - c,) - «+1 r(i + a, - a + ») 
(3) (_i r ( l + at - Cj) n_o (_i T(l + ct — c,- + ») 

j = 1,2,3, ••• ,q+ l ; c 9 + 1 = 1; | * | < 1; 

and g + 1 linearly independent solutions about the point z= °° which 
may be written 

(4) " y Z " Ü T(l -ct + a,) h H T(l - at + ai + n) *" ' 

J = 1, 2, 3, • • • ,q+ l ; c 8 + 1 = 1; \ z\ > 1. 

* Presented to the Society, December 30, 1937. The logarithmic cases will be con­
sidered in a later paper. 

t See this Bulletin, Abstract 42-5-169. 
Î E. W. Barnes, The asymptotic expansions of integral f unctions defined by general­

ized hyper geometric series, Proceedings of the London Mathematical Society, (2), vol. 
5 (1907), pp. 59-116. 
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In this paper, we shall develop the relations among solutions (3) and 
(4) of equation (2). 

In this connection, we may state the following theorem: 

THEOREM 1. If no two of the at or ct are equal or differ by an integer, 
then the solutions (3) of equation (2), when extended analytically outside 
their circle of convergence, may be expressed linearly in terms of solu­
tions (4) in the following forms, it being understood throughout that 
0 <argjs<27r: 

x ' -Tr(,ak—cj'+l) 
«+1 t 

* = 1 V T(ck — ak) 

(5) Ç" T(at - a*)r(l + ct - cf) ^ Tja, - o t ) r ( l + c - Cj) 1 

' f=i T(ct - ak)T(l + at - cj) "*ƒ ' 
t*k 

j = 1, 2, 3, • • • , q+ 1; stf+1 = 1 * 

PROOF. I t is well known that the function 

(6) giw) = fi *! + »-*+») 

satisfies the relation 

g(w) = w '"' [l + y(w)], lim y(w>) = 0, | arg w\ < ir.f 
lu>|-»« 

Therefore, 

| g(w) | ^ | w
2°-i<0,-C() | [i + | 7 ( W ) | ] = | w \Beri* [1 + | y(w) | ] , 

where R and I denote the real and imaginary parts of XI<=i(a'~~c0> 
respectively, and where 0 =a rg w. For sufficiently large values of \w\, 
we have | y(w) | < e, | arg w\ <w. Thus, for such values of | w\ 

| g(w) | < | w I V- J*(l + e) < | w \ReIir(l + e) < K \ w \R, 

where K is a constant independent of w. The function g(w), therefore, 
satisfies the conditions of a general theorem due to Ford, J but, as ap-

* As far as relation (5) itself is concerned, the restriction cq¥\ — \ is unnecessary. 
The restriction is necessary, however, in order that the F0? and the F*/ be solutions 
of equation (2). 

t See, for example, Milne-Thomson, The Calculus of Finite Differences, Macmillan, 
1933, p. 255. 

% See Ford, The Asymptotic Developments of Functions Defined by Maclaurin Se­
ries, University of Michigan Press, 1936, pp. 5, 9. 

file:///Beri*


1938] THE HYPERGEOMETRIC EQUATION 431 

pears from (6), has simple poles at the points 

(7) w = Cj — ak — n — 1, n = 0, 1, 2, • • • ; k — 1, 2, 3, • • • , q + 1. 

An application of this theorem to the function 

m /o-ii.^sn;!;:"""!'!-
n=0 n=0 «-1 r ( l + Ct - Cy + rt) 

gives the result 
/M ^ W r(l + a, - g/ - n) 1 ÇJ -

(9) n=l «-1 r ( l + Ct - C/ - ft) Zn
 k-l n=s0 

0 < a r g s < 27T, 

where Rn,k represents the residue of the function 

TT(- z)wg(w) çy T(l + a* - c/ + w) 

(10) _±_ü±± = ( - 8)«r(w)r(i - w)YL - ^ ^ - ^ 
Sin 7TW t . i T ( l + C« — £ƒ + w) 

at the point w — Cj — ak — n—-1. But the first series on the right in (9) 
drops out since the denominator of every term contains a factor for 
which / ==jj and 

1 1 
0, » = 1,2,3, . . . . 

r(i + Ci - a - n) r(i - ») 
It follows tha t our problem reduces to that of computing the residue 
term. 

For this purpose, consider 

1 f i t 1 r ( l + at- Cj + w) 
(il) Rntk = — I ( - s)«r(«or(i - W)II ^77— 4 - ^ ^ > 

where C ,* surrounds the pole w — Cj — a,k — n — \ of (10) but no other 
pole of (10). If in (11) we replace w by — (w — Cj+dk+n + l), we ob­
tain 

C g\cy—afc—n—1 

Rn,k~ 
2vi 

(i2) . r (- , )- r(c,—-afc— w — n— l)T(w—Cj+ak+n+2)T( — w—n) 

T(ck — ah—w—n) 

çt* r(a* — afc— w—w) 

*-i T(ct-ak-w-n) 
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where C0 su r rounds t he origin. By several appl ica t ions of t he relat ion 

(13) T( l - w) = ; 
T(w) sin TTW 

we m a y change (12) to the form 

R n,k 

X 
2iri 

T T ( - Z)~W Y{CJ - a* - w)T(w - c3- + ak + 1) 

c0 sin TTW T(ck — ak — w)T(w — ck + ak + I) 

(14) «+i r(fl t - ak- ttpr(w - g, + gfc + 1) 

«-1 r(c« — ak — w)T(w — ct + ak + 1) 
t^k 

Ç" T(w - ct + ak + n + 1) 
• J[J[ . dWj 

«_i r ( w - g* + ak + n + 1) 

which b y v i r t u e of a well known theorem in t he calculus of residues* 
is equa l t o 

_ ( - g)'*-**-1 T(cj - gjb)r(l - Cj + ak) 

zn T(ck - flfc)r(l - ck + a*) 

£ f T(at - gib)r(l - g< + gjb) «+J r ( l - c< + ak + n) 

*-i r ( c t — g*)r ( l — ^ + o*) *«i r ( l - at + ak + n) 

Therefore , 

r ( c y — g * ) r ( l — Cy + gfc) 
^2 Rn,k = —• eir(ak^c^1)zCl'~ak~1 

T(ck — g f c)r(l - ck + ak) 

yj r(g, - gjrq - g, + ak) - ^ r(i - ^ + g* + *)i 

(16) 
fc-i r(ce - gfc)r(i - ct + ak) nœ0 «-1 r ( i - g* + ^ + n)zn 

j . n 1 ^ ~~ a ^ ) r ( 1 " C* + ^ ) 
= eiir(ak—cj+Dgcj— 1 

r(Cfc — gfc) 

«+j r(g| - gO T7 
1 1 ^ 7 r~ y«>*-
t-i r ( c t — gfc) 

T h u s , 
; See Ford, op. cit., p. 5, equation (20). 
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ÇJ - «+1 ƒ T(c, - ak)T(l - c,+ ah) 

w«=o fc=i v r(cfc — ak) 

y^ r(g| - a.) Y \ 
i-i r ( ^ — ak) j 

Substituting (17) into (9) and recalling that the first series of (9) is no 
longer present, we have 

Ö ( T(CJ - ak)V(l - Cj + ak) 

, . Jb-i I T(ck- ak) 

ï t 1 r(a f ~ a.) 

Since each Y^k which appears in (18) is defined by a series which con­
verges for \z\ > 1, we may replace ~ by = in (18). Then, upon noting 
that 

«+1 r ( i + ct- CJ) 

(19) F 0 , = z^TL - i — ^ƒ(«), 
«-1 r ( l + at - £/) 

we see that (18) is equivalent to the desired result (5). 
By means of a similar proof, we may establish the following theo­

rem: 

THEOREM 2. If no two of the at or ct are equal or differ by an integer', 
then the solutions (4) of equation (2), when extended analytically outside 
their circle of convergence, may be expressed linearly in terms of solu­
tions (3) in the following forms, it being understood throughout that 
0 < a r g ( ! /*)<2TT: 

ff+i / 

fc=i i 
Fooy = > ^ e « i r < a y - < * + l ) 

T(ck - a,-)r(l — ak + ai) 

T(ck — ak) 

(20) ÇH T(ck - ct)T(l -at + a,) ÇH r(c* - c4)r(l - a, + ay) » 

t i r(c» - a ,)r( l - c, + ay) I 

i = 1, 2, 3, • • • , q + 1; cq+1 = 1. 
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